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IIpepuciioBue

CeBepo-Boctounnbiii  defepansHelii yHMBepcureT nMenn M.K. AMMocoBa coB-
MeCcTHO ¢ Marematnueckum uHCTUTYTOM MMeHU B.A. CreknoBa PAH, MuctutyTom
cucteMHoro nporpammupoBanusi PAH, HukeropoackuM rocyapCTBeHHbIM YHUBEPCH-
tetom umeHu H.U.JlobaueBckoro npu noagep>kke ITpaButensctBa Pecriy6iiku Caxa
(AkyTus), dunancoroii noagepkke komranuii HP, Inline Group, NVidia, Compulink,
INTEL, Display Group, 3A0 «Pecypc Cepsuc» nposenu II MexayHapoiHy0O KOH-
tdepeniuto «CymnepKOMIbIOTepHbIE TEXHOJIOTHM MareMaTH4eCcKoro MOJe/TUpOBaHUs»
¢ 8 mo 11 mrona 2013 roga B I. AAKyTcke. Pemenue o nposesieHuu 11 MexayHapogHo!
KoH(MepeHI[UHU OBIIO TMPUHATO 0 UTOraM Mepeoii MexxayHapoaHol KoHbepeHmu «Cy-
MepPKOMITbIOTEPHbIe TeXHOJIOTMM MaTreMaTU4eCKOro MOJle/IMPOBaHus», NPOBeJleHHOH B
CBo®YB2011T

PaboTa KoH(epeHL|Y MPOBOAU/IACK 10 C/IeAYIOIUM HarlpaBIeHHsIM:

1. Maremaruueckue TIpo0/IeMbl MEXaHUKH CIIOITHBIX CPef;

2. BbrunciuTesibHbIE a/ITOPUTMbBI MaTeMaThueCKOT0 MO/le TUPOBaHUs;

3. TIporpammHoe obecrieueHre BbICOKOTIPOU3BOAUTENLHBIX BBIUMC/IEHUL;
4, CyTepKOMITbIOTEPHBIE TEXHOJIOTUU PeIlleHUs IPUK/IaIHBIX MTPo0/iem;

5. TIpo6siembl IOATOTOBKY CIELMAIMCTOB B 00/IaCTH TapasuieTbHbIX BRIUMC/IEHUH,

Ha koHbepeHUmn OblM 00CYK/I€HBI COBpeMeHHBIe Mpo0IeMbl MaTeMaTHdeCcKOro
MO/Ie/TMPOBAHUST MEXaHUKHU CIVIOLIHBIX CPeJ], BEIUMCIUTEbHBIX aATOPUTMOB Ha MHOTO-
TMIPOLIECCOPHBIX CUCTEMax, MepCIIeKTUBbI Pa3sBUTHS Iapasljie/lbHbIX BbIUYMC/IATEBHBIX
TEXHOJIOTHI, 0OMeH OIMLITOM TIO/ITOTOBKU CIElMaJMCTOB 0 TapasuielbHbIM KOMIThIO-
TepHBIM TeXHOMOTHsIM. B paboTe KoH(epeHLM NPUHSIM y4acTHe Befyllye yueHble
Poccuu u 3apybexkHbix ctpaH (Besopyccus, BenukoOputanus, Benrpus, I'epmanus,
I'perus, anus, Kanaga, Kutaii, Kopes), npefcraBurenu komnanuii HP, Inline Group,
NVidia, INTEL. Bcero B pabore koH(epeHLMH MpUHAIM yuyacThe 131 uesioBek, B
TOM 4ucC/le 64 MHOTOpOJHUX Y4YaCTHHUKA, U3 KOTOPbIX 19 — MHOCTpaHHBIE yueHble.
Cpeu yuyaCTHHMKOB KOH(QepeHIMH — 7 akajeMukoB PAH, 5 uneH-KoppecnoHZEHTOB
PAH, 31 gokTop Hayk ¥ 25 KaHAWZATOB HayK. 3a Bpemsi paboThl KOH(pepeHIMH ObLIO
3aciIymaHo 11 ryleHapHBIX M 55 CEeKLJMOHHBIX /0KJIaZl0B, TeMaTyKa KOTOPBIX OXBaruia
LIMPOKUIA KPYTr BOIPOCOB, CBSI3aHHBIX C MPUMEHEHUEM BbICOKOMPOU3BOAUTEIBHBIX
BBIUMC/IMTE/IBHBIX CUCTEM U IapajUle/IbHbIX aJrOPUTMOB MareMaThyeCKOro MOZesv-
poBaHusi. HanbosbIiuii MHTepeC BBI3BAIM JIOK/IA/Ibl, TIOCBAI[EHHbIE MaTeMaThyeCKUM
npobsieMaM MeXaHWKU CIIOIIHBIX CpeJl, BLIUMC/IUTENbHBIM aaropuTMaM MaTeMaTH-
YeCcKOro MO/IE/TUPOBAHUS, TIPOrPAMMHOMY 00eCIeueHHI0 BBICOKOTIPOU3BOJUTETbHBIX
BBIUMC/IEHUH, BBIYACIUTENBHON MMPOANHAMUKE, BEIUMC/IUTEIBHBIM TEXHOOTUAM pe-
IIeHYs] TIPUK/IaJHBIX 3a/lau, BEIYMCIUTENHHBIM MeToZiaM pellieHUs 3ajau (pUIbTpaliuy,



YKMC/IEHHBIM METO/IaM MaTeMaTHUeCKOH (U3UKU, TIPUKIAJHBIM Tpob/ieMaM MaTeMaTu-
YeCKOTO0 MOJIe/TMPOBaHUs. YUaCTHUKAMU KOH(EpeHIIMM OTMeUeH BBICOKMM HayuHBIH
YPOBEHb [IOK/IA/IOB, IPKO-BhIpaKeHHAsl TIPUK/Ia/IHAsT HAMTPAaBA€HHOCTDb UccenoBanuil. K
Hayasy paboThbl KoH(epeHIMK ObI OMy0/IMKOBaH COOPHUK Te3WCOB JOK/IAZI0B, a TaKxkKe
ZleficTBOBasI calT KoH(epeHIuH 110 aapecy http://sctemm.s-vfu.ru.

ITo nToram paboThl MEXXAYHaPOAHOW KOH(epeHI MY ObUTH JOCTUTHYTHI CIeAYyIoLe
COIVIalIeHUs:

* 0 Me)XKBY30BCKOM COTPY/JHUYECTBE B Le/ISX MOALeP>KKH [JBYCTOPOHHUX HayUYHbIX U
oOpa3oBaTenbHBIX KOHTAKTOB, OCYII[€CTB/IEHUS HAyUHO-TEXHUUECKUX MEepOTpHS-
THM, COBMECTHBIX UCC/IeJOBaTeTbCKUX MPoeKToB Mexay CBDY M. M.K. AmmMo-
coBa u YHuBepcutetoMm nmeHu Jlopanza Oteémma (Bygarenrt, Benrpus, podec-
cop WcrBan daparo);

* 0 COTpyAHWYeCTBe B Lle/sIX pellleHWs YCTaBHbIX 3a/la4, PasBUTHs Hay4HO-
WCCJIe/JOBaTebCKOM /lesiTe/IbHOCTH, pacllpeHusi MaTepraabHO-TeXHU4YeCckon Oa-
3bl UCCJIe[,0BaHUH, NpPYB/IeUeHUs JOI0/JHUTeNbHOIO (PYHAHCUPOBaHUS U CTUMY-
JIMpOBaHus NpoussocTea Mexay CBOY um. M.K. AMMocoBa 1 MOCKOBCKUM ro-
CyZlapCTBeHHBIM TeXHUUeCKUM yHMBepcuTeToM uM. H.3.baymana (Mockga, 1ipo-
¢eccop H.U. Cugnsies);

* 0 co3ganuu B CBOY llenrpa kommneternuyuu CB®Y-Intel ro BricoKompon3Boau-
TeJILHBIM BbrurcsieHusM (HoBOCHOUPCK, OTiepaliioOHHbBIH AUPEKTOP OT/e/IeHUs UC-
csieffoBaHuit U pa3paborok kopriopauyu INTEL A.B. Apgees).

Yuactauku II MexxayHapogHo KoHepeHIMH «CyTiepKOMITbIOTepHbIe TeXHOIOTHH
MaTeMaTU4yeCcKOro MOZe/IMPOBaHUsI» IIPUHSUIN eJMHOIVIACHO CJle/lyIolee pelieHue:

1. Beicoko orjenuts paboty ITporpammHoro 1 OpraHy3aliOHHOTO KOMUTETOR T10 Op-
raHW3al[u{ ¥ MPOBeIeHHI0 MeKAyHAaPOAHOH KoH(bepeHIUH.

2. Ony6sMKoBaTh Ha caiiTe KoH(epeHLMM COOPHUK Te3WCOB JIOK/Ia/I0B KOH(epeH-
LMK, a TaK>Ke TIpe3eHTaluu [0K/1auMKOB.

3. OnyGmvkoBaTh COOPHUK JOKIAZ0B MEX/YHAPOAHOU KOH(pepeHIHH.

4. YuuTbiBasi aKTyaJlbHOCTb TEMAaTUKUA HayUHbIX UCC/I€[0BaHUN U MPUKIaJHYIO Ha-
TIpaB/IeHHOCTh KOH(epeHI1K, peKoMeH0BaTh pykoBoacTBy CB®Y rpoeseHue
MeXX/TyHapOAHOU KOH(hepeHI[|H 10 TeMaTHUKe CyTIepPKOMITBIOTePHOTO MaTeMaruyie-
CKOTO MO/IeTMPOBaHUs Ha Pery/sipHON 0CHOBe.

5. OpraHu3oBaTh U MPOBECTH CJefylIyl0 MexayHapoaHyto KoHpepeHuo «Cy-
TepPKOMITbIOTEPHBIE TeXHOJIOTUM MaTeMaThUueCKOro MofeaupoBaHusi» B CeBepo-
Bocrounom deznepansHoM yHUBepcuTeTe uvenu M.K. Ammocosa B 2016 rozay.



Bo ucnosnHenue TIOCTaHOBJIeHNs, TIDUHATOI'O I10 UTOI'aM KOHCl)epeHL[I/II/II/I, OT/Zie/IbHbIe
pa60T51, rnpeacTaB/JIe€HHbIE YUaCTHUKaMH KOHq)epeHL[I/II/I, HY6JH/IKy1-OTCH B JAaHHOM H3/a-
HUH.

Bacunbee Bacuauti Meanosuu — f1.¢h.-M.H., Tipodeccop,
conpepcenarens Oprkomurera CKTEMM-2013.
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AHHoOTaNus

PaccmarpuBaeTcst 3aiaua orpeiesieHUs1 AUHAMUKH TeMI1epaTypPHOTO T10Jisi TPYHTa MpU
OeckaHa/IBLHOM MPOKJIa/IKe TO/3eMHOT0 TPYyOOIPOBOAA C TEIJIOHOCUTE IeM, SKCILTyaTH-
pyeMoro B perroHax MHOTOJIeTHeMep3/biX IpyHTOB. COOTBETCTBYIOLIYIO JByMEPHYIO
3agauy CredaHa TipefijlaraeTcsi peliarh B MOJISPHBIX KOOPJUHATaX METOZOM CKBO3HOTO
cyeTa, MCTIO/b3ysd CXeMy pacliieryieHrsl B Le/bIX 1arax. [IpUuBoAsSTCS pe3y/abTarhbl Bbi-
YHC/TUTEJTBHBIX IKCITEPUMEHTOB T10 TIPOrHO3UPOBAHUIO 30HBI OTTaUBAHUS BOKPYT TETLIO-
MIPOBOJA.

KiroueBbie c10Ba: TpyOOIPOBO/, TeMIlepaTypa, TelIonpOBOAHOCTD, (a30BbIii Tie-
pexof, 3agaua CredaHa, anmpoKCUMaLys, arTOPUTM, U30TepMa

Begenue

ITpn uccre0BaHMM BIUSIHUS TIOZ[3€MHOTO TOIMMEPHOTO TPYOOIpoBoza C TErIou30-
JsLUedl B TIpoljecce SKCIUTyaTaldl Ha BeYHOMEp3/Iblii TPYHT TeMITePaTypHYIo 3afauy
00BIUHO pelIaloT MeTOJ,0M KOHEUHBIX Pa3HOCTel B 1eKapTOBOM cCTeMe KoopAuHar. I1pu
TaKOM TIO/IX07ie BO3HMKAIOT CJIOXKHOCTH C alMpOKCUMaL{ell TPaHuL] pacCMaTprUBaeMon
obnacty. B miockoM cilyuyae rpaHML{bl pacueTHOI 061acTy MpeAcTaB/sioT coboit oT-
Pe3KH TPSIMBIX U MOYOKPY)KHOCTeH, UTO 3aTPyZHSIeT BBIOOP CHCTEMbI KOOPZMHAT JiIst
TIOCTPOEHHsT pacyeTHOM ceTKH. [Ipu MCIO/b30BaHUN /1eKapTOBOW CHCTeMBI KOODAMHAT
TIPUXOJUTCS arIpOKCUMHPOBATh OKPY)KHOCTH JIOMaHBIMH JIMHUSIMH, UTO, €CTEeCTBEHHO,
B/IMsIET Ha TOYHOCTH OTIPe/ieJIeHHsl TeMITepaTypHOTO 0JIsl B MHOTOC/IOWHOM TpyOe BBUIY
HaJTUYUs YC/IOBUH TETJIOBOTO KOHTAKTa MeXTy TpyOoii U TeTion3onsinyeit. B ganHoi pa-
boTe Ha OCHOBe pellleHYs ByMepHOM 3afauu CredaHa B OJISIPHBIX KOOPAUHATAX UCCTIe-
JyeTcsi TIpoLiecc OTTauBaHMsI-TIPOMep3aHHs TPYHTa BOKDPYT T10Jj3eMHOT0 TpyborpoBoza
TernI0CHab)KeHus1 U3 IO/IM3TUIeHa C TeIJIOBOM U30/IsALMe U3 NeHONo/IMypeTaHa B II0J/IU-
3TU/IEHOBOM 000/10uKe. AJZIeKBaTHOCTb MaTeMaTHUyeCcKOi MOZie/ld peanbHOMY TeIlI0BO-
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My TpOL|eCCy TOATBEPsKZeHa COMOCTaB/AeHNeM paCcueTHBIX U 3KCITIePUMEeHTa/IbHbIX TeM-
TrepaTypHBIX JAHHBIX, TIOTYUYeHHBIX OKOJIO JeMCTBYIOIEro TeIIONPOBoAa B I. SIKyTCKa.
ITpuBOASATCS pe3y/IbTaThl BHIUUCUTENBHBIX SKCTIEPUMEHTOB 110 UCC/IeIOBAHUIO BIIMSTHUS
TOJIIVHBI TETUIOU30/ISILIMN U 3arTy0IeHusI TeTIONPOBO/a Ha OTTauBaHUe-TIpOMep3aHue
MHOT0JIETHEMEP3/I0T0 TPyHTa. YCTaHOB/IEHO, UTO MPY BO3eCTBHH OeCKaHaIBHBIX IO/
3eMHBIX MTOJIMMEPHBIX TPYOOTPOBOZOB TeI/I0CHAOKeH!sI Ha MHOTOJIETHEMEP3JTbIi TPYHT
CyIIleCTBYET TO/IIMHA TETIOU30/ISIIIMHU U TyOHHA 3a/10)KEeHHS], OTIpe/ieisieMast pacueToM,
TIPY KOTOPBIX I7TyOMHA OTTaMBaHUs B pErHOHAX XOJI0JHOTO K/TMMara BOCCTaHAB/IMBAETCS
J10 TTyOWHBI Ce30HHOTO OTTaWBaHMs K HaYa Iy OTOMUTETHHOTO Ce30Ha.

HpI/IKJIa}]HbIe HpOGJIEMbI MdaTeMaTH4eCKoro Moae/impoBaHus

B pervoHax ¢ MHOTo/leTHEMeP3/IbIMM TPYHTaMU aKTyasIbHOM SIB/IsieTCsl Tipobiema Ipo-
THO3UPOBaHMsSI 30H OTTAaWBaHUsI MPU BO3[EMCTBUM TOJ3€MHBIX TPYOOTIPOBOJOB C TeTl-
JoHocuTesiMU. Takue 3aiauy BO3HMKAKOT, HallpuMep, IpY NPOK/IajKe TeIUIOBLIX ce-
Tell 3@aHUM W COOpY)KeHUI He(TSHOW M ra3oBOi MPOMBIIZIEHHOCTU. B HacTosiiee
BpeMsi B perMoHax C MHOroJeTHeMep3/bIMU I'PYHTaMH SKCILIYyaTHPYHOTCSl OMBITHO-
MIPOMBIIIIEHHbIe OecKaHa/lbHbIe BAPUAHTHI TIO/I3eMHBIX TPYOOIIPOBOAOB TeryiocHabxe-
HUSI U3 CLLIUTOTO [10JIM3TU/IEHa, apMUPOBAHHOIO HUTBIO U3 apaMU/JHOTO BOJIOKHA (KeBJla-
pa), C TeTIOBOM M30JIsILMel 13 TIeHOIO/IypeTaHa B MOMATHIeHOBOW o6omouke. TTpe-
MMYII]eCTBa TAKOT0 Criocoba yK/iaiKy MPUHLIMIHAAIEHO HOBBIX BU/IOB TPYO — M3 IoIMMep-
HBIX MaTepyasoB B 3aBOJCKOM TEIJION30/ISILIMK OUeBHHBI: OHHU He TI0ZBep>KeHbl KOppo-
31Y, He 3apacTaloT OTVIOKEeHUsIMU U I0TOMY C/1yKaT MHOTHMe [lecaTKU JjieT. BecbMa Lien-
HBIM KaueCTBOM SIBJISIeTCS] MX THOKOCTB, TT03BOJISIOLIAs TIOCTAB/ISTh MX Ha OOBEKTHI JI/THH-
HOMepHBIMU O0TPe3KaMu HeoOX0JUMOU JJTUHBI, B TIOJAB/ISIFOILIEM OO/BIITMHCTBE C/Ty4YaeB
00x0AnTbCST 63 CTHIKOB M TIPOXOJUTH TTOBOPOTHI TPAcChl 6e3 mpuMeHeHHst (haCOHHBIX
neraneii. Takue TpyObI He TPeOyIOT KOoMIeHcaTopoB. Biarogapsi Mmasiomy Becy Tpy6 MOH-
Ta’kKHbIe pabOTHI OCYIIeCTB/ISIOTCS Oe3 MpUMeHeHus! TPy30II0beMHON TeXHUKHU. Tem He
MeHee, HOpMaTHBHasi 06a3a Mo MPOEeKTUPOBAHWIO M MOHTAXKy TaKWX TPyOOIIPOBOAOB OT-
cTaet ot TpeboOBaHMI NMPAKTHKU. VIccezoBaHe JUHaMUKY TeMITepaTyPHOTO TOJs M0/ -
3eMHOT'0 TIOJIMMEPHOT0 TPYOOITPOBO/IA C TETUIOM30JISLIMEH B ITPOLiecce SKCIUTyaTaluy Ha
BEUHOMED3/IbIY TPYHT SBJISIETCS aKTyabHOM 3a/iaueid, pellieHre KOTOPOU ITO3BOIUT pa3-
paboTaTh peKOMeH/jalliK TI0 TPUMEHEHHIO TTePCTIIeKTHUBHBIX TPYOOIPOBOZIOB B PernoHax
XOJIOJHOTO KJIMMaTa, a Takke OyzieT criocoO6CcTBOBaTh BHECEHUIO U3MeHEeHUH B CYIIeCTBY-
IOLI[e OTpac/ieBble U CTPOUTE/IbHBIE HOPMAaTUBHBIE JOKYMeHThl. Kpome Toro, corsiacHo
CyIIIeCTBYIOI[UM HOPMaTHUBHLIM IOKyMeHTaM [ 1] TIpy CTpOUTeNbCTBE TEMJIOBBIX CeTell B
parioHaX MHOTO/IETHEMEP3/IbIX TPYHTOB BEIOOP MEPOTIPUSITHH 10 COXPAaHEHHUFO UX YCTOM-
YMBOCTH J0JDKeH BBITIOJHATHCS HA 0CHOBE PacyeToB 30HbI OTTauBaHUsI Mep3/I0ro TPyHTa
OKo710 TPyOOTIPOBOZIOB. PaccTosiHYS B CBETY T10 TOPU30HTA/IM OT TEIJIOBBIX CeTel Ipu UxX
T0/;3eMHOM MPOK/IafiKe 10 QyHAaMeHTOB 3/JaHUM U COOPY)KeHUH, CTPOSILLMXCS 110 TPUH-
yuny I (c coxpaHeHreM BeUHO Mep3/10Thl), 0/DKHBI [IPUHUMAThCS] He MeHee 2 M OT 30Hbl
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OTTauBaHMs IPYHTA OKOJIO KaHasa, orpefessieMoM pacueToM. B To ke BpeMsi, UMC/IeHHO-
MY MOJIe/TAPOBaHMIO TETIOBOTO B3aMMO/EHCTBUSI TPYOOIIPOBO/IA C TPYHTOM Y/IeNsieTCs
HeZloCTaTOuHOe BHUMaHUe. [1py pelieHun 3a/jauu orpe/ie/ieHrsl HeCTal[iOHAPHOTO TeM-
TIepaTypHOrO I10JIs B CUCTEME «TPyba-rpyHT» C yUeTOM JHEBHOM TOBEPXHOCTH METOIOM
KOHEUHBIX Pa3HOCTeH TPYJTHOCTH BO3HUKAIOT BC/IE/ICTBUE CJIOKHOCTH paCCMaTpPUBaeMOM
obnactu. B TyiockoM clyyae TrpaHMLBI pacyeTHOH 00/1acTH TpeJCTaBsioT co00i OT-
PEe3KH TPSMBIX U TIONYOKPY>KHOCTEH, UTO 3aTPY/JHSIET BLIOOP CUCTEMBI KOOPAWHAT [ijis
MOCTPOEHUsT pacueTHOU ceTKH. OOBIUHO TaKyIO 3aiauy PeIaroT, UCTIOb3ys YPaBHEeHHe
TETIONTPOBOIHOCTH B /IeKapTOBOH cUCTeMe KOopauHaT [2]. Takoii moAxo i AJis onpe/ierie-
HUS TEMIIEPATyPHOTO TI0J/is B MHOTOC/IOMHOM TpyOe 0CTIOXKHSETCS BBU/Y Ha/IMUMs yC/I0-
BUU TETJIOBOTO KOHTaKTa MEX/y CJIosiMH. TIpH UCc/ieoBaHUY BITUSTHUS TETIJIOHOCUTEIS
B TpyOe Ha TeIyIoBoe COCTOsIHWE TPYyHTa, IPUO/IKeHHOe 3a/jaHre TPAHUL] B HeroCpe/-
CTBEHHOH O/M30CTU OT TEMI00OMEHHOW MOBEPXHOCTH MOXKET TIPDUBECTH K CYII[eCTBEH-
HBIM MOTPEITHOCTSM MPH OTpe/IeIeH|H TPaHuUL] OTTauBaHus. [11s1 6osiee TOUHOTO OTKCa-
HUSI TEMTIEPATYPHOTO TIOJsE B OKPECTHOCTH TPYOBI C TEIJIOHOCHUTEIEM TIepCITeEKTUBHBIM
TIpe/ICTaB/ISIeTCS pellleHre 3aJjaurl TeTUIOTIPOBOJHOCTH B MOJIIPHBIX KoopAuHaTax. EcTe-
CTBEHHO, TIPU 3TOM TPUOIMKEHHO OyyT OrNMCcaHbl MPsIMbIe YUACTKUA TPaHUL] 00JacTH,
YTO TaKXKe CHU3UT TOYHOCTh PacueTa, HO MOXKHO MPEJTIONIOKNUTh, UYTO UX BIUAHUE Ha
orpe/ie/ieHre TPAHUI] OTTaUBaHUs Oy/leT 3HaUMTeIbHO Hike, [IpuMeM fonyIieHue, uTo
TeMITepaTypHbBIN PEXXUM TETJIOHOCHUTESTS B TPYOOIIPOBO/IE BAO/IL TPYObI MeHsIeTCs €1abo,
a Be/IMYMHa 3ary0sieHus TeTIONpPOBO/ia MPAaKTHUeCKH He MeHsIeTCsI TI0 Tpacce, UTo o3-
BOJIsIeT TIpeHeOpeus TerIOBBIMY MTOTOKAMH BJIO/Tb TETUIONpPOBo/a. Torya 3aady o dop-
MHUDPOBaHUY TEMIIEPATYPHOTO PEXXUMA B CCTEME «TPy0a-ITPYHT» MOXKHO PacCMaTpPHUBATh
KaK /IByXMEepHYIO B TO/IPHbIX KoopauHatax ().

I
o=n/2

r
® Obonouka

rD WMzonauua

Tpy6a I

Q

I3

0=0

Puc. 1: PacueTHast 06/1aCTh TPyHTa BOKPYT TETIONPOBO/A.

3agaua pelnasach W3BeCTHBHIM METOZIOM CKBO3HOTO cyeTa. Maremaruueckasi TO-
craHoBKa 3a/jaun CredpaHa co cryiakeHHbIMU Ko3dduirieHTamMu GOpPMYJIHUPYeTCs ciie-
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IytomyMm obpasom: TpebGyeTcst ompefenuTb HecTalMOHApHOEe TeMIlepaTypHOe IIoJjie
T (r,p,t), yAOBIETBOPSIOILEe YDAaBHEHHIO TEIIONMPOBOJHOCTH B TIOJISIPHBIX KOOP/IUHA-

Tax:
~ o 10 ( ~, . oT 10 (~,.. 0T

rPaHUYHOMY YC/IOBUIO Ha JHEBHOW IMOBEPXHOCTH IPYHTa:
~ 10T oT
AT) [ —=—singy — —cos
() <r o 1.4 or 14 >

rpaHUyYHbIM yCI0BUAM Ha rpanuniax ['2, '3 u I'5:

=—ay (T (r,p,t)|, = T(t)) @)

1

~ oT 10T
A(T) (asingo +79—C05g0 > =0 3)
r ) r
oT oT
= =0, =] =0 4)
e, el (

TPaHUYHOMY YCJIOBUIO Ha BHYTPeHHeH MOBepPXHOCTH TeTUIONPOBO/aA:

~ oT
A(T) o = Qa9 (T (r,w,t)]4 — T) (5)
4
Y HAYa/IbHOMY Y CJIOBHIO:
T (r,p,0) =1T(r,¢) (6)

Ha FpaHI/IL]aX CJI0eB BaAaHLI yCHOBI/IH I/IAeaHBHOFO TeIJIOBOI'O KOHTAKTA.
_ 5. oT
= X(T)%r ;

N\ (T) 2L
{ (1) r=ri_o T=Tit0 7
T(Ti—07@7t) - (Ti-‘r()vSO?t) 3

i=1,2,3.
YucsieHHOe pellieHre TIPOU3BOJUTCS Ha HEPABHOMEPHOMW CETKE Wh,, :

ﬁhlz{ri, ’iZO,N, h%:ri—m_l, izl,ni} (8)
Why = {j, §=0,M, h = p; —pj_1, j = 1,m;} )
~ hi + hit1 hj + hj—i—l

Whr = Why X Why X Wry by = 5 , b2 = 5 (10)



Akumog M.I1., Cmapocmun H.II., Mopdoeckoii C./. 12

JIBymMepHoe ypaBHeHue TeronposogHocTH (fIl) 3anuceiBaeTcs B popme yo6HO#M st
peIIeHNs] MeTOJJOM CKBO3HOTO CUETa, PellaeTcsl YUC/IeHHO KOHeYHO-Pa3HOCTHBIM MeTO-
oM. Vcronb3yeTcst cxema paciieryieHdsl B Lie/IbIX I1arax ¢ MeTojoM CyMMapHOH ari-
IIPOKCUMalMU. BBezieM BpeMeHHYI0 CeTKy

Wr ={tg,tk =tp—1 + 7%, k=1,N, to =0, tn, =T¢} (11)

rae Tg— BpeMs KOHIla cueTa. Torjla Ha KakKZioM BpeMeHHOM HHTepBasie [tj_l, tj]
3a/laya pelarTCs Be OLHOMEpHBbIEe 33/lau C TPAHUYHBIMM yCJIOBUAMM, ITOJTyYeHHBIMU
eCcTeCTBeHHbIM MEeTOZIOM paciiernienus [3,4]:

~ or 190 ~ oT
G =5 <7“)\ (T) 8r> ;e <t <tpgio (12)
T (T‘, 2 0) = TO (7’, 90) (13)
T(Ta%tk) = T(T‘, Soatk’) (14)
~ oT
(T) 5| = (T (r,p,1)], = T (1)) cosp (15)
1
~ oT
)‘(T) E = a2 (T(T‘,QO,t)h—T) (16)
4
~ oT .
(T) (wsmap) sz 0 17)
~ 0T 1.0 (~/=\0T
O 5 = 3, <)\ (T) &p> L teers <t <tep (18)
T (r, ¢, tip1y2) =T (1,0, tir1)2) (19)

~ 1T . . ,

M) = (Tl = T(0) sing (20)
N Q1)
dp

3
oT
o] =0 22)
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Tabmuua 1: ConocTaBieHre pacueTHbIX U (aKTHUECKUX TeMIIepaTyp, B CKBakuHe Nel

Temnepatypa
rpyHTOB, °C

26.12.2012r. 05.05.2012r.
Inybuna,M dakThueckue PacyeTHble dakTrueckre PacueTHble
1 -6,1 -5,15 -0,5 -0,35
2 -0,1 -0,12 -2,8 -2,97
3 -0,4 -0,46 -3,8 -4,56
4 -0,9 -1,07 -3,7 -4,52
5 -1,3 -1,51 -3,5 -3,99
6 -1,6 -1,9 -3,1 -3,51
7 -1,8 -2,1 -2,8 -3,04
8 -2 -2,55 -2,7 -2,64
9 -2,2 -2,75 -2,7 -2,6

TIpubmwkerHsM pereHueM 3agaud ([I])-(7) ssBasiercs pemenve 3agaun ([18)-(R3), T.e.
T+ ~ T9+! | Takum 06pa3om, peliieHre OfHOM U3 3aad SB/ISETCS HaYabHBIM YCITO-
BUEM [ijIsI IPYTOi. AJITOPUTM pellieHust CPOpMY/IMPOBAHHOM 3a/jaui 3aK/TF0UaeTcs B 10-
C/1e[j0BaTe/TbHOM pellleHuH OJHOMEpPHBIX 3a/jau 110 IepBOMY M BTOPOMY HarlpaB/IeHUsIM.
Kaxzyro U3 ofHOMepHBIX 3a/ia4 pelliaeM MeTO0M CKBO3HOI'O CYeTa.

PaccmarpuBanack cructema 13 Tpex TpyO ¢ 9KBUBa/IeHTHBIM pazycoM 8,15 cM u Tosi-
IWHOM TeryIon30sun 3 cM. PacueTbl POBOJWIUCH C MCTI0/Ib30BaHUEM pa3paboTaHHO-
ro B paboTe a/ropUTMa YMC/IEHHOTO OTpeZie/ieHusl JMHAMUAKU TeMIIepaTypHOro ToJisi B
cHUcTeMe «Tpy0a-TPyHT» B MMOJISIPHBIX KOOpAWHaTax. [Ipexke ueM UCMO/Ib30BaTh MaTeMa-
THUeCKYI0 MOZIeJb /71 pellleHHs IPaKTUUeCKHX 3a/iau ee HeoOX0[MMO BepH(HLIPOBATh,
T.e. IPOBEPUTH ee aJieKBaTHOCTh peasbHOMY Tipolieccy. Bepudukariys Mozend CBOSUT-
CS1 K COTIOCTaBJ/IEHHUIO Pe3y/IbTaTOB PACUeTOB IO MOJIe/ A C COOTBETCTBYIOLUMHU IaHHBIMU
[eMCTBUTEIbHOCTU — (aKTUUe CKUMU 3KCIIepUMeHTa/IbHbIMU JaHHBIMH, TIOy4YeHHbIMH B
ckBakuHe Nel, pacriosioykeHHOU Ha pacctostHun 0,8 M, 1 ckBaykuHe Ne2 — Ha paCcCTOSTHUM
1,2 M OT TenI0NpoBOJA.

Pe3ynbTaThl CONOCTaB/IEHNS II0KA3bIBAIOT, UTO OTK/IOHEHUs pacueTHBIX U (pakTuue-
CKUX TeMIleparyp cocrasiseT 15-20%, uTo npuem/iemo sl [IPaKTUYeCKOro IpUMeHe-
HUsL.

Ha ocHOBe BBIUMC/UTEBHBIX KCIIEPUMEHTOB pPa3paboTaHbl METOAVMKHU IS OTIpe-
JeJleHrs] TOMIWHBI TeTUIOW30/SIUK U TTyOWHBI 3a0oKeHus1 TPyOOTpoBO/a, 3aK/ioua-
IOIIIe}iCsl B BOCCTAHOB/IEHNH ITyOWMHBI OTTaUBaHUS 110/, BO3/I€HICTBHEM TeIIONPOBOAA K
HayasTy OTOTMTeTbHOTO Ce30Ha [0 ITyOUHBI [iesiTelbHOTo ¢/1ost. I/1st TerionpoBoja fua-
metpoM 110 MM (TIpsiMasi 1 0OpaTHast) C COMyTCTBYIOIIMM TPyOOTIPOBOZOM /17T XOIOJHOU
BOJibI AaMeTpoM 50 MM U C TOJIIMHON TeIION30JIsALUN 3 CM peKOMeH/1yeTCsl Be/IMUriHa
3arty6nenust, paBHasi 70 cM. [I71s1 TaKOTO >Ke IyuKa TpyO TeTIonpoBoja € TOIIMHOM Tel-
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Tabnuia 2: ConocTaB/ieHre pacueTHbIX U (PaKTHUECKUX TeMIIepaTyp, B CKBaKHUHe No2

Temnepartypsl
rpyHTOB, °C

26.12.2012r. 05.05.2012r.
Inybuna,M dakThueckue PacyeTHble dakTrueckre PacueTHble
1 -5,1 -6,25 -1,8 -2,02
2 -0,5 -0,86 -4,1 -4,26
3 -1,1 -0,98 -5,2 -6,02
4 -1,5 -1,81 -5,5 -5,8
5 -1,8 -2,10 -5,4 -4,99
6 -2,2 -2,58 -5 -4,5
7 -2,6 -3,15 -4,5 -4,22
8 -2,9 -2,92 -4,1 -4,05
9 -3 -3 -3,8 -3,85

JIOU30JISLIUU 4 CM peKoMeH 1yeTcst 3arnybnenue 7o 90 cM , a C TOIMHON TeMIOU30/ISI[HH
5 cm 3arny6nenve o 110 cm. PacuetHbie 006/1acTh U3MeHeHUsI BeJTMYUHBI 3arTyOneHui
1P pa3/IMYHbIX TOMIIMHAX TEIVION30JISILWY NIPeJCTaBlIeHbl Ha PUC. 2.

1,1

0,9

07

Puc. 2: O6nacTh U3MeHeHUs BeJTMUMHBI 3ar/Ty0/IeHUH TIPH Pa3/IMUHbBIX TOJIIUHAX TeTI0-
W30JISILIUHN.

MareMaTnueCKUM MOJe/TMpOBaHKWEM ITOKA3aHO, UTO /i paCCMaTpUBaeMoro 1roj3em-
HOT'O TEIVIOTIPOBOJa pacueTHadA BeJIMYKWHA 3aFHY6JIEHI/IH npu BBAaHHOﬁ TOJIIWHE TEeIJ10-
H30/IA0HUN obecrieuriBaeT Ha Ha4Ya/I0 OTOIIMTE/ILHOIO Ce30Ha CTaOM/IbHbBIE F]'Iy6I/IHbI OTTa-
HWBaHKWA BEUHOMEP3J/IOT'O 'DYHTA Ha YPOBHE AeATe/IbHOT'0 CJ104. Bonee TouHklie pPe3y/bTaThbl
110 oripejie/;IeHUIO 3aFJ'Iy6]'IEHI/IH TeriorpoBoja MOTr'yT OBITE TOJ/1Iy4€Hbl pacieTaMu MeTO-
[0M KOHEUHBIX 3/7IEeMEHTOB BOBAeﬁCTBHH ITYYKOB TeI1/JI0U30/IMPOBAHHBIX TPY6 TeIJI0CHa0-
JK€HHA Ha MHOI0JIETHEeMeEP3Jible I'PYHTBI C UCI10/Ib30BAHHUEM BbIUHMC/IUTE/IBHBIX CUCTEM
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AHHoOTaNUs

B pabote MeTos MOJEKy/ISIDHOY TUHAMUKY TIPUMEHSIICS [J1s1 U3yUYeHHst TpaHCMeMOpaH-
HOW MUddy3UM MajbIXx MOJIEKY/T Uepe3 JUMUHbIE OUCIOU, UMUTHDYIOIIUE K/IeTOUHbIe
MeMOpaHbl. ATipoOrpoBaHa METOJHKa M3yueHUs] TPAHCIIOPTa MOJIEKY/ uepe3 Ouciaon
C UCITI0/Tb30BaHWeM MeTO/ia YIIPaB/sieMOi MOJIEKY/ISIDHOW JUHAMUKH Ha TIpUMepe psijia
HU3KOMOJIEKY/IIPHBIX COeAMHEHHUH.

KiroueBbie cs10Ba: 61odr3nKa, MOJIeKyIsipHast JUHaMUKA, MOJIEKY/ISIPHOE MOZ|e/TH-
poBaHue.

Baarogapuoctu: Pabora BbIo/iHeHa ITpy (PMHAHCOBOM IO epKKe MUHHCTepCTBa
obpa3oBanus 1 Hayku Poccutickoit @epeparun (rockoHTpakT Ne07.514.11.4127) u Poc-
cuiickoro ¢hoHa pyHAaMeHTabHBIX HccnenoBaHuii (I'padTt Ne 12-04-31934)

BBegenue

MopenvpoBaHHe MeMOPaHHBIX CUCTEM METOAOM MOJIEKY/IsipHON AuHamuku (MJI) co-
TIPSKEHO C PSA/IOM C/IOKHOCTEMH: apaMeTphbl U TIPOTOKOJ/ MOJIEKY/IIPHOM IMHAMKH [IO/DK-
HbI ObITH TIOZI00paHBI TAKUM 00pa30oM, UTOObI a/eKBaTHO BOCIIPOU3BOAUTL CTPYKTYPHBIE
XapaKTePUCTUKU MOJieTUpyeMbix 6ucioes [[1]]. OrpaHnueHHOCTh MHOXECTBA OUC/IOEB,
TSI KOTOPBIX 9KCTIEPUMEHTA/IbHO YCTAaHOB/IEHbI CTPYKTYPHbIE XapaKTePUCTUKH, AOTION-
HUTE/IBHO 3aTPY/HAET pa3pabOTKy KOPPEKTHBIX TIPOTOKOJIOB /ISl MOJIEKY/ISIPHO - JTHA-
MHUeCKHX uccienoranuii [2, 3]. B pamkax paboThI MPU TIOMOIIM METOZIOB MOJIEKY/ISIPHO-
r0 MOZIE/TMPOBAHMS M3yUeHa IMHAMUKA U OCHOBHBIE (DM3MKO-XUMHUECKUe CBOHCTBA JTU-
MTU/IHBIX OMC/IeB, UMUTUDYIOLIUX MOJIe/TbHBIE K/IeTOUHbIe MeMOpaHbl. PaccMaTpuBaich
Oucion, obpa3oBaHHbIE MOJIEKY/IAMH JIUTIUJOB PA3/IMUHOM [IUHBI, KaK HACHIIEHHEIE,
TaK ¥ HEHaChIIIIeHHbIE, B TOM UHCJIE CO CMEIIaHHBIM JIUTIUHBIM COCTABOM, UTO TT03BO-
JIJIO UCCJIe[IOBAaTh BIIMSHYE JIUITUIHOTO COCTaBa Ha CTPYKTYPHO-(GYHKIMOHATbLHBIE Xa-
PaKTepUCTUKH OUCTION.

C MOMOIIBI0 MeTOZIa YIpaB/IsieMON MOJIEKY/IIPHOW TUHAMHUKU W3y4YeH TPaHCIIOpPT
MoreKyn uepe3 6ucsioii Ha puMepe Habopa MPobOHBIX MOJeKy/l. B paMkax rmogxoza mpo-
M3Be/leHa OLleHKa ps/la KWHeTUUeCKUX TTapaMeTPOB NMPOHUKHOBEHUS MOJIEKYJ, TIPOBe-
[IEHO CpPaBHUTE/IbHOE U3yueHe 3(PGEeKTUBHBIX BI3KOCTHBIX XaPAKTEPUCTHK Pa3/TUUHBIX
MeMOpaHHBIX CTPYKTYP U A (hy310HHBIX CBOHCTB MaJIbIX MOJIEKYII.
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MeTtoabi

7151 U3ydyeHust TUHAMUKH 1 TIPOHUIIAeMOCTH MeMOPaHHBIX CTPYKTYP UCIOTb30BaJICS Me-
TOJ, MOIeKy/IsipHOUM nuHamukd [4, 5]. CyTh MeTo[a 3aK/rOUaeTcs B MPe/ICTaBI€HUU O
MHOT0aTOMHO# MOJIEKY/IIPHOM CUCTeMe, B KOTOPOI BCe aTOMbI (MM TPYIIITLI aTOMOB)
SIBJISTIOTCS B3aMMO/IEHCTBYIOIMMI MaTepUabHBIMU TOUKAMH U UX AWHAMUYECKOe TI0-
Be/IEHUE OIHUCHIBAETCS] YPAaBHEHUSIMU KJIaCCUUeCKOM MexaHuKU. C UCI0/Ib30BaHUEM CO-
BpPEMEHHOU BLIUYMCUTE/THHON TEXHUKHU JJAHHBIA METO/]| O3BOJIAET UCC/IEI0BaTh CUCTe-
MBI pa3MepOM B HECKOJIbKO MUIJTMOHOB YaCTHI] MOPsKa Ha BPEMEHHOM JTUaria30oHe /10
HEeCKOJIbKUX COTE€H HaHOCEeKYH7I U Ooree.

[ToBefieHME KaXK/0M UaCTULIBI OMMUCHIBAETCS KJIACCHUECKUM YPABHEHUEM JIBYKEHUS:

27 R — —
d Ti(t) ? F) aU(T’l,..,Tn)
7 2 = L4, i = —>
dt oT;
3pech ¢ — HOMep aTtoMa, n — KOJMUeCTBO aTOMOB B CUCTeMe, m; — Macca aToma,
=4 ~ ~
T, — paguyC-BeKTOp aToMa, F; — paBHOAEHCTBYIOIIast CHJ/I, AeHCTBYIOIIMX Ha aTOM,
U — noTeHUMabHasi SHePTrUsi CUCTEMBI.
Takum 00pa3oM, AEHCTBYIOIAs Ha YaCTHUIy CHJIa OMpe/e/seTcs uepe3 rpaZMeHT
(YHKI[MY MOTEHIUAMLHON HEPTHU, KOTOPBIA BK/IFOUAeT B ce0st CyMMY BCEX B3aUMO/Ie-
CTBUM B CHUCTEME:

U (I‘) = Z U% (bij)+ Z U%k (eijk) + Z U%kl (¢ijkl) + Z |:UICJ (rij) +U;J{dw (rij):|
L]

i,j,k ijkl i#]

3pech mepBble TPH C/laraeMbIX IPeZCTaB/sIOT BaJleHTHbIE B3aMMOAEHCTBYS, a NoC/el-
HUe 7IBa MPeJICTaBJISIOT CUJIbI, CYLL[eCTBYIOLINEe MeX/y TlapaMy BaJIeHTHO He CBSI3aHHBIX
aTOMOB: 3/1eKTpocTaTtuueckue U Ban-fiep-BaanbcoBele cuibl (PucyHOK ﬂ] - a).

B 1esiom, 06mui Bug, GpyHKLUMY MTOTEHLMAIBHON SHEPTHH MPAKTUUeCKH He U3MeHsl-
eTCsl B PasHbIX CHJIOBBIX TOJISIX, OFJHAKO I1apaMeTpu3aliys CUI MOXKeT pas3nndarbest. Cu-
CTeMa ypaBHeHHH B 0011eM CTydae He MOXKeT OBbITh pellieHa aHa/TuTU4YeCKU, TI03TOMY JiJist
TIOMCKa MMPUO/IKEHHOT0 pellleH st TPUMEeHSIIOTCS YMCIeHHbIe MeTo/bl. B faHHoi paboTte
vcnosbs3oBascs Metoy Bepre [6] ¢ cunoBeiv nonem Amber-99 [[7]. [ar uHTerpuposa-
HUs1 ypaBHeHU! ABWKeHUs1 cocTaBssi 1 ¢dc.

st ucenefoBanuid Obl 0TOOpaHBI TIPe/CTaB/SIIOLMe MHTepec ¢ OHUOI0rnyecKoi
TOUKU 3pEeHUs MOJIEKY/IbI JIMITH/IOB, B TOM UHMCJ/Ie KaK Ma)KOpHbIe KOMIIOHEeHTbI 610/10TH-
yeckrx MeMmOpaH: 1-masbMUATOMI-2-051en-sn-yinepo-3-¢ocharnguixonvd (II0DX),
1,2-gunanb-MUTOUI-sN-ruLepo-3-pochatugunxonut (AP X), Tak ¥ MUHOPHBIN KOM-
TOHEHT, UMEIOIIUH 3HaueHue /i (PyHKIMOHAIBLHOTO cocTosiHus MemOpanb (1,3-(1-
CTeapous-2-MaJbMUTOU-SN-TIHLepo-3-pocdaTrun)-runtieput, KapauoaunuH, KII).
B pabote n3yvanvchk Mofen MeMOpaHHBIX CHUCTEM, COCTAaBIeHHbIEe U3 PAa3/MYHBIX JIU-
MU/I0B B CJIEYIOLIUX MTPOTIOPLUSX:

1) [TIODX-AIMPX-KJI B cooTHOL11eHUH 4:4:2
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2) [IODX-AIPX B cooTHOMIEHMH 1:1

3) [IO®X

Vicnonb3oBanmuch TMepuouueckrie TpaHUUHble yciaoBusi. COOpka MOJIEKY/ISPHOH
CTPYKTYPbI TIPOU3BO/IU/IACh TTPY TIOMOIL[M OPUTHUHAILHOTO TTPOTPaMMHOTO 0becTiedeHusl.
HauanbHasi CTpyKTypa COOTBETCTBOBajia MepIreHAUKY/ISIPHOMY TOI0XKEHUI0 OCU Hau-
OosTbILIeH TTPOTSHKEHHO CTH MOJIEKYJT JIMITHAOB OTHOCUTEILHO TJIOCKOCTH MeMOpaHbl. Mo-
JIEKYJTbI JIUTIV/IOB TIpe/IBaPUTE/IbHO BPAIIlaIMCh BOKPYT CBOEH /ITMHHOM OCH Ha CITyJaii-
HbIit yron (PucyHok [l] - b).

[MapiuanbHble 3apsgpl W CHIOBbIe KOHCTAHTHI i MajbIX MOJIEKY/l W MOJEKYJ
JIUTIU/IOB BBIUMCJISTUCE C HCIIO/Ib30BaHHEM TaKTOB KBAaHTOBO-XMMHMUECKUX pacueToB
Firefly (PC GAMESS). IlpumeHsIca HeorpaHUYeHHbIM MeToy XapTtpu-Doka
(UHF6-31G) [8] u meTo, MannukeHa. OTpuliaTebHbIN 3apsi/i MOJIEKY/IbI KapUOIUTTH-
Ha BEeJIMUMHOM B JIBa 3aps/ia 37IeKTPOHA KOMIIEHCUPOBAJICA Z00aBeHreM B BOJIy MOHOB
HaTpus. Vcnonb3oBanack Mogenb Boabl TIP3P [9, 10]. BaneHTHble CBSI3U U YIVIbI B
MOJIeKyse Bo/ibl He (PUKCHpOBaMMch. Paguyc obpe3anus /st KyJIOHOBCKUX W BaH-ziep-
BaanbCoBbIX B3auMOZeicTBHI cocTasan oT 16 g0 20 A B 3aBucuMocTH oT TMNA MeM-
OpaHbI 1 pa3Mepa CUCTeMBI. [171s TIOfiep>KaHusl YCIOBUM MOCTOSTHCTBA TEMITEPaTyPbl UC-
T10/Th30Ba/IaCh BUPTYasbHasl CTOKHOBUTE/IbHAs cpefa [[11] ¢ maccoit BUpTyalbHBIX Ya-
crul] 1 a.e.M. ¥ cpefHeli 4aCTOTOM CTO/KHOBEHMH ¢ aTomMamu cucteMsl 10 mc—!, s
TIO/I/IepYKaHUs YCJIOBUH MOCTOSAHHOTO JIABJIeHUs UCTIOMb30Basicst bapTocTat bepeHzceHa
[12] c yactoroii oT 0.1 10 1 c .

TOPCUOHHbIN

. ron
BaneHTHbIN y

yron

BaneHTHas
CBsI3b

HeBaneHTHble B3aMmoaencTBms:
anekTpocTaTnyeckue u
BaH-Aep-BaanbCoBbl

Puc. 1: a) Turiel B3auMOZEHCTBUM aTOMOB B MeTO/le MOJIEKY/IApPHOHN AnHaMukuy. b) Bupg
MOJIEKY/ISIPHON CHUCTEMBI.

[ToaroToBNIEHHBIE CUCTEMBI TIOABEPTaICh MHOTOCTYTIeHUaTo! pesiakcaruu. Ha miep-
BOM 3Tarle MPOBOIUJICS «OT)XKUI» CUCTEMBI - MozienipoBanue B NVT aHcambOiie, ipu TeM-
nieparype 1000 K, c ¢puKkcrpoBaHHBIMU TIOJIOKEHUSIMHA aToMOB ¢docdopa B T0JI0BAX JIH-
MU/IOB, C JIMHOM TpaekTopuu He Gosiee 200 ric. TTomyuyeHHbIe TaKuM 00pa3oM Moge-
JI MeMOPaHHBIX CHCTeM ObUTH JIUIIEHBI M30BITOUHON CTPYKTYPUPOBAHHOCTH U UMEJTH
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Cucrema CpenHss yaenbHas 1io- | JlarepasibHoe JaBiie-
mazp, A2 Hue, 6ap

1 78,0 £ 5.5 -242

2 65,4 + 1.5 -300

3 66,8 + 3.7 -265

Tab6suiia 1: BerurHa NpHIOKEHHOTO PaCKIMHUBAIOIIET0 aB/IeHUs] B UCC/IeTyeMbIX CH-
cTeMax.

0osTBbILIOe KOJTMUECTBO KUHKOB B 00/1aCTH XBOCTOB. 3aTeM IOy4YeHHast CHCTeMa THZpa-
THPOBasaCh MOJIEKY/IAMH BO/IbI TAKUM 00pa30M, UTO Ha MOJIEKY/TY JIUTTH/IA TIPUXOINUI0CH
34-43 moneky/ibl pacTBOpUTesst ([/1s1 OOMBIIMHCTBA JIUITH/OB BETMUUHOM TIO/THOM THU/J-
pararyeii cuntaeTcsi He MeHee 27 MOJeKys Bofibl Ha yiimuz [113]). 3aTem rpoBoguiachk
JanbHelmas penakcanus cuctemsl B Tedenre 500 ric B NPT ancambrie ripu Temriepatype
300-1000 K u Habop paboyero yyacTka TpaeKTOPHH JJTAHHOW He MeHee 2 HC MPU TeM-
neparype 300 K. IIpu MosemMpoBaHuH MeMOPaHHBIX CUCTEM B YCJIOBUSX TI0CTOSTHHOTO
[laBJIeHus [Jis1 TIOAJiepKaHusl cpefiHelt yae/bHOM TIUIONIaId Ha MOJIeKY/y JIUTUA B CO-
OTBETCTBUMU C W3BECTHBIMU 3KCIIEPUMEHTabHBIMU OLleHKaMU, K CUCTeMaM NpU/iarajoch
oTpuLaTe/bHOe (PaCK/IMHUBAIOLLee) JaBeHHe B JlaTepasIbHOM TIockocTH (Tabmua fI).

Heo6X0AUMOCTb WCIIOIb30BaHMsI aHW30TPOITHOTO OAapoCTaTUPOBaHUS JiIsl TIOAAep-
’KaHWS TUIOLaAd pacueTHOMN SUelKU B COOTBETCTBUH C M3BECTHBIMM 3KCIIepUMeHTab-
HBIMH JIaHHBIMH 00y C/IOB/IeHa, I0-BUANMOMY, 3¢ deKTaMu ToBePXHOCTHOTO HaTsKEeHS,
Y BO3MOXXHBIMU IIOIPELIHOCTSMHU IlapaMeTpHr3aLy CUIOBOrO I10J1 Y IIPOTOKOJ1A BBIUKC-
JITENBHOTO 3KcrepuMeHTa. Heo6X0AUMO OTMeTHTh, UTO 3Ta npobieMa HeofHOKPaTHO
obcyxaanocek paHee [[14, [15, [16] ¥ B 11eJI0M CUMTAETCs IOMYCTUMBIM TIPU MOJIEIHUPO-
BaHMM MeMOpaHHbIX CHCTEM HCII0/Ib30BaHUe aHU30TPOIHOro 6apoCTaTUpOBaHUs C pas-
JIMYHBIM 3HaUeHWEeM KOMITOHEHTOB [JIaB/IeHUsI B HAlpaB/IeHNsIX HOPMak K MeMOpaHe U
JiarepaabHO# mockocTH [8].

s vccnenoBaHust mporeccoB Auddysuy MasbIX MOJEKy/l uyepe3 MeMOpaHHbIe
CTPYKTYPBbI UCII0/Ib30BaJICSI METO/, yTIpaB/IsieMOl MOJIEKY/IIpPHOM IMHaMUKU. Pacuet ripo-
BOJJWJICS B TIePUO[UeCKUX TPAaHUYHBIX YCIOBUSIX, TIPY MTOCTOSIHHBIX TeMIiepaTrype U 1aB-
nennu (NPT — ancamb6i1b). Beito BeiOpano 10 MpoOHBIX HU3KOMOJIEKY/ISIPHBIX COe/jHe-
HU, IPe/ICTaB/SIOLMX HHTEpPeC ¢ GHOIOruuecKoi Touky 3penus (Tabmura ).

B craproBoii KoHQUrypalu MoJieKy/bl TleHeTpaHTa MOMellja/IiCh B BOAHYIO Cpe-
Iy Ha pacctosHuu nopszgka 10 A or kpaiinux aromos docdopa munugos memOpansl. K
npoOHBEIM MOJIEKy/IaM Jlajiee MPUK/IajbiBaiach AOTIOHUTEebHAsK TTOCTOSTHHAS CHTa Four,
JeMCTBYIOIAs B HAMPAB/IEHUM HOPMAJTH K TIOBEPXHOCTH MeMOpaHbl. BeslmunHa cymMmmap-
HOM CU/IbI BeIOMpanack paBHoM 2 u 6 kkan/A- mons~!. Cuna npuknaapiBasach paBHO-
MepHO KO BCEM aToMaM MpoOHOH MoseKy/bl. PacueT TpaeKTOPHM MPOBOAWICS /10 TIep-
BOT'0 TIOJTHOTO TIPOX0/ia MOJIeKy/IbI uepe3 MemOpaHy. Bo Bcex ciyuasix paguyc odpesanust
HeBaJIeHTHBIX B3aUMO/IEHCTBUU OB I0CTaTOYHO MaJl, TaK uTo AU GyHIUpYIOIIe Ma-
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Ne Monekyna XuM. popmyna Dbd. paguyc (A)
1 Boga (WAT) Hy0 1,93
2 Ammuak (AMM) NH3 2,15
3 Kucnopog (OXY) (O] 2,23
4 dopmamug (FMD) HCONH3 2,51
5 MouesuHa (UREA) (NH2)2CO 2,62
6 Sranauon (ETD) CoH4(OH)2 2,81
7 Jranon (ETL) CoH5;0H 2,83
8 Tmutiepon (GRL) CsH5(OH)3 3,07
9 MacnsHas kuciota (BTA) C3H7COOH 3,32

Tabnuia 2: PaccMaTpuBaeMble HU3KOMOJIEKY/ISIDHBIE COETUHEHUS U UX XUMHUECKOe
crpoenvue. BermunHb! 3 ()eKTHBHBIX PaZiyCOB BHIUMCIISITUCH UCXO/S U3 U3BECTHBIX 3Ha-
YeHUM MOJIIPHOM MacChl U TIJIOTHOCTHU BelljeCTBa KOHJeHCUPOBaHHOM (ha3bl.

st o - i T Ule : T

Puc. 2: a) TInotHOCTL BeposATHOCTH 00beMa (), (hIyKTyariuu 1Iolafu suelku b) v Tos-
IIMHBI (C) OMC/I0s /11 CUCTEMBI 3.

JibI€ MOJIEKYJIbI HE MOIIN B3aHMOAEﬁCTBOBaTb CO CBOMMHU IlepuouruueCKUMHA 06pa3aMH.

Pe3ynbTaThl

Pa3paboTaHHbBIA MPOTOKO/ MOZIETMPOBAHMUS TTO3BO/ISIET MOZIE/TMPOBaTh OMCION, OCHOB-
Hble (PU3MKO-XUMHUUeCKHUe U CTPYKTYpHbIe CBOMCTBA KOTOPBIX COOTBETCTBYIOT SKCIIEpHU-
MeHTaMbHbIM [2]. dyKTyaruy Takux rnapaMmeTpoB OMC/I0s, KaK U0/ U 00beM sueii-
KU UMEIOT BUJ] HOPMaJIbHOTO pacripe/ie/ieHUs], YTO TOBOPUT O ZOCTKEHUU JIOKabHO-
paBHOBecHOro coctosiHus (PucyHok B ).

BbIunicyieHHBIE B COOTBETCTBUM C TeOpHeM TepMOAWHAMHUeCKUX (UIyKTyalui
3HaueHUs Ko3(dUIMeHTa M30TePMUUECKOTO CKaThs CHUCTeMbl 7 paBHbI 2 - 10710
2.16-1071°,2.13 - 10719 IMa~! gy1st cuctem 1, 2 1 3 COOTBETCTBEHHO, UTO GITH3KO K 3KC-
TlepUMeHTa/IbHLIM OL|eHKaM BeJIMUMHbI apameTpa B rpefienax ot 1 - 10710 no 6- 10710
Ma—! [[17]. TakKu A5 TUAPATUPOBAHHOTO GUC/NS OBITH BBIUMCIIEHbI pacIpe/ie/ieH s
3/IEKTPOHHOH TVIOTHOCTH B/I0JIb HOPMaJ/IM K IMOBEPXHOCTH MeMOpaHbl. KapTa pacnpese-
JIeHUs 37IeKTPOHHOM TI/IOCKOCTH JiaeT WHGOPMALIHIO O TOPsiiKe YK/IaJAKU aTOMOB Pa3/iny-
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Puc. 3: Kunetvka npoxo>xjeHusi MOJIeKy/Ibl aMMUaKa MoJ, eHACTBUEM CUJIBI

6 kkan/A- Mons ! B HanpaBeHMK HopMany K MembpaHe yepe3 6ucoii cuctems 1. Crie-
Ba MOKa3aHa 3aBUCUMOCTh MOJIOKEHUs MOJIEKY/IBI TIo ock QY (HopMaiu MeMOpaHbl) OT
BpPEMEHH, TOPU30HTaIbHBIMU JTMHUSIMH TTOKa3aHbl TPaHMIIbI JIMIIKIHOTO Oucos (ycpea-

HeHHble Koop/IMHaThl aToMoB (hocdopa). CripaBa — 3aBUCHMOCTb CKOPOCTH TepeMerrje-
HUsI MOJIEKYJIbI OT BPEMEHH.

HBIX TUIIOB B OMC/I0€ U TaK)Ke MOYKeT OBbITh IO/TyueHa B SKCIiepuMeHTe. B 1jesiom romy-
YeHHBII B pacueTax XapakTep pacripefiesieHHs1 1eKTPOHHOMN MJI0THOCTH (He MoKa3aHo)
HaXOJUTCS1 B COOTBETCTBUU C 3KCIIepPUMEHTaIbHbIMU OL|eHKaMHU, UTO TaK)Ke sIBJISIeTCSI [10-
KasaTesieM peajiCTUUHOCTH MOZEe/H.

17151 OTIO/THUTE/TbHOM BepU(PUKALIUK MO/e/H ObLTU BBIUKC/IEHBI KO3 (ULIEHTHI 1a-
Tepa/bHOI Auddy3un mumizoB. IomyyeHHsle 3HaueHus oT 2.2 - 1077 o 2.7-1077
cm?/c TakKe HaXOAATCS B COTVIACHH C PAZIOM 3KCIIePUMEeHTA/IbHBIX OL[eHOK (CM. HarpH-
mep [[18]).

IMpouecc auddy3un yepe3 TUMUAHbIE OMCION MPOUCXOAUT OTHOCUTETLHO Me/iTeH-
Ho. Ha BpemMeHax, JOCTYIHBIX /151 MOZleIMpoBaHus (TI0psiika COTEeH HAaHOCEKYHJ,), TIpakK-
TUYECKH HEBO3MOKHO HaO/IFOJaTh CIIOHTaHHYIO MUGQY3Ut0 /s COeAUHEHUM OosTbIle
pasmepa MoJIeKy/bl Bogbl. IIpH 3TOM Zlayke /ISt MajIbIX MOJIEKYJ/l HEBO3MOXKHO cobpaThb
[IOCTOBEpPHYIO CTaTUCTHKY, JOCTaTOUHYHO //Is1 OLIEHOK CpeJHEeB3BelleHHbIX MaKpOCKO-
MUUeCKUX XapaKTepHUCTHK, TaKUX Kak ko3ddument auddysum, koadduimeHT pacrpe-
JesieHns Boja-MeMOpaHa Wiy CTaTUCTUUeCKOU OLeHKH Tipodueii cBoOOAHOM IHEPrHH.

Jl71st cpaBHUTEILHOTO HM3y4eHHs] IPOHUL[aeMOCTH MeMOpaH 10 OTHOILIEHHIO K TTeHe-
TpPaHTaM pa3/IMUYHON XUMHUECKOH TMPHUPOAbLI B AaHHOM MCC/Ie[0BAHMM UCIIONb30BaJICS
MeTO/] yTipaB/isieMoil MOJIEKY/ISIpHON AWHaMUKH. B pamkax JaHHOro rojxofa K mose-
Ky/laM Tpu/araaach BHeIIHsas cuia 2 1 6 kkan/A- Mons~! o Hampasnenuio Hopmamm
K Membpane. ITof feficTBEM CHIIBI MOJIEKY/TB TIPOHUKAIOT Yepe3 MeMOpaHy, Mpy 3TOM
CMellleHHe MOJIEKY/Ibl OTpefiesisieTCsl B OCHOBHOM BO37lefiCTBHEM CHJIbI U BK/IZlOM Tell-
7n0Boit Aud QY3 MOXKHO TipeHe6peun (PUCYHOK [3).

[l71s1 IpoBeieHysl CPaBHUTE/ILHOI'O aHa/lu3a, OLleHUBasICsl JI0Ka/IbHbIM KO3 QuiieHT
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TPEHHUs Y KaK OTHOIIEHHe BeJIMUMHBI MTPUIOKEeHHON CHJTBI |m| K CpeJiHeil CKopoCTH
| 7| mpeiida, ucxopns u3 popmysisl K03 duLeHTa TpeHUs B XKUAKOCTH. Jlaiee paCCUMThI-
BaJICSi CPaBHUTE/IbHBIN KOG (UIeHT 3heKTHBHOM MUKPOBSI3KOCTH 7) CPEZIbI UCTIO/b3Yst
dhopmyny Ctokca-ItiHiTelHa A1 ko3gduimenta gubdysuu D.

'Y:Fext/l/a D:ka/’Y:ka/67an

IInst pacueta nUcmob30Bancs 3heKTUBHBINA PaUyC 7 MOMEKY/bI B COOTBETCTBHH C Tab-
nuueii P, k;, — koncranTa BosbiMana.

TonyuenHslii Kospduipent auddysun ans kucnopoga 2.4 - 107> cm?/c ans cve-
1aHHo# Mem6pasbl 1 1.7 - 1072 em?/c a1 mem6pans! TIODX 61130K K KO3(pOUIeHTY
muddysun kuciopoga B Boge (2 - 107° em?/cmpu T = 293 K u 3.2 - 1075 cm?/c npu
T = 313 K). D10 coracyeTcsi C HEKOTOPbIMU KCTIepUMeHTaTbHBIMU JaHHBIMU [1J1s1 KO-
s¢duienTa audby3uu Kuciopoaa B 6HOMOrHUeCKHX MeMOpaHaX, KOTOPbIH COr/IacCHO
(19, 20, 21] nexxur B npegenax ot 1.5 - 1072 em?/c 1o 4.7 - 10~° cm?/c.

BMecTe ¢ TeM, HEOOXOIMO OTMETUTh, UTO MOCKOJBKY Ha TaKOM MaciiTabe HbIO-
TOHOBCKOE TIPUO/IMKEeHNEe CPe/ibl [Jisi OUC/IOs JTUTU/IOB TIPe/ICTaBIAETCS HEKOPPEKTHBIM
(HMKe 3TO TOTIO/THUTEJTEHO MO/ TBEPXK/IAeTCs Pa3/TMUHBIMY BHIUMCIEHHBIMU 3HaUeHUSIMU
3¢ deKTUBHON MUKPOBSI3KOCTH TIPU Pa3HBIX BeJMUYMHAX TPUJIOXKEHHOU CHIIBbI). Borumc-
JIeHHble 3HaueHus CeJyeT TPAKTOBATh JIMIIIb KaK BhIPAKEHHYIO B e[JMHHUL[AX BSI3KOCTH
KOJTMUe CTBEHHYIO XapaKTePUCTHUKY BSI3KOCTHBIX CBOMCTB OUC/IOs, KOTOpasi BBIUKC/IEHA B
paMKax BeJIMUMH MPUIOXKEeHHBIX CU/. Pe3y/bTaThl MOZie/IMpOBaHus yCPeqHSIIUCE T10 pe-
3ynbTatam 4 skcriepumeHToB (Tabswiia 3).

Ha pucynke Y mpescTaBiena BbIuMC/IeHHas 3aBUCHMOCTD 3((heKTHBHON cpefHei
MHKDOBSI3KOCTH MCC/IeAyeMbIX OMCIoeB OT 3QeKTUBHOTO pafnyca TPOoOHON MOeKy-
7B A7151 Be/MuKHbl cunbl 6 kkan/A- Mons~!. B cpesnem Gonee Beicokas 3¢bdexTuBHas
BsizkoCcTb MeMOpaHbl [IODX (cucrema 3) 00BSICHAETCS TIO-BUAVMMOMY TeM, UTO MeMOpa-
Ha HaXOAWTCS B KBa3WKPHCTA/IMYeCKOM COCTOSIHMK. Haymune 60/bIIOoro KomivecTsa
IBoMHBIX cBs3elt B xBocTax KJI u [IOPX B cucteme 1 BepoSITHO MPUBOAUT K yMeHbILIe-
HUIO YTIOPSZI0YeHHOCTH OMCIOs M Pa3phIXJ/IEHUIO CTPYKTYPbl MeMOpaHHI.
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T, TIC 3¢d. ko3dhdu- 3bd. Ko3b- sdd. BSI3-
L[UEHT TPEHWUS duredT KOCTb, I3
-10° r/cek mubdys3un
107 cm?/cex
1 3 1 3 1 3 1 3
WAT | 14 22 1.3 2.0 324 250 0.37 0.56
ETL 53 64 5.1 6.0 87 94 0.96 1.13
AMM | 13 31 1.2 29 364 243 0.30 0.72
BTA 129 | 231 | 124 21.9 38 42 1.99 3.50
FMD | 58 46 5.6 4.3 96 100 1.18 0.90
GRL | 232 |434 | 223 41.9 22 11 3.85 7.24
ETD 101 | 136 | 9.6 12.8 44 37 1.82 241
UREA | 95 98 9.1 9.1 57 55 1.84 1.85
OXYy |23 33 2.2 3.1 242 172 0.53 0.73

Tabmuia 3: OrjeHKa XapaKTepHBIX BpeMeH U KMHeTHYeCKUX XapaKTepUCTHK (Hopcupo-
BaHHOU I dy3ur poOHBIX Mo/eKy/ uepe3 Oucion cucteM 1 u 3 nof, AeficTBHEM I10-
CTOSHHOM cuibI 6 Kkan/A- Moab !

8,0000 - 8,0000

[ ]
7.,0000 - 7.0000 ORL

6,0000 - 6,0000

5,0000 - 5,0000

BUTA

n, (cM3) 40000 - 4,0000

® GRL

3,0000 3,0000
UREA [

2,0000 = = B BUTA 2,0000 B UREA
ETL
o, W FMD, ETL AMM

1,0000 m ro "

1,0000 -
WAT WAy WE O,

L} - u
0,0000 AMM 0,0000

1,50000 2,00000 2,50000 3,00000 3,50000 1,50000 2,00000 250000 3,00000 3,50000
R A Ry A

Puc. 4: a) 3aBucumocTs 3¢ d. MUKPOBA3KOCTH OT 3¢pekTHBHOrO pajuyca R, ; mpoGHbIX
MOJIEKY/ a) — B cucTeme 1 b) - B cucteme 3, 0603HaueHUsI MOJIEKY/T B COOTBETCTBUH C
Tabmmueii P,

HeoHOPOJHOCTh MUKPOBSI3KOCTU B PasHbIX C/105X [10 OTHOLLEHUIO K YPOBHIO HOp-
MaJii OWCIIOs BEIUMCIISIACH TTyTeM U3MepeHust Cpe/iHel CKOPOCTH, C KOTOPOH MOJIeKyra
NpoXofu/ia KaXK/bli y4acToOK OMC/IOs C 3a/jJaHHBIM 3HaueHHeM Cuiibl. Jlanee B COOTBeT-
ctBuM ¢ popmysnoii CTokca-ONHIITeHa BEIUHCISICS JIOKa/TbHBINA K03 QHUIMeHT TpeHus,
KOTOPBIH /lasiee BbIpa)kasics B TepMUHaxX 3(p(peKTUBHON MUKPOBSI3KOCTHU. [loyueHHbIe B
pe3ysibTare pacripefiesieHusi BeTUUMHbI 3P (eKTHBHON MUKPOBSI3KOCTH OMC/IOs Ha pas-
JIMYHOM ryOrHe 10 OTHOIIEHWIO K HOPMaJii K MIOBepXHOCTH MeMOpaHb! IIpUBe/ieHbl Ha

prcyHKe §.
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HEHHOE T0JI0OKeHHe aTOMOB (ocdopa MunuaoB 61cIos.
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CpaBHUTebHOE M3yuYeHre TPOHULIAeMOCTH MeMOpaH /i/1si pa3/IuUHbIX MOJIEKYJ TI0-
Ka3bIBaeT, YTO HaUOOJIbIIMe Pa3muuus i 3hGeKTHBHON MUKDPOBA3KOCTH B 3aBUCHMO-
CTU OT XMMHUUYECKOH TIPUPOZbI MOJIEKY/IbI-TIEHeTpaHTa Hab/Iio[atoTcsl B 00/1aCTy TOMISp-
HBIX JIMMIUJHLIX rosioB. ['vapodobHas reHTpanbHasi 4acTh OWCIIOs OKa3biBaeTCsl MeHee
BA3KOM U MeHee UYBCTBUTEILHON K XUMHUECKOU MTPUPO/Ie MOJIEKYJTbI, UeM 00/1aCTh FOJIOB
tdochonumgos. [To-BugMMOMY, 00/1aCTh TOISPHBIX TOJI0B (HOCHOTUIHAOB UTPAET POib
cBoeobpasHoro ¢uisrpa. CornpoTuBeHHe BHYTpeHHel 00/1acTi OHCIos 3HAYUTeTbHO
HIDKe ¥ Majio YyBCTBUTEBHO K MPUPO/ie TIPOHUKAOLINX MOEKY, HO 3TOT THAPO¢00-
HBIW CJIOM CyIleCTBEHHO BIMseT Ha K03(uiieHT pacripe/je/ieHusi MOTEeKY/T ¥ Ha Ko3g-
¢urmeHT npoHULlaeMocT MeMOpaHbl. HeobXouMO OTMETUTE Tak)kKe, YTO PaCCYMTaH-
Hast 3¢ QeKTHBHAS BA3KOCTh B TOJIIE BO/IbI OKa3bIBAETCSl TAK)Ke MeHee UyBCTBUTETbHOU
K XMMHUUeCKOW TIPUPO/ie Masiol MOJIEKY/Ibl U iJisi OOMBIIMHCTBA COeJUHEHUH BBIUMC/IeH-
Hoe 3HaueHue HaxoauTcs B nipefienax 0.2 — 0.5 cI13, uto B 2-5 pa3a MeHbliie WU3BeCTHBIX
3KCIIePUMeHTa/IbHBIX 3HAUeHHH, HO COT/IaCyeTCs C OLleHKaMM BSI3KOCTH [ijIsl UCII0JTb3Ye-
Moii mozenu Boabl TIP3P [23].

Bbi10 mpoBesieHO cpaBHeHHe 3KCIIepUMEeHTaTBHbIX JaHHBIX 10 TTPOHML[AeMOCTH Ma-
JIBIX MOJIEKY/T Yepe3 OMCIION IUTIU/IOB C Mo/Ty4aeMbIMU B M/] sKkcriepriMeHTe Ko3hduiu-
eHTamMu An¢dy3un. [IpoHULIaeMOCTb BBHIUMC/ISIACH UCXOZS U3 BBIDKEHUS [1/1s TIPOHU-
1]JaéMOCTH MEMOpaHbI

P=K- D/Ax

I'me P — npoHuijaeMocTh, K — K03GhbUIMEHT pacrpezeieHus Boga-MeMopana, D — Ko-
spdunment qudoysun, Az — TomuuHa Membpanbl. KoadduipieHT MexdasHoro pac-
Tpe/ie/leHUs] OLIeHUBAJICS UCXOAsl U3 SKCIIePUMeHTa/lbHbIX [JAHHBIX [i7I CUCTeM BOfa—
rexcajiekaH. JlaHHbIe, pHBe/leHHbIe B Tab/muiie 4 03BO/AIOT OL{eHUTh COOTBETCTBHE BhI-
YKCTeHHBIX BeJIMUMH U SKCTIePUMEHTAIbHBIX 3HaueHWH TPOHUL[aeMOCTH.

B nieniom, MMeeTcs onpe/ieNieHHOe COTIIache BBIYMC/AEHHBIX U SKCTIepUMeHTaIbHO 13-
MepeHHBIX 3HaueHUi MPOHULIAEMOCTH Ji/Isl paccMaTpuBaeMbIX MojleKy/l. B uactHocTH,
3TO HaOJIOJAeTCS TIPY CPAaBHEHWH PacYeTHBIX M SKCIIePUMEHTAaIbHBIX Ko3ddureHTax
TIPOHML[AeMOCTH [JIs1 STaHAWOoMa ¥ (popmMamuza. DKCIiepUMeHTalbHO U3MepeHo Gosiee
BBICOKOE 3HaueHHe P ¢opMamMu/ia Py CPaBHUMBIX 3HaueHUsIX K. 3To ToBopHT 0 Hostee
BBICOKOM 3HaueHHeM KoddduiienTa auddysun s hopMamua, 4to Takxke Habmoga-
€TCs1 IPU CPaBHEHUU BBIYMC/IEHHBIX 3HAUeHUU D.

BoiBoab1

BbIunc/sieMbie TaKuM CIOCOO0M KUHETHYECKHE MapamMeTphbl TPOHUKHOBEHHS MOJIEKY/T
yepe3 JIMIHZHbIE OHCION MTO3BOJISIOT C JOCTAaTOUYHO XOPOIIIeH TOUHOCTBIO U3y4aTh MPO-
11ecchl vt dy3uu B MeMOpaHaX pa3IMuHOro JIMITUIHOTO COCTABA /It JIMTAH/[0B Pa3/iy-
HOM XMMUYeCKOU NPUPOAbI, a TaK’Ke Ha MUKPOYPOBHE MPOBOAUTL CPaBHUTEBHOE U3Y-
yeHre 3(PPEeKTUBHBIX BI3KOCTHBIX XapAKTEPUCTUK Pa3/IMUHBIX MEMOPAHHBIX CTPYKTYD
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Monekyna | Kosddurment auddy- KpeD/Az - 103 P-10?
3um -107 cm?/cex (cm/cek) (cm/cex)
1 3 1 3

WAT 324 250 3,4 2,6 3,4 (%)

FMD 97 100 0,19 0,20 0,1 (*)

GRL 22 11 0,011 0,0056 0,0054 (*)

ETD 44 37 0,19 0,16 0,088 (*)

UREA 57 55 0,0040 0,0039 0,004 (*)

ETL 87 94

AMM 364 243 200 134 130 (*)

BUTA 38 42 83 91 95 (*)

Tabnuia 4: PacueTHble 3HaueHUs1 KO3huiueHToB auddy3uun aasa cucteM 1 v 3 U 3KC-
MepUMEHTA/TbHO U3BECTHRIE 3HAUEHHS] TPOHULIaeMOoCTH (* 11 6rcioeB ssuuHoro gocda-
TUJUIXOMHA, 110 [22])

U 1 y3uMOHHBIX CBOMCTB MasbIX MOJIEKY/, UTO TPYAHOAOCTYITHO B in Vitro skcriepu-
MeHTax. BoruriciieHHbIe 3HaueHUs 3G (eKTUBHON MUKPOBSI3KOCTH MeMOpaHbI 3aBUCHT OT
pa3Mepa MOJIeKY/IbI-TIeHeTPaHTa | BhILle AJis IeHeTPaHTOB Oobliiero pajuyca.

MUKpPOBSA3KOCTh 3HAUUTETBHO PA3/TMUAeTCsl B Pa3HbIX yacTax oucnos. Haubosmbinme
pa3uuusi B CONMPOTUB/IEHUH TPOHUKHOBEHUIO JIUTAHZIOB uepe3 MeMOpaHy UMEIOT MeCTO
B 00/1aCTH JIMMUAHBIX TOOB. JTOT C/I0M WrPaeT, MO-BUAWMOMY, POJb CBOEOOpa3HOTo
¢dunsrpa. Tlpu 3TOM compoTHB/eHUe B rUAPohoOHOMN cepAlieBUHe OUCIOS MeHee UyB-
CTBUTEJILHO K TIPUPO/ie MPOHMKAIOIIUX MOJIEKY/. TIpy 3TOM pa3yMHO TPE/TO/I0XKUTh,
YTO 3TOT CJIOM B/UsieT Ha KO3 ULMeHT pacripe/eieHus..

[MonyueHHBIN B pe3ynbrate Ml 9KCTIEpUMEHTOB B TIOJTHOATOMHOM TPUOIMKEHUH
PsiZi TIPOHULIAEMOCTel /1J1s1 MOJIEKYJT — TIeHEeTPaHTOB T10 Mepe yBeJIUUeHUsI BBITTISIAUT CJie-
IOyromyM 06pa3oM: IULIEPYH, MOYEBHHA, 3TaHAMO/, GOpMaMu/, Bojia, Mac/siHasi KUC-
JIOTa, aMMUaK, KUCJIOPOZ, UTO B LieJIOM COLVIaCyeTCsl C UMEIOLUMUCS 3KCIIePUMeHTallb-
HBbIMU [JaHHBIMU.
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AHHoOTaNUs

PaccmarpuBaroTCsl pa3HOCTHBIE CXEMBbI 11 HECTAlMOHAPHBIX 3ajlad KOHBEKIIMU-
mddy3um-peakiun. Ctpositcs 6e3yC/IOBHO YCTOWUMBELIE CXEMBI IS 33/la4 C KOHBEK-
THUBHBIMU CJ/laTaéMbIMU B TUBEPIeHTOM U HeIMBEPTEHTHOM BH/ie. B oCcTpoeHuu yCToi-
YMBBIX CXEM MCIIOTb3yeTCs MO/X0/], KOTOPhIM W/IeHO MPUMBIKAET K TaK Ha3bIBa€MbIM
HEeCTaH/[JaPTHBIM CXeMaM. YCJIOBUSL YCTOMUHUBOCTU CXEM UCC/IeIYOTCS B pa3/IMUHBIX HOP-
MaX CETOUHBIX (hYHKIIHA.

KiroueBble c/10Ba: 33/jaul KOHBeKUWU-AU((y3UM-peakLiii, yCTOWUMBBIE CXEMBI,
JiorapripmMudecKasi HopMa.

BBegenue

B MaTeMaTHueCKOM MO/|e/TUPOBAaHUM MPOOIEM MeXaHWKHU CIUIOIIHOM Cpejibl OT/e/IbHO-
r'0 BHUMAaHUs 3aCTy>KUBAIOT 33/]aull KOHBEKIUK-TUQQy3un-peakyu. 1omomHuTebHbIe
MJIaZIIIIKe C/laraeMble MapabouuecKoro ypaBHeHUsl, KOTOPbIe OMUCHIBAIOT XUMHUECKHe
peakLyu, PUBOJSAT K TOMY, UYTO HOPMa pellleHus] OfHOPOJHOTO YPaBHEHHUSI MOXKET IKC-
TIOHEHIWALHO PacTy O BpeMeHeM. Takoe TOBe/jeHVe pellleHUs] IPUBOAUT K TOMY, UTO
MBI I0JDKHBI paCCMaTpUBaTh 0-yCTOMUMBOCTE Pa3HOCTHBIX cxeM [, 2, B].

PasnuuHas npupo/ja KOHBEKTUBHOTO U JU(y31OHHOTO NepeHOCOB, TIPOLIeCCOB pe-
aKI[MA MOXKET OBITh yUTeHa MPH BLIOOpe anmpoKCHUMaI[yii 1o BpemeHu. Hanboree sipko
HEOHOPOZAHOCTE aIrpPOKCHMALIMI 110 BpeMeHH BbIpa)kKeHa IPY MCII0/b30BaHUH SIBHO-
HesIBHBIX CXeM, KOT7la YacTh CjaraeMbIX oOflepaTopa 3afilaud arrpoKCUMUPYeTCs SB-
HBIMU COOTHOIIIEHUSIMH, a YaCcTh — HesBHBIMU. fIBHO-HesIBHbIEe CXeMbI LITUPOKO WC-
TI0/IL3YIOTCSI TIPH UMCJIEHHOM pellleHuM 3ajjau KoHBeKuuu-auddys3um [4]. C yuetom
TTOJYMHEHHOCTH OTlepaTopa KOHBEKTUBHOTO mepeHoca Anddy3noHHOMY MOXKHO TOKa-
3aThb [5] 6e3yClIoBHYIO YCTOMUMBOCTD SIBHO-HESIBHBIX CXEM [I7IsI HeCTalMOHAPHBIX 3aad
KOHBeKIMU-11uhdy3un. TToJ00HbIe TEXHOTOTUU IPUMEHSTFOTCS M TIPY PACCMOTPEHUH 3a-
nau auddysun-peakiyy. B aTom ciiyuae (cMotpH, Haripumep, [6]) Anddy3roHHbIH Te-
PEeHOC 0CTaeTCst HesIBHBIM, a sIBHbIE allPOKCUMAIIK UCTIONB3YIOTCS /ISl yUeTa peakiiu
(ucTouHUKOBBIE usieHbl). B pabote [[7] an1s mocTpoeHus: 6e3yC/IOBHO YCTOMUYUBBIX B Ce-
TOYHBIX I'M/TEOEPTOBBIX MTPOCTPAHCTBAX CXEM [I/Ts 3a/iad KOHBeKIMU-Iu(dy3nn-peakiuy,
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0[THa YaCTh OTE€paTopa peaki[uu OepeTcsi C HIKHETO C/I0s TI0 BPEMEHH, a Apyras 4acTh
— C BepxHero.

3/eChb K MOCTPOEHHI0 6e3yC/IOBHO YCTOHUMBBIX CXeM [1J1s1 IPUO/IHYKEHHOTO PellieHus]
HeCTal[MOHAPHBIX 3a/lau KOHBEKLWHU-A¥(dy3un-peakiivii UCMOMb3yeTcs MoX0/, KOTOo-
PbIif UIEMHO TIPUMBIKAeT K HeCTaHAAPTHBIM cxeMaM. HekoTophle mpyMephl UCTIO/b30-
BaHUs HeCTaHAAPTHBIX alMTPOKCUMAlIMi 110 BpeMeHW MOXKHO HaiiTH, Harpumep, B [8, 9].
B paborte [[10] mocTpoeHb! 6e3yC/I0BHO yCTOMUMBBIE CXEMBI /IJIs1 HeCTAl[MOHAPHBIX 3a/jau
KOHBEKLIMU-AUGhGY3UU. YC/IOBUS YCTOHUMBOCTH PA3/IMUHBIX CXEM /151 HeCTAl[MOHAPHBIX
3a/lau KOHBeKIUU-TUddy3un ¢ puMeHeHreM JIorapupMudeckoli HOpMbl pAaCCMOTPEHbI
B [5, 11].

3apaum KoHBeKIuu-Iupdy3un-peakumn

PaccMoTpyM 0JHOMEDHYIO 3a/iauy, KOra UILeTCs pelleHre KpaeBoi 3afiauu AJisl ypaB-
HeHUsI KOHBEKLUU-AUPPy3rH-peaKki[ii C KOHBeKTUBHBIM [1ePeHOCOM B HeZJUBepreHTHOM

thopme:

ou ou 0 ou
E%—r(az,t}u—l—v(w,t)% B % <k($)§x> - f(xat)¢ (1)
mpu 0 < x < [, t > ( WM C KOHBEKTUBHBIM TIePEHOCOM B ZINBepPTreHTHOM (opme:
ou 0 0 ou
G @t £ leon - 5 (ko) = fe, @

Ha ko3 duiipieHT peakiu 7 (z, t) HAK/IAbIBAIOTCS OrPAHHUYEHHS
r(z,t) > p, 0<x<l, p=const<O. 3)

YpaBHeHHs1 [JOTIOHAM TPOCTEHMIIINMI OJHOPOAHBIMH TPaHIYHBIMH YCJIOBUSIMH [I1-
puxie:
u(0,t) =0, wu(l,t)=0, t>0. 4)

Kpome Toro, 3a/jaeTcsi HauaabHOe yCIOBHE:
u(z,0) = u(z), 0<z<l. (5)

Hau6osnee npocto arpuopssie orenku anst 3azau (1), (B)-(E) u @)-(H) nonyuarorcs
TIpYU BBeZleHNY HOBOM MCKOMOM nepeMeHHOM. I1ycTh:

u(x,t) = exp(—pt)z(z, t). (6)

Torga ans z(x, t) us ({l), (@)-(B) monyunm 3agauy

S0 e S - 2 (K0 F) = f 0. 0)
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20,6) =0, z(1,t)=0, t>0,

2(2,0) =u%(z), O0<z<l.

Ananoruuno ansa caydas (B), @)-B).
CoO0TBeTCTBYIOIIMe alIpUOPHbBIE OL|eHKH Jjis paCCMaTpHBaeMbIX 3a/1au BHITTUCHIBAIOT-

st B IpocTpaHcTBax Lo, (0, 1) and L1 (0, 1), HOPMBI B KOTOPBIX €CTh

l
[vlec = max [v(z)], o] = / |v(z)|dz.
<x<l 0
Jlnst petienus 3asauM ¢ ypapHeHueM ([7]) BepHa orjenka:
t
l2(2, ) o0 < [u® ()]0 + /0 exp(ud) | f (x, 0)]0db-
Orciozia, MpUHUMAs Bo BHUMaHMe ([), MpyXoauM K orjeHKe
t
Julz, )] < exp(—pt)|u’(z)] o +/O exp(—pu(t — 0))|f(2,0)]|cdd  (8)
¥ aHaznoruuHo, Ans pemenns 3agaunt (2), @)-(6) monyunm
t
Ju(z, 1)1 < exp(—pt)|u’ ()] +/0 exp(—pu(t — 0))|f (z,0)|1d6. ©)
ATnpropHBIe OLIeHKU C/TYKaT OPUEHTHPOM TPU PACCMOTPEHHH JUCKPETHBIX 3a/ad.

CeTouHas 3aiaua

Hecrarmonapuyto 3agauy (), (M)-(B) sammmem B Buge guddepenimansHo-
OTIepaTOPHOTO YpaBHEHUS

%-l—Au:f(t), A= A(t) =R(t)+C(t)+ D, (10)
1 YCJIOBUS
u(0) = u®. (11)
3meck R(t) — ormeparop peakLuH,
Ru = r(z,t)u;

C(t) — omepatop KOHBEKTHBHOT'O TIepeHOCa:

ou

Cu= v(:):,t)%;
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a D — oneparop auddy3rMOHHOTO repeHoca:
0 ou
Du = P <k(az)a$> .
Ha otpe3ke [0, /] BBezjeM ceTKy
w=wuow={z|xr=x=1h, i=0,1,...,N, Nh=1},
I/le W — MHOXXECTBO BHYTPEHHHUX Y3/I0B:
w={z|r=x;,=1ih, i=1,2,...,N—1, Nh=1}.

[TpoBesieM anmpOKCUMALMIO TI0 TTPOCTPAHCTBY. [I1s1 pa3HOCTHOTO omeparopa Aud-
(y3uu MoIoKUM, HarpuMep

Duw = — k(o + 0.5h) (w(x + ht) — w(x, 1))

| (12)
+ ﬁk(x — 0.5h) (w(z,t) — w(x — h,t)), z€w,
npu
w(z,t) =0, z€dw. (13)

AnnpokcuManyisi WieHOB KOHBEKTHBHOIO IlepeHoCa IIPOBOJUTCS IPU 3aJjaHuu
v(x,t) B IOMyIIeNBIX y37ax ceTku & ¢ ydyetoM ([L3). [lns omepaTopoB KOHBeKTHBHOTO
TepeHoca B HeiuBepreHTHOH (opme (ypaeHenue () monoxum

Cw = (@ + 0.5k, ) (w(a + h, ) — w(z, 1))
2h (14)
+ %U($—O.5h,t)(w($,t) —w(xr — h,t)), Tew.

Amnarnorvysas annpoxkcuMaliysi BToporo nopsijxa mno h s oneparopa KOHBEKTUBHOIO
TlepeHoOCa B IUBepreHTHOH (opme (ypaBHeHue (B)) mpuBoguT K

Cw = —v(z + 0.5h, ) (w( + h, ) + w(x, 1))

2 (15)
- %v(az — 0.5h,t)(w(z,t) + w(x — h,t)), =€w.

A s R nonoxxum:
Rw = r(z,t)w(z,t), =€ w. (16)
[Tocse anmpoKcUMaLiM 10 IPOCTPAHCTBY NMPUXOUM K 3ajaue Komu:

Cil—’lf+Aw=f(z:), 0<t<T, (17)

w(0) = u®, (18)
BKoTopori A = R+ C + D.
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YCTOMUYNBOCTD ABYXC/I0MHBIX CXeM

CHauajla MOAyYMM [I0CTaTOUHbIE YCAOBUSI YCTOMUYMBOCTU [IBYXC/IOMHBIA Pa3HOCTHBIX
cxeM i 3aaaur Koliu [i71st cucTeMbl 00bIKHOBEHHBIX AU GbepeHI[Ma/IbHbIX YPaBHEHHH.
ITocse 3TOTO 3TH OOIIKE YC/IOBUS KOHKPETU3UPYEM Ha ITPUMepe MOZIe/TbHBIX YPaBHEHUH
KOHBeKI[UH-Au(Py3un-peaki[ii ¢ KOHBEKTHBHLIMH CJIaraeMbIM{ B HeZIMBEPreHTHON 1
IvBepreHTHOH (opme.

PaccMOTpUM CTEAYIOIIYIO0 CUCTEMY JTMHEHHBIX 0OBIKHOBEHHBIX YPaBHEHUH TIEPBOTO

TIopsi/iKa

dwi i .
I —i—;aij(t)wj :¢i(t), 7 = 1,2,...,m. (19)
Tonaras w = w(t) = {wy,ws, ..., Wy}, A= [a;], 3amumem (19) B Marpuunom (ore-
paTtopHOM) BUJe
dw
=+ A(t)w = H(t). (20)

ByzneM cTpouTh pa3HOCTHBIE CXEMBI [Ij1st IPUO/IMPKEHHOTO pellieHust 3afiaun Koru, korja
(20) paccmarpuBaercst pu ¢ > 0 ¥ Haua/IbHBIX YCIOBHSX

w(0) = u’. (21)

Hac 6yzieT MHTepecoBaTh yCTOHUMBOCT pasHOCTHOTO perenus 3azaun (R0), (1) B
Lo, v Ly. 111 HOPMBI BEKTOPA U COTVIaCOBaHHOM € Heli HOpMbI MaTpuLibl [[12] B Lo, 1 Ly
rMeeM

m
|wloo = max |wi|, [Ale= max > |al, (22)
1<is<m <Z<mj:1
m m
w1 = Z; lwil, [|AlL = 12}1me1 |aij]- (23)
1= 1=

3azauy (0), (R1)) 6yzem paccmarpyBath MpH YCI0BUH, UTO UArOHa/bHbIE 3/IeMEHThI
MaTpuifbl A HEOTpPUIATeTbHBI U UMEeTCs IaroHaIbHOe MpeobiiaziaHue TI0 CTPOKaM WU
cTonbLam, T.e. CIIpaBe/i/IMBO

m
iz Y oyl i=12,....m (24)
(HecTporoe quaroHajabHOE Mpeobd/ialaHue Mo CTPOKaM), MO0 UMeeT MeCTO
m
Ay = Z ]a,ji], 1=1,2,...,m (25)

(HecTporoe JuaroHajabHOE Mpeob/iafaHue 1Mo CTO/I0LaM).
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Jlorapudmuyeckast Hopma Marpuusi [113, 14] A ecTb uncio

. |E+dA| -1
Al= lim —.
pld] = lim 5
Jl1st moraprMuYecKoii HOpMbl MaTpULBI B L, (cornacosannoii ¢ (%)) u B L1 (corna-

coBaHHO# ¢ (23)) MMeroT MeCTo BhIpaKeHHs

m

proo[A] = max. (a + Zl Iaij!),
1=7=

m
A — (as )
pa[A] 12]ja<Xm ajj + j;l |aij|
B cuny orpannuenwii (24), (R5) 8 3agaue Koum (R0), (21) anst norapudmirge ckoit HopMe!
MaTpuIibl — A uMeeM
ul—A] <0 (26)

B COOTBETCTBYIOIEM NpocTpaHcTBe (B L, ipy BemonHennu (24) u B L, — nipu (R9)).
W3 cBoticTB norapudmMuyeckoit Hopmel [[13, 15] oTMeTUM creayroLiye:

1. p[cA] = culA], ¢ = const > 0;
2. p[cE + A] = c+ plA], ¢ = const;
3. Aw| > max{—u[~A], —u[A}} [w].

CBo¥icTBO 3 MO3BOJISIET MMOMYUYUTH JIETKO BHIUKC/ISIEMYTO TIO 3/IeMEHTaM MaTpHL{bl OLIeH-
Ky HOpMbI Aw cHu3y. Takasi olleHKa KOMOMHHUPYeTCsi ¢ 00BIUHOM OL|eHKOM HOpMbI Aw
ceepxy: |Aw| < [A] [w].

TTocTpouM U MCCIelyeM Ha YCTOWYUBOCTD PA3HOCTHYHO CXeMY /ISl TPUOIMKEHHOTO
peutennst 3agaun (20), (R1)). O603HaunM npubamkeHHOe pellleHre Ha MOMEHT BpeMeHH
t" = nT, T — 11ar 1o BpeMeHH, uepe3 y" U 3aMuileM [ByXCJIOMHYI0 CXeMY C BeCaMu:

yn+1 n

P Aoy™ 4 (1= oy = ¢, @)

rae, Hanpumep, A = A(ot" ! + (1 — ¢)t"), Mpu HayaLHOM YCTIOBHH
Y0 =0, (28)

JlocTaTouHBIe YCIOBHS yCTOMUMBOCTU pasHOCTHOH cxeMsl (27), (28) hbopmympyiorcs
BU/le CJIe[IYIOIIEro YTBepsKAeHUs..

Teopema. /I 3azaun Ko (R0), (21)) c Matpuiieii A yoBneTBopsioLieii yc1oBisam
(24) (umu (R9)), pasnocTHas cxema c Becamu (R7), (R8) 6e3ycnorHo ycroituna npu o =
1 n ycioBHO ycToiurBa npu 0 < 0 < 1 B Lo, (B L1), ecin

1 -1
T < ( max au’) . (29)
1—0

1<ism
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ITpu 3TOM [/ Pa3HOCTHOTO peIleHus BepHa arpropHasi OlleHKa
n
ly™ < W)+ ) Tl (30)
k=0
JTokasarenbcrBo. 13 (R7) cnenyer
(E+ UTA)y"Jrl =(F—(1—-0)TA)y" + 1"
U TeM CaMbIM
[(B+orA)y" | < (B~ (1 = o)rA)y"| + 7]¢"]. €1y

Jlns1 neBoii yacty HepaseHcTBa (B1]) B cH/ly OTMeUEHHBIX BbIllle CBOWCTB JIorapidMiye-
CKO# HOopMBI 1 ¢ yueToM (R6) nmeem

I(E +omA)y" | = —p[-E — o7 A] |y"+|
= (L+opu[=ADly" | = y™*.

151 TIepBOro c/laraeMoro B TipaBoii yacty (B1) momyunm
(B =1 =0)7A)y"| < [E— (1 —o)TA] [y"].

PaccMoTrpum nioipoOHee 3Ty OLIEHKY TMPY UCCIeJOBaHUN YCTOHUMBOCTH B L. Cryuaid
L1 u3yvaercsi aHanornuHo. [TpuHuMas Bo BHUMaHue (22) 1 ycoBue yaroHambHOTO
npeo6nazganus (24), umeem

|E - (1—-0)TA| = max ’1—(1—0)7(%-4—'53 az‘j)‘

1<is<m
1=7=1
m
< max. (!1 — (L =o)ray| + (1 —o)r | > |az‘j|)

1=7=1
< max (|1 —(1—o)ray|+ (1 —0o)rai;) <1
1<i<m
npu 0 < ¢ < 1 ¥ OrpaHNYeHHUsIX Ha IIar 1o BpeMeHu (RY).
TlozcraHoBKa B (B1)) zaer HepaeHcTBO

ly™ < g™+ Tl

13 KOTOPOI'0 HeloCpe/CTBEHHO BbITeKaeT MCKOMasi OLjeHKa YCTOMYMBOCTH I10 NPaBoii ya-
CTH ¥ Hava/bHBIM iaHHBM (BJ).

YcTaHOB/IeHHBIe pe3y/bTaThl IPUMEeHNM /1711 UCC/Ie[,0BaHKsl yCTOMUMBOCTH Pa3HOCT-
HBIX CXeM JijIsl HeCTallMOHapHBIX 3a/la4 KOHBeKIMU-AU((y3UU-peakliui B HeIUBepreHT-
HOM U IMBepreHTHOHN dhopMax.
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Be3yc/10BHO yCTOMUYUBDBIE CXeMbI

ATmpoKCcUMaly 10 BpeMeHH Oy/ieM CTPOWTh Ha OCHOBe TpaHchopMalyu 3aiauu. AHa-

noruuno (B) B 3agaue ([17), (L8), (B) monoxum
w(z,t) = exp(—ut)z(z,t), =€ w.
Ons z(x, t) momyunm 3azauy

dz

= T AWMz = exp(ut)o(1), €2

2(0) = u°. (33)
s oreparopa A nmeem IpeJcTaB/eHue
A=C+D+R-pE, (34)

rae F/ — emquHUUHBIN oriepaTtop. J]omo/HUTe/TbHBIE OTlepaTopHbIe cyiaraemeie R — yF B
(B4) mmetor (cmotpu (B), ((16)) smaroHansHOe npeo6afaHye Kak M0 CTPOKaM, Tak | I10
cTonbIam.
Ananoruuno (27), (28) pns npubmmkennoro pemmenns 3azaun (B2), (B3) 6yzem uc-
T10/Tb30BATh /IBYXCJIOWHYI0 Pa3HOCTHYIO CXeMY C BeCaMMU:
n+1 n

5 =5 + fl(as”"'l +(1—=0)s") =", (35)
-

¥ =0, (36)
rae
A= fl(at”Jrl +(1—=0)t"), @" =exp(uor) exp(ut”)ap(otwrl + (1 —o)t").

YenoBust yeroitumBoctr cxembl (BS), (B6) mposepsorcs aHanmornuso ycnoBusm
ycroiunBocTy cxemsl (27), (RF). OLenka ycToifunBoCTH 110 Haua/IbHBIM JJAHHBIM 1 TIpa-
BOM 4acTH UMeeT BUJ

n
Is" 4 < Ju®) + 3 Tt (37)
k=0
IIpy ocTpoeHnH pa3HocTHO#H cxeMsl ¢ Becamu Anst ([L7), (1), (B) Bocrons3yemcs
COOTHOIIIEHUSIMU

n+1

"t = exp(ut™t!)

n+1
b

Y s" = exp(ut")y".

TozcranoBka B (B5), (B6) saet pasHocThyto cxemy

exp(pr)y" Tt — ¢y
T

+ A(oexp(ur)y"tt + (1 — o)y") = exp(uor)e”,  (38)
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0 =P, (39)

13 (B7) cnenyer orjenka

ly™ ) < exp(—pt™ ) [’ + Y Texp(uor) exp(—u(t" T = ) |"].  (40)
k=0

ViTorom Haliero pacCMOTPeHHUs! SIB/ISIETCS CIeyIolliee yTBepsKieHHe.

Teopema. Pa3noctnas cxema (B8), (B9), B kotopoit (12)—([14), ([L6) srnseTcs ycroii-
UMBO# M 7151 Pa3HOCTHOTO pellleHysl BepHa anpropHasi orieHKa (B0) B L, ansiBcex 7 > 0,
ec/ o = 1 1 TIpY orpaHUYeHusIX Ha Liar 1o BpeMeH!

1t
(1—o)y

T <
rje

1 1
7 = max <ﬁ(k(m+0.5h)+k(az—0.5h))—ﬁ (v(z 4+ 0.5h,t) —v(xz — 0.5h, t))+r(x, t)—u),
ecm0 <o <1

AHaNOrMYHO BBIBOAUTCS yCToitumBas cxema anst 3agaur (2)-(B).
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AHHoOTaIUs

ITepey, BbICILIE} I11KO/I0M CTOMT IepBOCTelleHHast 3a/iaua [0 TOTOBKY U MeperiofroToBKU
CIIeL[Ma/IUCTOB, IIPeXKe BCero, UHXXeHepHOr0-TeXHUYeCKOro U eCTeCTBeHHO-HAay4YHOI'o
npou/ist, KOTOpble B/a/iet0T COBPEMEHHBIMY BbIUMC/IUTEIbHBIMU TEXHOIOTUSMHU.

B CB®Y nm. M.K. AMmocoBa (LleHTp BBIMMCIUTENBHBIX TEXHOMOTUM, IHCTUTYT MaTe-
MaTHKU ¥ MHGOPMAaTUKK) pa3paboraHa mporpamMma TorOTOBKA MarviCTPaHTOB T0 Ha-
[IpaB/IeHU0 BbiuuciumenbHble mexHo102Uu.

KiroueBble c/10Ba: MaTeMaTHUeCKOe MO e/IMpOoBaHKe, UMC/IEHHbIE METOAbI, BBIYKMC-
JINTe/IbHbIe TeXHOJ/IOT'MH, ITOATOTOBKA CIIel|a/IMCTOB.

BnarogapHocTH: paboTa BhINO/HeHa TpyU nofaepskke Poccutickoro doxpa dyHzaa-
MeHTanbHBIX uccienoBanuii (Ne 13-01-00719).

BBegenue

CoBpeMeHHble HayuHble U HH)KeHepHble BbIYMC/IEHUs IIPOBOJATCS Ha OCHOBe UKCJIeH-
HOT'O WUCC/IeJOBaHUS NIPUK/IaZHBIX MaTeMaTHUeCKuX Mogesied. MaremaTtiueckue mMoze-
JIM BKJIIOYAIOT B Ce0st IMHelHble 1 HeJIMHelHble YpaBHeHHs, CUCTeMbl OOBIKHOBEHHBIX
mddepeHmanbHeIX Mogesneil. Ho siipoM NpUKIIafHBIX MOJesield SIB/ISIIOTCST CUCTEMBI
ypaBHEHMI B UaCTHBIX MPOM3BOJHBIX, IPUUYEM YPaBHEHUS SIBJISIIOTCS HeCTaljMOHapHbI-
MU Y HeJIMHEeHHBIMY, YPaBHEHHS1 CUCTEeMbI CUJIBHO CBsI3aHbI IpyT C Apyrom. OHH [011071-
HSIIOTCSI COOTBETCTBYIOL{UMU IPaHUUHBIMU U Haua/bHBIMU YCIOBUSAMHU. [17151 TOMydeHust
TOYHOTO KOTMYeCTBEHHOTO TIPAKTUUeCKH 3HAUMMOT0 pe3ysibTara HeoOX0A1MO YMCIeHHO
pelLaThk KpaeBble 3a/laui B CJIOKHBIX paCueTHBIX 00/1acTsix.

Cy1ecTBytorie yueOHbIe TIaHBI TTOATOTOBKY CIIELIMA/IMCTOB BhICIIeH KBaM(pUKa-
1M B 00/1aCTH HAay4HbIX U WH)KeHEPHbIX BBIYMC/IEHUH TJI0XO OTPa’kalOT peasiy Cero-
JHsHero fHs. OHM OpHMEHTUPYIOT Ha MpOBeJeHre HayYHBIX U WH)KeHEePHBbIX BBIYMC-
JIeHWH C MO3ULMM CrielManriCToB 110 YUCAeHHbIM MeT0[aM, 10 BbIUMC/IMTEe/ILHON MaTe-
Matuke. Takoil mozxoz MpesycMaTpUBaeT CaMOCTOSTEbHYIO0 Pa3paboTKy UMC/IeHHOTO
MeTO/la, CaMOCTOSITe/IbHOe TPOrpaMMHUPOBAHKe U CaMOCTOSATeIbHO TMPOBeJieHHbIe BhI-
yncsieHnst 1 ux 00pabotky. Takasi MCK/TIFOUMTEIbHO aBTOPCKasi METOJ0JIOTHSl yMeCTHa
TIpY peLlIeHrH JOCTaTOYHO MPOCTHIX 3ajau U NpeArosiaraeT peiko JOCTUraeMylo yHHU-
BepCalbHOCTh UCC/Ie/ioBaTelIsl.
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[TpukagHOe TIporpaMMHOe obecTieueHre JO/DKHO OTPaXKaTh JOCTUTHYThIM YPOBEHb
WCCIIeIOBaHUM TT0 BHIUMCIUTETbHBIM METO/IaM U TEXHOJIOTHSIM TTPOT PaMMUPOBaHMUsl, BO3-
MOXXHOCTH BBIUMC/TUTE/TLHON TeXHUKHU. Takasi akTyaju3aijis pa3pabaTkiBaeMoro mpo-
IrPaMMHOIO IIPOAYKTa MOXKeT JOCTUIaTbCsl B paMKaxX KOMIIOHEHTHOIO MpPOrpaMMUpOBa-
Hus. B KauecTBe KOMITOHEHT BBICTYTIAIOT MPOrPaMMHBIE IMHUIILI, KOTOPhIe 0becreun-
BalOT pellleHre BhIUMC/IUTE/NbHBIX 3a/au, 3a[au BU3ya/IM3al[ui U 00paboTKU Ha COBpe-
MEeHHOM ypoBHe. OTMeueHHbIe Creluali3UpOBaHHbIe KOMITIOHEHTbI ODUEHTHPOBAHbI Ha
YKC/IEHHOE pellleHre THUIIOBBIX 3a/lau BLIUMC/IUTE/ILHOW MaTeMaTUKY U pa3pabaThIBaloT-
Cs1 CrieLiua/IMCTaMu M0 BbIYMC/IUTeIBHBIM METOAAaM Y MPOrpaMMHUpPOBaHuI0. VIMeHHO no-
cefiHee 00CTOATENBCTBO U 00eCIeurBaeT KaueCTBO MPOrPaMMHOIO TPOAYKTa MPU pa-
00Te Ha COBPEMEHHO! BbIUMC/IUTEIbHON TeXHUKE.

[TporpamMMHOe obecriedeHre HayuHbIX U MHKEHEPHBIX UCC/IeJOBAaHUN B 3HAUUTEITb-
HOU cTerneHy 6a3upyeTcst HA CTOPOHHKX pa3paboTkax. Ha ocHOBe MOAy/IbHOTO aHa/I|3a
TIPUK/IaJHOM MaTeMaTHieCKOH MOZIe/U BhIIENSTIOTCS 0a30Bbie BEIYMCIATE/TBHBIE 3a/1au,
OpraHM3yeTCs aJITOPUTMHUUECKUN UHTeP(eC MeXXy HUMU. BeIunc/iuTe/ibHasi peaivsa-
1[1s1 BbI/Ie/IeHHBIX OT/Ie/TbHBIX T10/[3a/lau TIPOBOIUTCS C HCII0/Ib30BaHUEM CTaH/[apTH30-
BaHHBIX BBIUHC/IUTE/bHBIX KOMITOHEHT. KOMITOHEHTHBIM [MOAXO0/, MOKET UCI0JIb30BaThCst
TaK)Ke MpH MOAr0TOBKE pacueTHOH 3aziauu (TPerporieCCUHre), Mpu 00paboTKe U BU3ya-
JIM3alWy PACYETHBIX JJaHHBIX (IIOCTIIPOL{@CCHHT).

Pa3paboTka TPHUKIAZHOTO TPOrPaMMHOTO O0ecTiedeHUus] MPOBOAUTCS Ha OCHOBE
ompe/ie/ieHHbIX CTaHApPTOB U COIVIAIleHUM. JTO KacaeTcsi, B YaCTHOCTH, sI3bIKa IIPO-
rpaMMHpPOBaHUs. JJOCTaTOUHO [0/Ir0 NporpaMMUpOBaHye Py NMPOBeJEeHUN HayYHbIX U
WH)KeHepHBIX BBIYUC/IEHUI TIPOBOJUIOCH C UCII0/Ib30BaHMUEM aJTOPUTMUUECKOTO sI3bIKa
Fortran. Ero oCHOBHOe MIPEeUMYILECTBO COCTOUT B HA/TMUUH OOJIBIIOTO KOJTHUECTBO
HaryWCaHHBIX HAa HEM MPOrpaMM U OGMOTHOTEK MOANPOrpaMM, KOTOphIe, Yallje BCero, Jo-
CTYTIHBI B KICXO/THBIX KOJiaX U XOPOIIIO JOKyMeHTHPOBaHbI. B HacTosIiee BpeMsi CUTYaIust
MEHSIeTCS B [10J1b3y APYTHUX S3bIKOB ITPOrpaMMUpOBaHUs, npexxze Bcero C u C++. HoBbie
BBIUMC/IUTE/IbHBIE OUOINOTEKH, OT/AeMbHbIe KOMITOHEeHTHI MUY TCSA 00bIUHO Ha C/C++,
HMMeRoIIeecss XOPOIIo 3aPEKOMEH/IOBABIIeeCs MPHK/IAJHOe MPOrpaMMHOe obecriedeHue
repenuchiBaeTcs C A3blka For tran.

B uccnenoBateibckux paboTax MbI TPAAMIIMOHHO OPUEHTHUPYEMCST Ha UCTIOh30Ba-
HUe cBobozHOro mporpaMmMHoro obecreuenus: (CM0O). OcobeHHO YMECTHO HCIIO/b30-
BaHue CI10 B yue6HOM miporjecce. Bropoe TpebGoBaHMe KacaeTcsi KpOCCIIaTOPMeHHO-
CTH, KOT/la MporpaMMHOe obecrieueHue J0/KHO paboTaThk Oo/iee ueM Ha OJJHOH arrapar-
HOM y1atopMe W/WitH oriepalioHHOU cructeMe. KpaccriathopMeHHBIMU [IO/DKHBI OBITH
WCTIO/b3yeMble SI3bIKA TTPOrpaMMUPOBaHUs (KOMITUJISTOPBI /IS sI3bIKA IO/, pa3iuyHble
n1aTopMbl), OUOIMOTEKH (KOMIIOHEHTHI) U TPUKJIaHOE MPOrpaMMHOe 0becrieueHue.

Eme oguH BakHBIM MOMEHT CBsI3aH C MHOTOMPOLECCOPHOCTBIO BBIYMC/IUTENBHON
TeXHUKHU. Pa3paboTKa IpUK/IaJiHOTO IMPOrPaMMHOT0 MPOAYKTA /1T MHOTOITPOIIe CCOPHBIX
CUCTeM C 00IIel MamMAThI0 (MHOTOSIZIEPHBIE KOMIIBIOTEPBI) Oa3UpyeTcsl Ha UCTOb30Ba-
Huu OpenMP. [lns cucTteM ¢ pacripefie/ieHHOM MaMAThIO (K/1aCcTephl) ie-t0pe CTaHAapToM
niporpaMmmupoBanus ctan MPI. OcHOBHbIE 0COOEHHOCTH MPUK/IAAHBIX 3a/au, KOTOPhIE
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OTMCHIBAIOTCS YPABHEHUSIMU C YaCTHBIMU TTPOM3BOAHBIMU U PEIAOTCs Ha Mapasiesib-
HBIX KOMITbIOTEPAX, YUHThIBAIOTCsI Oubmorekori PETSC.

I[TpuBeieHHbIe COOOPAYKeHHsT OTIPeIe/THIN CTPYKTYPY YUeOHOro rjiaHa MarucTpary-
pbI 110 HAMpaBIeHUIO BbluucaumenbHble mexHoA02UU, HATIPAB/IEHHOTO HA TMOATOTOBKY
CTIeIMATMCTOB I10 MPUOIKeHHOMY PeIIIeHHO0 TIPUK/IaJHbIX TIPO0/IeM Ha MapasiiebHbIX
BBIUMC/IUTE/IBHBIX CHCTEMaX.

YueOHbIN I/1aH

Ba3oBast yacTh 00I1IeHayYHOTO IMK/Ia BK/IFOUAeT KypChI:

+ CoBpeMeHHbIe BEIUMC/UTE/LHBIE TeXHOTOTHH;
* YucneHHble METO/bI TMHEHHOH anreOphl;
* Meto/ KOHEUHBIX 3JIEMEHTOB.

BapI/IaTI/IBHaH UaCThb IpeACTaB/I€Ha 00s13aTeIbHBIMU AUCLHUATIIMHAMM:

* YuceHHbIe MeTObl pelieHda HeCTALITMOHaPHBIX 3a/dy;
° Hapanneanble CUCTeMbl HAyYHBbIX BquHCHEHHﬁ;
® KOMH])I-OTeprIe CHUCTEeMBI MOATOTOBKY HAYUYHBIX HYGHHKauHﬁ.

TMCLIMTIMHBI T10 BBIOOPY:

* Yuc/eHHbIe MeTO/bl pelIeHuA O6paTHbIX 3aay;
* YucneHHbIe MeTO/bl OIITUMMU3allHH.

Ba3oBast uacTs 1podeCcCHOHaNBHOTO LIMK/IA COCTOUT U3 KyPCOB:

* Maremaruueckue MOJe/IA B €CTeCTBO3HAHNM;

» T'eomeTpuuecKue MOZIE/U U PACUETHBIE CETKH;

+ TIporpammHOe obecrieueHre perieHust CUCTeM JIMHEeHHBIX U HeJTMHEHHBIX YpaBHe-
HUH.

O06s13aTesibHbIE AUCLUTIMHBI BADUATHBHOM YaCTH MPe/CTaB/IeHbl KypCaMH:

* TIpakTHKa HayYHBIX BLIUKC/IEHHUH;
* CryaeH4YecKdil HayYHO-MCCIeH0BaTeIbCKIUM CeMUHaPp.

C y4eTOM TeMaTUKU POBOJUMBIX HayUHbIX HccaefoBaHuil B CBDY npejnaratorcs
CriefiytoLye AVCHUTIIAHEI 110 BLIOOPY:

» Maremaruueckoe MoJje/IMpOBaHYe TIPOLeCCOB TeIIO- U MacconepeHoca;
* Marematnueckoe Mozie/iupoBaHue hUIBTPALIUN.
CoBpeMeHHbIe BBIYMC/TUTE/TbHbIE TEXHOIOTMH O0TPA0aTHIBAIOTCSI HA OCHOBE HCIIONb-

30BaHUs MeTOZla KOHEYHBIX 3/IeMEeHTOB U CBOOOAHOr0 MPOrpaMMHOT0 00ecrieueHus Ha-
VUHBIX MCC/IeJOBaHUI.
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AHHOTaUMM AUCHMIUIMH (MO/y/1eil)

COGpeMeHHble 8éblyuc/1umes/ibHbie mexHos102uu

PaccmarpuBaroTcsi 0CHOBBI HOBOM METO/IOJIOTHHM Hay4YHBIX MCC/IeIOBAaHWMN - MaTeMaTu-
YeCKOro MOJe/TMPOBaHusl U BBIUKMCIUTENLHOTO dKcrepyuMeHTa. CyIIHOCTb 3TOU MeTo-
JIOJIOTUM COCTOUT B 3aMeHe UCXOJHOTO OOLeKTa ero MareMaTHueCcKOW MOJIeNbIo U UC-
C/eJOBAaHUM COBPeMEeHHBIMU BBIUMC/IUTENBHBIMUA CPeACTBAMU MaTeMaThUueCKUX Moje-
sieit. [Ipu UCIO/Ib30BaHUM BBIUMC/TUTETBHBIX CPEJICTB (KOMITbIOTEPOB M UHCIEHHBIX Me-
TOJJOB) UCC/IEAYIOTCS CJIOKHBIE HeJIMHelHble MaTeMaTnieckue Mojieniv. BeruucauTesib-
HbIe CPe/ICTBA CTAaHOBATCS OCHOBHBIMHM, aOCOJTFOTHO Mpeobnagatoiiumu. TpaAulOHHbIe
Cpe/iCTBa MPUK/IAJHOTO MaTeMaTHUeCKOTO MOJIe/TMPOBAHUS BBITTOJTHSIOT BCIIOMOTaTe Tb-
HY0, 00C/TYKMBAIOII[YI0 POJIb: KAUECTBEHHOE MCC/IeJOBAHHE 3a/IaUM B CHJILHO YIIPOIIIeH-
HBIX [TOCTAHOBKaX — MOZIeJTbHbIE 3a/Jaul, TeCTUPOBaHKE BBIUNC/IUTETBHBIX a/ITOPUTMOB
UT. I

MMeHHO BO3MOXXHOCTh ncciaea0BaHusAa CJIOKHBIX MaTeMaTh4dyeCKHX MOAEHEﬁ Ha ocC-
HOB€ YKMC/JIEHHBIX METOZ0B U KOMITBIOTEPOB IMO3BOJIAET C HOBBIX HO3I/IL[I/1ﬁ pacCMOTpPeTh
MEeTOAO0/IOTUO HayUYHbIX HCCHeAOBaHHﬁ. MO]_L[HBIE KOMIIBIHOTEDHI, B]:ICOKOBCl)Cl)EKTI/IBHbIe
BBIUMC/IMTE/IbHBIE a/ITOPUTMBI, COBpeMEHHOe IMPOrpaMMHOe obecrieueHue MO3BOJISIOT B
HacCTos1ee BpeMda OpraHri30BaTh HAYUYHbIE UCC/I€JOBAHWSA B PaMKadX e,Z[HHOﬁ TeXHOJ/IOTHUHA
BBIUHMC/IMTE/IBHOT'O 3KCIIepUMEHTA, KOTOp]:Iﬁ BK/IIOUaeT B cebs TeopeThYeCKHe 1 SKCIie-
PUMEHTA/IbHBIE UCC/I€J0BaHUA.

YucneHHble MemoObl JUHEUHOU a12e0pbl

ITocTpoeHre BBIUUCUTENBHOTO aJTOPUTMa [jisi KOMIIBIOTEPOB CBSI3aHO C TIEPEXO07IOM
K JUCKPETHOM MOje/u, KOTopasi Ipe/CTaB/iseT co00M CUCTeMY ypaBHEHHM. PellieHue
HeJIMHENHBIX YpaBHEHU! MPOBOJUTCS Ha OCHOBE WCITIO/b30BAaHUS pa3/IMUHBIX TPOIIe-
Iyp JTUHeapy3alvy, KOT/a Ha KaXkK/IoM UTepalMOHHOM Iiiare TpebyeTcsl peIvTh JIMHeH-
HyI0 3afiauy. PaccMaTpuBaroTcs Haubosiee MIMPOKO TPe/ICTABIEHHbIE B BHIUUC/UTE b=
HOU TIPAKTHKE YHC/IeHHbIE METO/IbI PEIIEHUsI CUCTEM JIMHEHHBIX aaredpanuecKux ypas-
HEHUH.

OO6cCykIaroTCs BO3MOKHOCTH TIPSIMBIX METOZOB TIPY OPHEHTAI[UH Ha pa3pesKeHHbIe
CUCTeMbl YPaBHEHUH, K KOTOPBIM MbI IPUXO/IUM TTPU JUCKPeTH3aluM KpaeBbIX 3aJay /s
ypaBHEHWM C YaCTHBIMU MPOU3BOJHBIMU. OCHOBHOE BHUMaHUeE yessieTCss UTepalioH-
HBIM METOZaM MPUOJIVKEHHOTO PeLIeHHsI CUCTeM JIMHEHHBIX ypaBHeHHH. O6CyKaatoTcs
MIPOEKI[MOHHBIE METOJbI K MeTO/bl MoArpocTpaHcTB KpriioBa. 3aTparvBaroTcs Takke
BOMPOCHI YMC/IEHHOTO pellleHus CUCTeM YpaBHEHMI Ha KOMIIbIOTepax rnapasuienbHoM ap-
XUTEKTYPBHI.
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Memoo KoHeuHbIX 3/1eMeHMo8

B HacTosiitiee BpeMst 0CHOBHBIM METO/IOM TIPUOJIMXKEHHOTO pellieHrs] KPaeBbIX 3a7iad Jjis
YPaBHEHUI C YaCTHBIMM ITPOU3BOAHBIMH SB/IIETCST METO/| KOHEUHBIX 3/IEMEeHTOB. PacueT-
Hast 00/1aCcTh pa30MBaeTCsl Ha KOHEUHOE UKC/IO ToZob/acTeli (3/1eMEHTOR) C almpOKCH-
MalLiel pelleHus Ha KaKJ0M TakoM 37eMeHTe. [JucKpeTHast 3ajaua CTPOMTCS Ha OCHOBe
BapUal[MOHHON (hOPMYITUPOBKH KPaeBOi 3a/jaum.

OCHOBHOe BHUMaHHe B Kypce yAe/seTcsl alTOPUTMUUYeCKHAM acrieKTaM MeTo/ia Ko-
HEYHBIX /1IeMeHTOB. V3yueHre HAaUMHAETCs C BAPUALIMIOHHOM ) OPMYTUPOBKY TUHEHHBIX
KpaeBbIX 3a/iau //Isl 3/UTUIITHUECKOTO YPaBHEHHUsT BTOPOTO Mopsiika. OTMeuaroTCs OCHOB-
HbI€ TIOAXOAbI K TPUAHTY/ISILIUM pacueTHo o6macty. I[ToapoOHO 00CYKIat0TCs KOHEeU-
HbI€ 3/IEMEHTHI Ha OCHOBE MOJIMHOMUAJIBHOM anmpOKCUMAI[UM. PacCMOTpeHbI BOMPOCHI
TIOCTPOEHHUST CUCTEMBI JINHEWHBIX YPABHEHUH 1 alTOPUTMBI €€ pelieHusl.

YucneHHble MemoObl peuwleHUsl HECMAYUOHAPHbIX 3a0a4

CoBpeMeHHOEe MaTeMaTHueCKoe MOJe/TMpoBaHKe 0a3upyeTcs Ha YHMC/IEHHOM DelleHrd
KpaeBbIX 3ajiau /jisi CUCTEM HECTAl[MOHAPHBIX YPAaBHEHUH C YAaCTHLIMU MPOW3BO/IHbI-
MH. B KauecTBe 0a30BBIX HeCTal[MOHAPHBIX 33Jad PacCMaTPUBAIOTCS Tapabosmueckue
Y runepboiMuecKye ypaBHeHUs1 BTOPOro mopsiaka. OTpaboTKa BEIUMCIUTEIBHBIX ajro-
PUTMOB, UX TEOPETUUECKHM aHA/IU3 MPOBOAUTHCS /ISl IMHEMHBIX KPaeBbIX 3ajau. [Iis
anrpoKCUMAIIUH 0 TIPOCTPAHCTBY Hanbosee TMPOKO UCMO/B3YIOTCS Pa3HOCTHBIE Me-
TO/Ibl, METO/], KOHEUHBIX JIEMEHTOB M METOZ KOHEUHbIX 00beMOB. [To/ryueHHas cucteMa
00BIKHOBEHHBIX UG depeHIUaTbHbIX YPaBHEHUH UMeeT /IBé OCHOBHbIE 0COOEHHOCTH:
OOJIBITIOE UMC/I0 HEU3BECTHBIX U )KECTKOCTh CUCTEMBI (Pa3HOMACIITaOHOCTh BPEMEHHBIX
niporieccoB). CrcTeMy OOBIKHOBEHHBIX AU(QepeHIaabHbIX YPaBHEHUH y00HO 3aru-
ChIBaTh B BUjle AuddepeHInaIbHO-0MepaTOPHOTO YPaBHEHHUS, KOT/la OCHOBHBIE CBOM-
CTBA 3a/lau¥ Mepe/IaloTCsl CBOMCTBAMM OTIEPAaTOPOB B BBIOPAHHBIX TIPOCTPAHCTBAX.

WccnenytoTcs oblijie YCIOBHsI YCTOMUHMBOCTH IBYX- U TPEXC/IOWHBIX OTMEpaTOpHO-
Pa3HOCTHBIX CXeM, PACCMaTPUBAIOTCS CXeMbI BBICOKOTO TOpsifiKa TOYHOCTH. C MCTIONb-
30BaHHEM TIPE/ICTABJIEHHS OTepaTopa 3aZlaud B BH/Ie CyMMbI OMEpaToOpPOB CTPOSITCS CXe-
MBI pacIleTyIeH s, KOr/ia Tepexoyi Ha HOBbIM BPeMEHHOH C/I0M peasiu3yeTcss Ha OCHOBE
pelieHust 6oiee MPOCTHIX 3a/1au /sl OT/IeLHBIX OMEPATOPHBIX C/IaraeMbIX.

Hapa/me/leble cucmembl HaQyUHbIX eblyuc/aeHutl

WmxeHepHbIe ¥ Hay4YHble BBIUMC/IEHWS TIPOBOSATCS Ha TapasyiebHbIX BbIUHACIATENb-
HBIX CHCTeMax, KOTopbie 00eCreurBaroT rapasie/bHy0 00paboTKy AaHHBIX Ha MHOTHX
BBIUMC/TUTENBHBIX y3/1aX. [Ipu pa3paboTKe COBPEMEHHOTO MPUKJIAJHOTO MPOrPAMMHOTO
obecrieueHns HEOOXOVUMO YUUTBIBATH TU 0COOEHHOCTH KOMITBIOTEPOB /ISl MaKCUMaJTh-
HOT'O MCIT0JIb30BaHUSI UX BO3MOKHOCTEH.

[NapansienbHble BBIMUCAEHUS MOAJEP>KUBAIOTCS Pa3UUYHBIMU TEXHOIOTUSMH IIPO-
rpaMMHUpOBaHus. TToBbIIEHHEe OLICTPO/EHCTBUSA MPOrPAMMBI Ha BBIYMC/TUTENTBHBIX CH-
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CcTeMaX, KOTOpble UMeIOT HEeCKOJIBKO TPOLeCCOPOB, MPOLeCCOp C HECKOIBKUMH sifpa-
MU, a TaKXXe Ha KJIacTepe MallluH 00eCreyrBaeTCs WCTI0/Ib30BaHUEM MHOTOIOTOYHOM
Mogie/li TIporpaMMHpOBaHus. Pa3paboTka MPUK/IAZAHOTO MPOrPaMMHOTO MPOAYKTA [ijis
MHOTOIPOLIECCOPHBIX CUCTEM C OOIIel MaMsThi0 (MHOTOsIZIEpHbIE KOMITBIOTEPHI) 6a3u-
pyeTtcs Ha ucrnonb3oBaHuM OpenMP. [lng cucteM c pacripefie/ieHHOM NaMAThIO (K/1acTe-
PBl) Jle-tope CTaHZAPTOM TporpaMMypoBanust ctain MPI. s Bu3yanu3aluyu U aHam3a
OOJBIINX PACUETHBIX JAHHBIX B WHXKEHEPHBIX U HAYUHBIX BBIUMCIEHUSIX UCIOJIB3YeTCs
ParaView, koTopblii MOXXeT paboTaTh C pa3/e/sseMoi U pacripe/ie/IeHHOW MaMsIThiO Ha
OJTHOTIPOIIeCCOPHBIX U MapaslIe/bHbIX BEIUMC/IUTE/TBHBIX CUCTEMAX.

ITnst MHPKEHEPHBIX W HAYYHBIX BBIUMCIEHWM ITUPOKO HCIO/b3yeTcss OUOIMoTeKa
PETSc (Portable Extensible Toolkit for Scientific Computation). 3ToT porpaMMHbIi
WHCTPYMEHTapHH TMO/iep>KUBaeT COBpeMeHHbIe TapaJurMbl Tlapasie/lbHOTO TPOrpaM-
MHUpOBaHMsI Ha OCHOBe cTaHZapta MPI. OcHOBHOe BHUMaHWeE Y/essieTCsl UNC/IEeHHOMY
pelLleHUI0 TMHENHBIX 1 HeJTMHeMHBIX CUCTeM YPaBHEHHH, KOTOpble BO3HUKAIOT ITPU TIPH-
Om>KeHHOM pellleHNH KpaeBbIX 3a/ay AJIs1 ypaBHEeHHM C YaCTHBIMU MTPOU3BOgHBIMU. O6-
IIIUM TIPOrPaMMHBIA MHCTPYMEHTAapUM MY/IbTUGHU3UYHOTO MOJETUPOBAaHUS BK/IIOUAeT
CpeiCTBa MOJTOTOBKY reOMeTPUYeCKUX M CeTOYHBIX MO/esield, TOCTPOeH!sI JUCKPETHON
3a/laud (arrpoKCUMallYsI), YUCTIeHHOTO pellleHusl TIoMyueHHBIX cucteM AuddepeHiy-
aNbHBIX U anrebpanuecKuX ypaBHEHUH C MO/IeP’KKON BO3MOXHOCTU BU3ya/U3allud U
00paboTKK pacueTHbIX JaHHbIX. [IprMepoMm siBnisietcst makeT FEN1CS, koTopelii 6a3upy-
eTCsl Ha UCIO/Ib30BaHUH METO/Ia KOHEUHBIX 371eMeHTOB. OOCYX/JAF0TCSl OCHOBHBIE BO3-
MO)XHOCTH TIPUMeHEeHHsI 3TOr0 TIPOrPaMMHOT0 MHCTPYMEHTAPHS TIPH PellIeHNH KPaeBbiX
3aa4 [Jij1si ypaBHEHW C YaCTHBIMH TTPOM3BOJHBIMH.

KomnblomepHble cucmembl N0020Mo6KU Hay4YHbIX Nyoaukayuti

CTpyKTypa HayuHOU MyO/MKaIMU: CTaThs, OTUET, Maructepckas aucceprars. ®@opma-
THUPOBAHWE CTPAHULIbI, TEKCTOBOTO ab3alia, BK/IoueHue Tabsui] v rpadukos. I[Togrotos-
Ka CTaThU, MarkCTepCKOU AUCCepPTAllUU B u3ziaTenbckol cucteme LaTeX. OcobeHHo-
¢ty Habopa MaTeMatrueckux (opmys. Vcrionb30BaHue TEKCTOBOTO Tiporjeccopa Libre
Office (Open 0Office), Habop MaTeMaTHUeCKHX TEKCTOB.

Pabora c 6ubmuorpacdwueli, ctanapThl Onbmuorpadguyeckux 3amvceli. bubmorpa-
¢uueckas 6a3za ganHbix, bibtex. IMporpamma Zotero, nmouck 6ubarorpaduuecKux
JIAHHBIX B MHTepHeTe. VIcrob3oBaHue ZOt er 0 rnpu MoAroToBke mybukanyu B LaTeX,
B TEKCTOBOM I1pOLieccope.

YuceHHble MemoObl peuwieHUs1 00pamHbIX 3a0ay

B TpaMLIMOHHBIX Kypcax M0 MeTOZAaM pellleHus 3a/lau MaTeMaTHueckod (hHM3UKHU pac-
CMaTpUBAOTCS TIPsIMBbIe 3aaur. [1py 3TOM peliieHre OTipeiesisieTCs U3 ypaBHeHUM C 4acT-
HBIMU [POU3BOJAHBIMU, KOTOPOE JOTIO/IHSIETCS OTpefie/ieHHbIMU KpaeBbIMU U HaualbHbI-
MU yC/IOBUSIMUA. B 00OpaTHBIX 3ajiauaX HEKOTOPbIE 3TH COCTABJISAOIINE TOCTAHOBKY 3a-
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[lau¥l OTCYTCTBYIOT. Her3BeCTHBIMM MOTYT OBbITh, HalTpUMep, Haua/bHbIe YCIOBUS, TPa-
HUYHBIE PEXKUMBI, KO3(D(MUIMEHTHI U MTpaBbie YacTH ypaBHeHUH. OOpaTHbIe 33/jauk 4acTo
SIBJISTIOTCS] HEKOPPEKTHBIMU B K/TACCUYECKOM CMBIC/IE U JIJ1s1 UX TIPUO/IDKeHHOTO PeIlieHUs]
TIPUXOUTCS TIPUMEHSITh MeTO/ibl Pery/isipu3aLiyu.

PaccMarpuBaroTCsi HeKOTOpble 0OpaTHbIe 3aJauy AJisi CTallMOHAPHBIX U HeCTaluo-
HapHBIX YPaBHEeHUH MaTeMaTHueCKod (GM3UKKN: uaeHTA(UKAIWs TTPABOi yacTy, TPaHAY-
HBIX Y HaYaJIbHBIX YC/IOBUH, a TaKKe KO3 QULIMeHTOB ypaBHeHus. [laeTcs JO0CTaTOYHOE
TO/THOE U 3aMKHYTOE UCC/IeI0BAHUS OCHOBHBIX TIPO6JIEM, KOTOPbIe BO3HUKAIOT TPH TPH-
OmKeHHOM pellleHnH 00paTHBIX 3a/jay: MOCTaHOBKA 3a/lauy, a/iTOPUTM DeLIeHws], TPo-
rpaMMHasi peasii3alisi ¥ pe3y/bTaThl pacueToB. Vcronb3yeTcss MUHUMABHBIN MaTeMa-
THUYECKUX arlfapar, CBsi3aHHbIN ¢ 0a30BBIMU CBOKMCTBaMH OT1€PAaTOPOB B KOHEYHOMEPHBIX
MIPOCTPAHCTBAX.

YucneHHble Memoobl onmumu3sayuu

INTocTaHoBKa U K1accuuKaLys 3a7a4 ONTUMU3ALUY. YC/I0BUS Cyllle CTBOBaHUS [7100a/Tb-
HOro pelleHus. JIuHeliHoe nporpaMmupoBaHue, cUMILIeKC-MeTos. HenuHeliHoe mpo-
rpaMMHpOBaHKe. J/1eMeHTHI BBITYKJIOTO aHa/lr3a. YCI0BHS NIePBOro Nopsifika ONTHMab-
HOCTH B 3ajjaye ONTHMMM3ALMKU Ha BBIIYK/IOM MHOXKeCTBe. YC/IOBUs [1€PBOr0 U BTOPOIO
TIOPSIKOB ONTUMAJILHOCTH B 3a7iaue 6e3yC/IOBHOW ONTHMM3AL|H, B 3ajiaue C OrpaHuue-
HusiMM (ipuHLMI Jlarpanka). MeToze! mTpada.

3ajjauM yripaB/ieHUs] CUCTeMaMHU, KOTOpbIe OTHChIBalOTCS ypaBHEHUSIMU C YaCTHBIMU
rpousBozHbIMU. KBaspaTunble yHKIMOHA/bI KauecTBa yIpaB/ieHusl, yCJIOBUS ONTHU-
ManbHOCTU. ['paZiieHTHBIE METO/IbI pellieHus 3a/iad yIipaB/ieH s, 0CHOBHO€ U COMPsDKeH-
HOe COCTOsIHUe. 3a[jauyl yIpaB/ieHus1 [ijisl /I/TUIITUYEeCKOr0 ypaBHEeHHsI BTOPOT'O IIOPsIJiKa,
yTipaB/ieHre HeCTalIOHapHBIMU Npolieccami (I1apabosiueckoe ypaBHeHHe BTOPOTO 110-

psaKa).

Mamemamuueckue mMode/au 6 eCmecmeo3HaHuu

TeopeTryeckre U 3KCIiepUMeHTa/IbHbIE UCCIefoBaHus, GpyHaMeHTabHbIe MaTeMaTu-
yeckue Mojienu (TeopeTrHueckuii 6asuc). ITpukiagHbie MaTeMaTHUeCKUe MOJIe/IH, Kpae-
BbIe ¥ HaUaJTbHbIe YCI0BUs. [TocTpoeHre MaTeMaTHueCKUX Mogiesieil. ba3oBbie BBIUKMC/H-
TeJIbHBIE 3a/]JaUi, CUCTEMBI JIMHEWHBIX anreOpanuecKux ypaBHEHUH, HeJTMHeliHbIe ypaB-
HeHus. 3azaua Kol it cucTeMbl 0OBIKHOBEHHBIX UG depeHI[HaTbHBIX YPAaBHEHUH.
Ba3oBble cTaljMOHapHBIe U HeCTalMIOHAPHbIe MaTeMaTHuecKre Moesi. KpaeBble 3agaun
JUISL SJITATITUYECKUX YPAaBHEHUH BTOPOTO TIOPSIKA, 3a/jauM /it MapaboiiuecKuX ypas-
HEeHMI BTOPOTo MopsiAKa.

TurnoBble MaTeMaTU4YeCcKre MOJe/Nd ecTeCcTBO3HaHWsl. OmucaHue MPOLeCCOB Ter-
jioriepefau. JDeKpUYeCTBO M MarHeTH3M, MOTeHLHalbl 37eKTPOMarHUTHOTO TIOJIS,
3/IeKTPO- U MarHUTOCTATHKA, MPOTeKaHHe TOKa B TIPOBOJHUKAX, 37IeKTPOMarHUTHBIE KO-
nebanys. MexaHMKa CIJIONIHON CPe/bl, COKMMaeMble U HeC)KMMaeMble TeueHHs], 3a/1auu
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aKyCTHKH, U/eabHast XUAKOCTb, 3aauu (puibTpariui. MexaHuKa TBepZOro Tesa, CH-
CTeMa ypaBHEHWM YIIpyrocTd, 0aaku, MeMOpaHbl, 000/I0UKHU. 3aaur COTIPSDKEHUST —
MyJIbTH(U3UUHBIE TTPO6/IEMBI, TEIIOBbIE W SJIEKTPUUECKUE SIB/IEHHS], TePMOYTIPYTOCTb,
npo6/IeMbI TEMJIO- U MACCOTIEPEHOCa, MarHUTHasI THPOJMHAMUKA.

T'eomempuueckue modenu u pacuemHble CemKu

IMoaroroBka TreoMeTpuueckoit Mofenu c wucrons3oBanneM CAD (Computer-Aided
Design) cucremax. TeepporenbHoe wopenvpoBaHue, CSG (Constructive Solid
Geometry) d¢opmar. [lapameTpudecknie TeoMeTpudeckue Mojenu. IIpakrhdeckas
paboTa B cucTeMe reoMeTpuueckoro MogierpoBanus FreeCAD.

3ajjaua MOCTPOEHUs pacyeTHOU ceTKH. CTPYKTypHpOBaHHbIE CeTKH, alTOPUTMbI Te-
Heparuu ceTok. OOIIMe HeCTPYKTYPHUPOBaHHbIE CETKH, TPEYTO/bHBIE (TeTpasjpaabHbIe)
cetku. Tpuanrynsauu [lenoHe v pa3buenrie BopoHoro. AflanTUBHEIE CETKU. ['eHeparus
CeTOK C MCII0JIb30BaHKeM nporpamm Netgen u Gmsh.

IpoepammHoe oGecneueHue peuwieHUs1 CUCMeM JUHeUHbIX U He/IUHelHbIX ypaeHeHull

[TporpaMmHOe obecrieueHre HayuHbIX U WH)KeHePHbIX UCC/Ie0BaHUi B 3HAUMTE/TbHOM
cTernieHH 0a3UpyeTCcs Ha CTOPOHHUX pa3paboTkax. Ha 0cHOBe MO/y/TbHOTO aHasM3a Mpu-
K/Ia[IHOW MaTeMaTHueCKOW MOJIe/TH BhIZIE/SIOTCs 6a30Bbie BHIUMC/IUTE/IbHBIE 3a/1aui, Op-
raHU3yeTCsT a/ITOPUTMHUECKHH HHTep(erc MeXXay HUMU. BbIuncuTe/IbHast peatn3ariys
BbI/IEJIEHHBIX OT/Ie/IbHBIX T10/13a/lau TIPOBOJAUTCS C MCIO/b30BaHHWEM CTaH/apTH30BaH-
HBIX BBIYMCIUTETBHBIX KOMIIOHEHT. DTH KOMTIOHEHThI [JO/DKHBI TTO/1ePKUBATh BBHIUKC-
JIeHWsI Ha Tapaiyie/IbHbIX BHIUUC/TUTETBHBIX CHCTEMAX.

I[Tocsie anmpoKCHUMAaI[|H 110 BPEMEeHH | T10 TIPOCTPAHCTBY MPHK/IafHas MaTeMaTrye-
CKast Mofie/Tb CBOJUTBCS K CUCTeMe HeJTMHeNHbIX airebpanuyeckux ypaBHeHus. s ee
TIPUOJTYKEHHOTO PelieHusl UCTTO/b3yI0TCst MeTos, HbioToHa 1 ero Moaudukaiuu. Boi-
YKC/UTE/TbHbIE a/ITOPUTMbI 6a3UPYIOTCS Ha YUC/IEHHOM PeIlieHHH Pa3pesKeHHbIX CUCTeM
JIMHEWHbIX ypaBHeHWH. PacCMaTpUBAIOTCS MpsIMble ¥ UTEpPAIMOHHbIE METOJbI U COOT-
BETCTBYIOIIIee CBOOOHOe porpaMMHoe obecrieuenre. OCHOBHOe BHUMAaHHe YZe/sieTCst
BO3MO)KHOCTSIM raketoB Trilinos u PETSC, koTopble IpefjHa3HaueHbl /IS YUC/IeH-
HOT'O pelieHus IMHeHHbIX ¥ HeJTMHeHHBIX CUCTEM YPaBHEHUH, KOTOPbIe BO3HHKAIOT MPH
TPUOJTMYKEHHOM pellIeHUH KPaeBbIX 3afiau [/l ypaBHEHUH C UaCTHBIMH MTPOU3BOAHBIMH.

ITpakmuka Hay4HbIX 8bIYUC/AEHULL

ITporpaMMHBIM MHCTPYMEHTapUid TIPUK/IAZHOTO MOJEIMPOBAHUS BKIIIOUAeT CpPefCcTBa
TIOJITOTOBKU reOMeTPUUeCKUX U CeTOYHBIX MOZesiel, TOCTPOeHus! AUCKPETHOM 3a/jauu
(anmpoKCcUMariust), YMCIeHHOTO pelleHus MOMy4YeHHbIX cucTeM AvddepeHIManbHbIX U
anreOpanuecKnX ypaBHEHUH C MOJIeP)KKOM BO3MOYKHOCTH BU3yan3aLuy U 00paboTKu
paCyeTHBIX JJaHHBIX.
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CoBpeMeHHbIe BLIUMC/IUTE/IbHBIE TEXHOJIOTUH OTPabaThIBAalOTCS HA OCHOBE WCTIOJb-
30BaHus nakera FEN1iCS, B KOTOpOM KpaeBble 33/jaui PelIaloTCsi MeTOL0M KOHEUHbIX
37eMeHTOB. OOCYK/Jaf0TCSI 0CHOBHBIE BO3MOXKHOCTH TIPUMEHEHHsI 3TOTO ITPOrPaMMHOTO
VHCTPYMeHTAapus IIPY PellleHUuH CTalMOHapHBIX U HeCTalMOHApHBIX 33434 [i/Is ypaBHe-
HUI C YaCTHBIMM MPOU3BOAHBIMU. [I/I1 TOCTPOEHUsST PACYeTHBIX CETOK INPHBIEKAIOTCS
nporpammbl Netgen u Gmsh. [Isist pellieHusi CUCTeM JIMHEHHBIX YpPaBHEHUH HCTIO/b3Y-
I0TCS BO3MOXXHOCTH TlakeTa PETSC ¢ obecrnieueHreM Mo iep>KKU MapasiiebHbIX BIUKC-
JIeHWN.

CmydeHuecKull HQy4HO-UCC/1€008ame/bCKUli CeMUHap

Pabota rof; pyKoBO/ICTBOM Hay4YHOTO PYKOBOJUTESI B PAMKaX IMOCTOSIHHO JIeHCTBYFOLI[e-
'O CTyZeHYeCKOro HayyHoro ceMuHapa. PedepatrBHast 1 MeTogndeckasi paboTa 1o Teme
MarvcTepcKou AuccepTalfiu.

B pamKax ofiHOTO ceMHHapa paboTaeT Tpyria CTyAeHTOB U UX HayYHBIX PYKOBOJM-
Tesiel 1o O6/IM3KON TeMaTHKe MarucTepCKrUX padoT.

Mamemamuueckoe Mobe/lupoeaHue npoyeccoe mensio- u macconepeHoca

ITepeHOC Teryia OT OJJHUX YYaCTKOB TBEPZOTO Tefa K JPYTUM OCYIIIeCTBISETCS TErJIo-
MIPOBOJHOCTBIO (TIePeHOC, OTpe/iesisieMbIi B3auMOo/eiCTBHeM MUKPOUYACTHL] COTIPUKAaca-
IOIUXCS TeT), KOHBEKIMel (mepeHoc, 00yC/I0BIeHHBIHM ITPOCTPAHCTBEHHBIM MTepeMeliie-
HUeM BellecTBa, HaO/moaeTcsl B ABWKYIIMXCS Cpeflax — XUAKOCTH, ras3bl) U U3/yue-
HUeM (TIepeHOC SHEePTruM B BUJE JIeKTPOMAarHUTHBIX BOJH). Bo MHOTHX TPUK/IaHBIX
rpob/iemMax mpoliecc repeHoca Tersia OCyIeCTBISeTCs Pa3/TIMUHBIMM CIIOCO6aMU (CI0XK-
HBIN TeriooOoMeH). TIpu onvcaHuM KOHBEKTUBHBIX TTEPEHOCOB HEOOXOIUMO YUMTHIBATh
TPOIIeCChI TEMIONPOBOHOCTH MEXK/Y OT/IebHBIMU YaCTSIMU CIIJIOIIHON Cpe/ibl (TerJio-
U MacconepeHoC). PaaraiiioHHbIN Teryioo0MeH (M3TyueHre) MOXKeT OCTOKHSITHCS TeTl-
JIOTIPOBOJTHOCTBIO, KOHBEKIIMEH U T.7I. [IpUMEPOM TaKOro C/IOXKHOTO TerioobMeHa Mo-
T'YT CY>KATB MPOLIeCCHI 1Y ()a30BLIX NpeBpalleHHsIX, XMMHUYeCKHX peakuusix. [Ipu pac-
CMOTpEeHUH TIPOLIECCOB TeTJIoTIepe/iaul B TBeP/IbIX TeTax 60bIoe 3HAUeHHe MOTY T TIPH-
obpeTarh 3¢ ¢eKThl, CBSI3aHHbIE C PaCILIUPEHUEeM TeJl TIPH MOBLILLIEHWH TeMITepaTyphl.

W3nararoTcsi 0CHOBBI UMC/IEHHBIX MEeTO/IOB pellieHUs 3a/iau Tervionepeayu Ha Ipu-
Mepe CTal[MOHAPHBIX U HeCTal[MOHAPHBIX ABYMEPHBIX 3a/lau TerionpoBogHoCcTH. Oc-
HOBHOE BHHUMAaHUE YAe/IIeTCs JUCKPETHBIM 33/jau /ISl SJI/IMIITHUYeCKUX YPaBHEHUI BTO-
pOTo TOpsAJKa C COOTBETCTBYIOIMMU KPaeBbIMH yC/IOBUSMU. OMUCHIBAIOTCS KOHEUHO-
Pa3HOCTHBIE ¥ KOHEUHO-3/IEMEHTHbBIE allITPOKCUMAl[H, OCHOBHbBIE UTEPAI[UOHHBIE METO-
[TbI PelleHNsI CeTOYHBIX UTANITHUeCKUX 3a/iad. CTPOSTCS M aHA/TU3HUPYIOTCS arlpOKCH-
Marl\y 110 BpEMEHH TPY PellleHnH KPaeBbIX 3a/au /I/is 1apaboIMuecKuX YpaBHeHUH BTO-
poro niopsika. OTMeuaroTcsi 0COOEHHOCTH pellleHus 3a/1au ¢ a30BBIMH MEPEX0/IaMH.



49 Supercomputer technologies of mathematical modelling, Yakutsk, 2013

Mamemamuueckoe modenupoearue pursmpayuu

Ouddepentranpaple ypaBHeHUST JUHAMUKY KUAKOCTUA B TOM WM WHOW Mepe BbIpaXka-
10T, TIpeX/ie BCero, 3aKOHbI COXpaHeHUsI MaCChl ¥ KOJTMUeCTBa ABWKeHus1. CucTeMa ypaB-
HEeHUH BK/TIOYaeT B ceOs ypaBHEHUsS] HEPA3PhIBHOCTH, BhIPAXKarolljee 3aKOH COXPAHeHUs
MacChl KaXX/10¥ oTAesibHOM (ha3bl. YpaBHeHUs ABW)KeHUs 3alUChIBAlOTCS B BH/e 3aKOHA
Iapcu, KOTOPBIH CBSA3BIBAET CKOPOCTH C JlaBieHreM. B mipocreiiiiiem Bujie 6e3 yueTa Ka-
MUWIAPHBIX 3((HEKTOB [JaB/ieHUe CUMTAeTCS 00IIMM Ajist BceX (pa3. 3aMbIKaHUe CHCTEMBI
ypaBHEHUM MTPOBOAUTLCSI HA OCHOBE IMOCTOSTHCTBAa CYMMBI BCeX HacChIIIleHHOCTeill. Mare-
MaTH4ecKre MO/ZeJIi MPOLeCCOB MacCcorepeHoca B MOPUCTHIX SIB/SIOTCS CYILL{eCTBEHHO
He/TMHeHHBIMUA U TPYAHBIME 7151 uccyieioBaHust. OOBIYHBINA MOJX0/, KOTOPBIM MCIIO/b-
3yeTCs TIPU YUCIEHHOM PeIlleHUH 3a7lad MHOTOKOMITOHEeHTHOU (PWITBTparivi, COCTOUT B
T0/lyUeHUY ypaBHeHUs JJisl JaB/ieHUs] — S/UTUIITAYeCKOTo JIjisi HeC)KUMaeMbIX CpeJ 1
napabo/TUUeCKOTO /IS COKUMAEMbIX.

bazoBbiMU 3a/iauaMu /151 3a/jau PUIBTPALIUM SIBJISIFOTCS CTaljOHAPHbBIE U HeCTallu-
OHapHbIE 33/1auM KOHBEKIUK-ANhdy3ur-peakiui. OTMEUaroTC OCHOBHBIE 0COOEHHO-
CTH TaKWX 3aZlay, KOTOPbIe CBsI3aHbI C HeCaMOCOTIPSDKEHHOCTRIO 3a/laud. BhifiesieHbl oc-
HOBHbIe CBOMCTBa orepaTopoB A1 (dy3M0HHOTO ¥ KOHBEKTUBHOTO TMepeH0ca, KOTopbie
COXPaHSIOTCS TPYU MOCTPOEHUU JUCKPETHBIX aHanoroB. CTposTcsi 6e3yCc/IOBHO yCTOM-
YUBBIE anMpOKCHMAIUU 110 BpeMeHU. [ns 3aiau GuabTpalyyu MHOrodasHON KUJKOCTH
TPaIUIMOHHO MIUPOKO uctonb3yetcss IMPES (Implicit Pressure Explicit Saturation) me-
Tof,. OH OCHOBaH Ha UCI0/Ib30BaHUX HesIBHBIX CXeM T10 BpeMeHHU /i7IsI pacyeTa JlaB/eHust
(s/MniTHYecKasi CeTouHasi 3a/jaua) v sIBHbIX CXeM JJisl pacueTa HachIllleHOoCTel (rurep-
Oo/ueckast CUCTeMa YpaBHEHUH ).
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AHHoOTaLUs

PaccmarpuBaroTcst MoJiesid JBOWHOM MOPUCTOCTH, KOTOPBIE TIPeCTAB/ISIIOT U3 cebs cu-
CTeMy JIBYX CBSI3aHHBIX ypaBHeHU rapabosmueckoro Tira. OCHOBHBIM BADUAHTOM JlaH-
HOT'0 KJ1acca Mogiesieli iB/isieTcst Mojiesib bapeH6/1aTTa, B KOTOPOU CBSI3b MEX/Y YpaBHe-
HUSIMU OCYILIECTB/IsIeTCS] yepe3 0OMeHHBIN MepeToK Mexay cpefaMu. Takxke obcyx/a-
10TCs Oosiee 0bIIe MOZIeA TBOWHOMN MOPUCTOCTH, B KOTOPLIX YPaBHEHUS CBSI3aHbI He
TOJILKO T10 MJTAJIIINM K03 duIi[eHTaM, HO U 110 CTapIlNM, a TakKe o Ko3dduiiueHTam
TIPY TIPOM3BOAHBIX T10 BpeMeHH. OT/ie/lbHOe BHUMaHUe TIPU U3yUeHUH JaHHbIX Mojierel
yJesisieTCsl TIOCTPOEHUIO CXeM paclllelijieHUs], KOr/ia epexo/, Ha HOBbIM BpeMeHHOMU CJIoi
OCYII[eCTB/SIETCS HA OCHOBE PellleHUs ZIByX CTaHJAPTHBIX KPAeBbIX 3a/1au [ijisi mapabo-
JINUeCKUX YpaBHEHUM BTOPOTO MOPsIKa.

KnroueBsblie cjioBa: Mojie/b IBOMHOM MOPUCTOCTH, (PUILTPALKs, CXeMbI pacliieriie-
HUSI.

ITocTaHnoBKa 3agauu

PaccmarpuBaeTcst Mofiesh IBOMHOM TTOPUCTOCTH 3a/jaukl ofiHO(a3HoH HUIbTpaiuu ¢uio-
17la B TPELLMHOBATO-TIOPHCTOM cpefie. [1/isi HeC)KMMaeMbIX CpeJ 0CHOBHasl CHCTeMa ypaB-
HEeHUl UMeeT BUJ:

Cl(m)a;;;l — diV(d1 (113) grad ul) + r(m)(m — ’LLQ) = fl(:lf, t), (D)
02(:13)(9;52 — div(de(x) grad ug) + r(x)(uz — u1) = fa(x,t). ()

3mech uHzAekcamu 1 1 2 0603HaUeHbI COOTBETCTBEHHO MMapaMeTphl TPEIUHOBATOM U M0-
pHUCTO#i cpefi, Ko3bduuumeHT 7 (x)(u) — uy) ONMMUChIBaeT 0OMEHHBIN TOTOK MEXY Cpeia-
mu, d; = k; /i, ki — NPOHULIAMOCTH, [ — BA3KOCTb iron/ja. 3ajaya pacCMaTpUBAeTCs]
B orpaHuueHHoi obmacty Q mpu 0 <t < 7.
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B Gosiee 0011eM Buzie MOJe/b JBOMHON TTOPUCTOCTH MOXKHO 3aliCaTh CeAYHOLIUM
obpasom:

011( )6675 + 012( )% —div (dn(m) grad ul) —div (dlg(x) grad Ug) + (3)
+r(@)(u —u2) = fi(=, 1),
Ou1 %2 _ giv(d d div (d d
621( ) ot +622( )ﬁ — lV( 21(33) gra ul) — lV( 22(:12) gra 'LL2)+ )

+r(x)(ug —u1) = fo(ax,t).

3nech ypasrenus (B), (4) 3aBs3aHbI He TOMBKO 06GMEHHBIM MTOTOKOM, HO TaKKe ypaBHe-
HUS 3aBsi3aHbI uepe3 K03 UITMeHThI TIPU MMPOU3BOJHBIX TI0 BpeMeH! 1 K03 GUIMeHTbI

mhdysun.
Kak 1 paHee, MOJie/lb OCHOBaHHYI0 Ha cucteme ypasHenwii ([I]), (2) 6yzem HassiBath

Mojienbio BapeH6raTTa, a mpu Mcronb3oBaHuK crcteMmb! ypasrenwii (3), (M) Gyaem ro-
BOpUTHL 00 0000IIIeHHOM MO/Ie/TH JBOMHOM IMOPHUCTOCTH.
3 dhusnueckux coobpakeHud A/1s1 KoadduieHTa 00MEHHOT0 MOTOKa UMEEM

r(x) >0, xel.

,HJIH KOBCl)Cl)I/IL[I/IeHTOB MpU TIPOM3BOJHLIX T10 BpEMEHHU IIpeAriojaraemM, uTto

612(213) = 621(33)7

2

Z cap(®)Calp = d¢ Z ¢, xeQ, 6.=const>0.
a,f=1

AHasornyHble TpeAroaoXKeHUs UCTI0Nb3YIOTCS AJis1 KO3 uiimeHToB Auddy3uu:

diz(z) = d21 (),

2
Z dag(x)Calp = dq Z ¢, xeQ, 6y4=const> 0.
a,f=1 a=1

Cucrema ypastenuii (fIl) — (B) gomonusiercst HauanBHBIMU YCIOBUSMH:

ui(x,0) = uf (z), (5)

ua(, 0) = up(). (6)
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B kauecTBe rpaHMYHBIX YCAOBHI pacCMaTpUBarOTCsl TPAHUYHBIE YC/I0BUS I1€PBOI0, BTO-
pOro uiu TpeThero poga. s onpeaeneHHOCTH, chOPMYIUPyeM IpPaHUUHBIE YCIOBHUS
TIePBOTO pofa:

ui(zx,t) = g1(x,t), e I, (7)

u2(m7t) = 92($>t)7 x € 0f). ®

[ns uccnenoBaHus JaHHON MOJZIe/I OrPaHUUMMCS IBYMEPHBIM ClydyaeM, KOTOPBIN
JIOCTaTOYHO KaueCTBEHHO U HAIJISITHO Tepe/iaeT 0CODEHHOCTH UCCIeIyeMOU MOJIeTH.

MopenbHas 3agada

Tepervmiem o6e3pa3MepeHHYI0 CUCTeMY YpaBHEHHi Mogenu ABoitHoit mopuctoctH ([l),
@) B Buge:

ca;l —divgrad u; + r(u; —ug) =0, 9)
oug )
o ddivgrad ug + r(ug —uy1) = 0. (10)

[17151 BBIUMC/TUTEIBHOTO SKCIIepUMeHTa pacCMOTPUM C/Tydail MOCTOSSHHBIX K03 duieH-
TOB TMPU OJHOPOJHBIX MPaBbIX UaCTAX:

falz,t) =0, xeQ, te(0,T], a=1,2.

Iy

Iy

Iy

Puc. 1: Obmnacts )
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PaccMOTpUM JIByMepHYIo 3ajauy B obmactu ), kotopas otobpakeHa Ha puc. [I. B
nanHoM ciaydae (I'p =Ty u I's, 'y = 'y U ['y) rpanuuHBIe ycoBus GepyTcs B BUje:

ug(x,t) =1 —exp(—ot), xely, wus(x,t)=0, xels, (11)
Oy,
da(m)%(m,t) =0, xzelyuly, te(0,T]. (12)

HauanwsHOe cocTossHUE oripeiesisieTCsa yCJI0BUAMUA

Ua(x,0) =0, €, a=1,2. (13)

W3 nmocTaHOBKHU 3a/la4yu Cj1eayeT, UTO Ha YaCTU I'DaHULIbl Fl MOBEIIIAETCA /1aB/IeHHe
ot 0 A0 1. L[I/IHaMI/IKa noasremMa AdB/I€eHUA 3aBUCHUT OT IlapdMeETPa 0. ®u3nUecKu 3TO, Ha-
TpyuMep, MOXXeT 03Ha4aThb Ha/IMUKe Hd YaCTU I'PaHUIbI Fl H&FHETHI—OH.[EFI CKBa>KHHBI.

BbIUHC/INTETBHBIA AJITOPUTM

1 IpuO/TIMKeHHOTO pellieHrs] HeCTallMOHapHOH 3aiaun (GPUBTPAL[UN BBEIEM PaBHO-
MepHY¥0, [l TIPOCTOTHI, CeTKY 10 BpEMeHH C I1aroM T

wr =w,u{T}={t"=nr, n=0,1,..,.N, 7N =T},

¥ 0b6o3Haumm y" = y(t"),t" = n7. [lo IPOCTPAHCTBY MHCIIO/Ib3yeM KOHEUHO-
37IeMEHTHYIO armnpOKCUMAL{|I0, COCTOSILIIYIO U3 CTaHZAAPTHBIX JIarPaH’KeBbIX KOHEUHBIX
3/IeMEeHTOB BTOpPOW cTereHU. B obmactu ) NMpOBOAWTCS TPUAHTY/ISILMS, Ha TOM pac-
YeTHOM CeTKe OIpe/ie/IiM KOHEeUHOMepHOe IIPOCTPaHCTBO KOHEUHbIX 371eMeHTOB V' C
H?(Q). Vicnonb3yemas pacyeTHas ceTKa CTyIljeHa K yJacTKaM C HaubO/IbIIAMU TPajiy-
eHTaMH pellleHMs1. ByfieM paccMaTpyBaTh MOTHOCTBIO HESIBHYIO CXeMY I10 BpEMEeHH.

k+1
:l/1Jr -y T k+1 k+1 | k+1y _
c . divgrad i + r(yg ys ) =0, (14)
k+1
yz+ —lef IPT k+1 k+1 _ ) k+1y _
— ddivgrad y5 " + 7(ys; y; ) =0. (15)

[anee HeoOXOMMO TPeACTABUTDL 33/lauy B BapUallMOHHOM BH7e. [JOMHOXHM KaK7j0e
ypaBHEHHe Ha COOTBETCTBYIOIIYIO TPHUANBHYIO (DYHKLUIO ¥ TIDOUHTETPUpYeM 10 00s1a-
ctu {) — 1py UHTeTPUPOBAaHUY TIPUMEHUM (HOPMY/Ty UHTErPUPOBAHKS 110 YacTsM. Tem
caMbIM MBI [IOTyYHMM BapHaliMOHHYIO (OPMYJIHMPOBKY MTOCTaBAeHHOM 3a/jaunl:

yitt — oyt
c/ 2L Tlyde —1—/ grad y’fJrl grad vidx —|—r/(yf+1 — y§+1)vldx =0, (16)
Q T Q Q
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k+1 _ k
/ Mvzdw+d/ grad 5" grad “2dm+r/ (g5 —yi Hvadz = 0. (17)
Q T Q Q

us (E), (@) BU/THO, UTO Hallla 3afiaya SIBJISIeTCS 3aBS3aHHOU U pa3Zie/IbHbIM 00pa3oM
ee pelINUThb Henb3s. [103ToMy, MpUMeHsist MeTOZ, KOHEUHBIX 371eMeHTOB, Mbl BBIHY>KJ€HbI
OyzieM MoCTpoUTh OOJIBIITYI0 COBMECTHYHO MaTpHIY.

PE3YJIBT8TBI pacueToB

[IpuBeseM pe3ynbTaThl YUMC/IEHHBIX PaCueTOB, KOTOPLIE BBIMOHEHBI Ha JOCTAaTOUHO T0-
JIpoOHBIX ceTKaxX. KOHTPo/Ib PUOIMKEHHOTO pellieHrs (3aBUCUMOCTh OT TIapaMeTpPOB
3ajaun) OyseM MPOBOAUTL MyTEM CPABHEHUS C TaJIOHHBIM pellleHWeM (pelleHueM Ha
JIOCTaTOYHO MeJIKOW CeTKe).

PaCcCMOTPUM OfjHY 13 BHIYMCIUTE/TBHBIX CeTOK puc. P

Puc. 2: PacuetHas cetka 3: 700 y3n0B, 1294 TpeyrojibHUKa

MopenupoBaHue MpoBogMIOCk pH napametpax ¢ = 0.01, d = 0.01, r = 2.0.
Pacripe/iesieHus aB/eHHH B TPeLUHAX U TTopax oTobpakeHs Ha puc. § — B, Mcxogs
13 MOy4YeHHBIX pe3y/bTaTOB pacueToB, MOXKHO Cle/aTh C/e/lytOoLIue BEIBO/IbI:

» HabntofjaeTcsi CXOAUMOCTb YMCTEHHOTO pellieHHs] K 3TalOHHOMY Kak IO TIpo-
CTPAHCTBY, TaK ¥ 110 BpeMeHW;

* TIpu MakcMManbHO JieTajbHBIX pa30HeHusX 10 MPOCTPAHCTBY U BpeMeHH Oosiee
TOYHOM SIBJISIETCSI CXeMa, KOTopasi COOTBeTCTByeT ciaydaro v = (;

* Pernenus U1 U U CO BpeEMEHEM BBIXOJAT Ha CTALJMOHAaPHOE pelIeHne;

* JlaBnieHue B TpeljuHax () ObICTpee yCTaHAB/IMBAETCS HEXKEJH JIaB/IeHHe B TOpax

(u2).
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-0.75
[0,5
EO,QS
0

Puc. 3: Pacripesienienue faBneHys B TpelvHax nput = 1

-0.75
[0,5
EO,QS
0

Puc. 4: Pacripefienienye faByieHus B ropax npu ¢ = 1

CxeMbl paciienjieHus

ITpu TpexMepHO# reoMeTpPHUM 3a/jauu, TIPYU pacueTax Ha MeJIKUX CeTKax pelleHre CUCTe-
bl ([L6), (17) TpebyeT GoMbIIMX BHIUMCIUTEBHBIX 3aTpaT. [103TOMY MOSIBIsETCS HEO6-
XO/ITUMOCTB TTOCTPOEHUSI CXEM, TT03BOJISFOIIUX HE3aBUCUMO PeIllaTh YPABHEHUS] CUCTEMBI.
MozuduLppyeM MOMHOCTBIO HesiBHYt0 cxemy ([L4), ([L5) anst moctaenenHoit 3asaun. [lau-
Hasi CXeMa paclieryieHVs TI03BOJIsIeT CUMTATh KaK0e ypaBHeHHe OTe/IbHO, He CO37iaBast
OOJIBILIYI0 COBMECTHYIO MaTpHUIIY:

y]f+1 - yf . k+1 k41 ky _
C—T —divgrad y;" + (¥ —yy) =0, (18)
?lecﬂ - y§ . k41 k41 k4+1y _
T ddivgrad y5 " +7r(y; —yy ) =0. (19)

AHanornyHsM 06pasoM MogudULMpyeM BapualoHHyo rmoctanoBky ([L6), (17) ¢ ue-
JIbI0 pa3es3amb CUCTEMY:

yhtl b
c/ 2L Zlyde +/ grad y’f“ grad vidx + 7“/(3/’1“rl — ylg)vlda: =0, (20)
Q Q Q

T
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0.5
0.25

0

Puc. 5: Pacripesienienue jaBieHus B TpellvHax Npu t = 2

0.75
05
0.25

o

Puc. 6: Pacripesienienue jaByieHus B ropax Npu ¢ = 2

ys Tt — b
/ 22 Zlyde +d/ grad y5 ! grad vedax + 1 / (y5+ — ¥ Dgda = 0. (21)
Q T Q Q

VI3MeHeHusIM T0JjBepITIoCk epeoe ypaBHeHwe (20), B KOTOpoM BMeCTo y§ 1 Mb1 ncrons-

3yem y’f. Takum 06pa3soM, ypasHenue (R0) Brrumcisiercs He3aBUCHMO OT ypaBHeHus (21)).
Ncnonb3yem yke M3BeCTHbIE 3HAUEHMUsI y’f“ 71 petenyst ypasHeHusi R1. Tem cambim,
MBI ToKa3amu uto ypaeHenus (20), (R1) npu Berumcienusx He 3aBucat apyr ot apyra
(pazesizaHbl).

TpeasiokeHHas TOC/Ie[OBaTe/IbHAs CXeMa PacIeTyieHns] OTHOCUTCS K Kiaccy 6e3-
YCJIOBHO YCTOMUMBBIX. VccrefoBaHHe yCTOWYMBOCTH MOJOOHBIX CXeM paclieryieHust
[JIsI CHCTeM ypaBHEHUM IMPOBOJIUTCS Ha 0CHOBE TEOPUH YCTOMUMBOCTHU (KOPPEKTHOCTH)
OTepaTopHO-pa3HOCTHLIX cxeM A.A. Camapckoro [2, 3, 4]. HekoTopsle MpUHIMNMAb-
HbIe Pe3y/bTaThl B 3TOM HalpaB/ieHUH TIPe/ICTaB/IeHbl B OT/eNbHON YacTy Hallel pabo-
TBI.

HepocTaTkoM TomyueHHOU CXeMBI SIB/ISIETCS ee TIoC/efoBaresibHast peanu3anysi. To
ects ypaeHenus (20), (1)) erunicnsrorcs crporo gpyr 3a apyrom. PaccMotpum cresyro-
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u
0,75
0.5
0.25
0
Puc. 7: Pacripefienenue faBieHus B TpeliUHax Npu ¢ = 4
u
0,75
0.5
0.25
0
Puc. 8: Pacripesenienue fiaBieHys B opax npu ¢ = 4
IIyI0 CXeMy paclileryieHusi, KoTopasi He 00/1a/jaeT JaHHBIM HeZl0CTaTKOM:
gt — b
c——L —divgrad o'+ r(yt —95) =0, (22)
Ykl gk
%2 — ddivgrad y5 ™ 4+ r(ystt —yf) = 0. (23)

CooTBeTCTRYyIOIast MoudHKals BapualoHHoit moctanoBkH ([16), ([17):

gt b
c/ 2L Ayde+ / grad yf“ grad vidx +r / (yll“CJrl — y’f)vldaz =0, (29
Q Q Q

T

k+1 _ k
/ e / grad y5 ™ grad vada + 7 / (5™ = yh)vada = 0. (25)
Q Q @

T

OCHOBHBIM OT/IMUKEM fiaHHOit cxemsl oT (R0), (R1)) sBasieTcst ee mapanenbHast pea-
sarus. [Ipu ee ucrons3oanmuy ypasrenus (24), (R5) moxwo perats ogHoBpemMenHO 1
He3aBUCHMO JIpyT OT Jpyra.
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AmnHanornyHble cxeMbl paciierieH|st MOXKHO TIPUMEHSTE U B Oosiee 001X MoZessix
[BOIHOI MopucToCTU. B 3TOM C/lyuae JaB/ieHus B TpelljMHax W 1opax OIpee/stoTCs
Kak pelleHHe COOTBETCTBYIOIIel KpaeBOM 3aZiauu /ijisi CUCTEMbI ypaBHEeHUI

) d , .
cll(w)% + clg(a;)% — div (di1 (2) grad uy) — div (di2() grad us)

+r(x)(u1 — u2) = fi(=, 1),
6u1

e (@) 5

+ (@) 2 div (d (z) grad ) — div (da(e) grad o)
+r(x)(u2 —u1) = fa(zx, ).

st KO3 OULMEHTOB 3 TIPU NIPOU3BOJHBIX 110 BpeMeHHU (@ Takxke U /sl d,3) Mbl UMe-
em:

612(33) = 021(28)7

2

Z cap(x)Cals = . Z ¢, xeQ, 6.=const> 0.
a,f=1

Yno6Ho nepernucarh pacCCMaTpPUBAEMYH0 CUCTEMY YPaBHEHUH KaK OJHO 3BOJTIOLIMOH-
HOe ypaBHeHHe /7151 BeKTopa © = (U1, u2). B 3TOM ciiyuae nmeem

du
C%—i—Du—i—Ru—f(t), 0<t<T.

Ormnepatopsl ypaBHeHUsT 00J1a/]af0T C/ie[yIOLMMH OCHOBHBIMUM CBOHCTBAMM:

C=C*>¢6E, D=D">6E, R=R">0

C- < ci ci ) ’
Co1 €22
p_( "~ divd;; grad —divdyo grad
~ \ —divdg; grad —divds grad

R= ( b ) .
—-r
HauanbHble yc/ioBUs Jjis 3a/jauil B ONIepaTOPHOM (OpMY/IMPOBKe OYAYT UMEThb CIeAyIo-
VM BT

3mecn

w(0) =, u® = (ul, ).

[Hanee mpoBezieM paciiierieHre Kaxoro u3 oneparopos C, D, R cneayiomym 00-
pa3oM. BeiieTiM TUaroHabHY0 YacTh OTepaTopoB:
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C=Cy+C,, D=Dy+D,, R=Ry+ Ry,

. C11 0 - 0 C12
CO_(O 622>’ Cl_<021 0)’

TaK 4TO

Do~ divd;; grad 0
0= 0 —divdys grad )’
D - 0 —divdio grad
17\ —divdy grad 0 ’

r 0 0 —-r
RO_<O r>’ Rl_(—r 0)'

Inst ipubmikeHHOTO peltieHus 3ajaur Koy GyzieM MCIOB30BaTh ClIeAYIOLIYIO
SIBHO-HESIBHYIO CXEMY:

n+l1 _ . n n__ ,n—1
Yy - Yy +Cly Ty 4

Co

+ Do(oy™™ + (1 — 20)y™ + oy™ 1) + Diy"+
+ Ro(oy" + (1 -20)y" + 0y" ') + Riy" = ¢,
n=20,1,.., N —1.
MOo>KHO TI0Ka3aThb, UTO 3Ta TPEXCIOWHas cXxeMa sIB/isieTcst 6e3yC/I0BHO yCTOHUMBOMA. BbI-

UNC/TUTE/IbHAsA peain3alvsa CXeMbI 6&3prETCH Ha pelieHrU ABYX CTAHAAPTHBIX 3JIJIMII-
TUYEeCKHUX 3ad4 Ha KaXKJO0M BpeMeHHOM CJI1oe.
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AHHOTanMs

B cratbe paccmarpuBaeTcs CTpaTerys MOBbILIEHUS] TOYHOCTH YMC/IEHHOTO pellieHUs 3p-
MUTOBBIX OMKyOHUeCKMX KOHEUHBIX 3JIEMEHTOB. DTO JOCTUTAETCS MyTeM 1mocTobpabot-
K1 4MC/ieHHOTO perieHus. [ToctodpaboTka ocHOBaHa Ha pellleHyH B sTUeiKe CEeTKH CIie-
LIMaTbHOM 3a/]auil MeTOZla HauMEeHBIIINX KBa/IpaToB

KrueBnbie ci0Ba: MEeTO/l KOHEUHBIX 3/IEMEHTOB, SPMHUTOBEI 3JIEMEHTEI, HOCTO6pa-
60TKa, MOBLIIIEHHWE TOYHOCTH, CyIIepCxoAnuMOCTb.

BbaaropapHocTH: riccie[0BaHMe TIPOBOAWIOCH ITPU MoAAepkKe Poccuiickoro oHza
(dyHgameHTanbHbIX ucciaenoBanuii (Ne 11-01-00224-a).

BBeaenue

B paboTe Ha puMepe peliieHus KpaeBOH 3a/1auu [i/Ist /TN TUYeCKOT0 YPaBHEHUSI BTOPO-
'O MOPS/IKa MoKa3aHa BO3MOXKHOCTh TIOBBIIIEHUS] TOUHOCTH PEIIeHUH MeT0/la KOHEUHBIX
seMeHTOB (MKD) C 3pMUTOBBIMU KYOHUeCKUMH (PYHKIMSIMUA. ITO [1e71aeTCs MyTeM T10-
CTOOPaOOTKYU UMC/IEHHOTO peliieHusl. TeXHUKa 0CHOBaHA Ha PEIeHHU Crel[daabHOH 3a-
Jlauyd HauMeHbINX KBazpaToB [[1].

W3BecTHO, uTo perienuss MKD ¢ nmoMHOMUaIbHEIMUA 0a3UCHBIMU (QYHKI[USMH CTe-
neHu 0oJibIlle BTOPOI 00/1a/jat0T B HETAaTUBHBIX HOPMax CXOJHUMOCTBIO 00jiee BHICOKOH,
yeM B HOpMax Lo. Ha mpaTuike 3TO 03HauaeT, uTo omMbKa NMPUOMYKEHHOTO pPeIIeHus
MeHsIeT 3HaK B TIpejiesiaxX sTuerku ceTku [B].

[TpesoyKeHHBINA anrOPUTM 00J1a/laeT CBOUCTBOM CyTiepcxoquMocTy [2] u TpebGyet
HeOOJIBIINX BEIUNC/IUTE/TLHBIX 3aTpat. Pe3y/ibrarhl MOCTOOpaboTKY MOTYT OBIThH UCTIONb-
30BaHbI JI/ISI aTlOCTEPUOPHOHN OIIeHKH MOTPEITHOCTH YUC/IeHHBIX PEIeHUH.

METOJI KOHEUYHbIX 3/IEMEHTOB
PaCCMOTpI/IM KpaeBYIO 3a7auy AJid YPABHEHWA B UdCTHLIX IMTPOU3BOAHBIX

Lu = f,xe Q, (1)
uw(lx) = 0, z€e 09, (2)
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rae Q = (0,1) x (0,1) u 0Q — rpanuna, L — nvHeNHbINA /TMITHYECKUH OMepaTop
BTOPOT'O MOPsiJiKa

2
52
i=1 %Y
ByziemM 1Cronb30B8aTh MeTog, [anepkuHa
(Luh7vh) - (fvvh)7vvhesh' 3

rae

(u,v) = /Qu(:):)v(:):)d(l,
ullz, =/ (u,w).

Sh — xoneunomepnoe nogmpoctpacteo W ([0, 1]).
VIHTerpypoBaHHeM Io YacTsIM MOKHO Tepenucarh MeTos I'anepkuHa B ciieflyromiem
BHJIE:

2
ou Ov
h ,h 0 h h h. 4
L(u" v )_/Qila-%'iaxid = (f,v"),Yo" e S 4

UucneHHOe pellieHre ul e St OyneM uckate MKD ¢ ucrosnb30BaHreM KyOHuueCcKux
SPMUTOBBIX 3/1eMeHTOB [3]

N
h
i=1
3azaua (M) cBOAMTCS K CHCTeMe IMHeHHbIX anre6panyecKux ypaBHeHHH
Aul = F,

A = (aij),ai5 = L(P;, ®5), Fi = (f, Dy).

Crnepyrowiasi TeopeMa jlaeT OTBET O CKOPOCTH cxogumocti MKO.

Teopema 1. [3] [Ipednonosicum, umo cmenets npocmpancmea S” paema k—1. Toeda
npubauxcenue v Memoda KOHeUHbIX 1eMeHM0o8 OMAUYAeMCs OM UCMEHHO20 pelueHLs
U HA 8eAUHUHY

llu—ul|s < CRE*|ullp, s = 2m —k,

lw — uP||s < CR2E=™)||ul|, s < 2m — k.

[1e B cyuae KyOrueckux 3/1eMeHTOB k = 4 U oriepaTopa BTOporo ropsiika m = 1.
HeraruBHble HOpMBI s < () OMpeJesisiFOTCs CieyoyM 00pa3om

g llgll-s
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h | IIf = fslle,
1/2 0.147936
1/4 0.008425
1/8 0.0004950
1/16 0.0000513

Tabnuua 1: Cxogumocts || f — frs||L,.

Takum obpa3om, eciii s = —1 W MOJIOXKHUTb v = 1, TO
i |y — max Lo = sl | fou =)l
- v [[v]lx " (mes Q)12

h 1o HekoTopoii 061acTH ) BO MHOTO pa3

OTo 03HavaeT, YTo UHTErpasl OT OIHOKH © — u
MeHblIIe OL|eHKH 3TOM B HOpMe Lo.

3amertnm, uto Hepsaska L(u — u”) oproronansHa mo6oit dyHkimy us S”
(L(u—u"),¢) =0,Yp e S".
WH
(u—u),L*¢) = 0,Y¢ € S™.

rie L* — conpskeHHsIi onepatop K L. ITycts L.S” mpoctpaHcTBO cocTosiee 13 hyHK-
LA
LSh = {L*¢ V¢ € S"}.

Ommbka v — u" oproronansHa mo6oii pyHkiyy u3 LS"
((u—u™), frs) =0,¥frs € LS".
CrnenoBarenbHO
(w—u"), f) = (u—u"), f = fr5),YfLs € LI".
3ameuanue 1. Cnpasedaugo HepageHCcmEo

((w—u"), f) < |lu—=u"|z, ;min, Lf = frsllL,-

Ha npumepe ¢yukuun f = sin(mz)sin(7wy), 3agaHHON Ha eAWHUYHOM KBajpa-
Te, pacCMOTPUM CBO¥cTBa mpoctpaHcTBa LS”. BeibepeM frg Kak anmpoKCHMAIAIO
GbyHKIMK [ MeTO[O0M HaMMEHBINMX KBaZipaToB. B Tab. 1. mpHBeieHbI OL[eHKH HOPM
||f — fLs||z, MpY pa3nMMUHbIX 11arax paBHOMEPHOMN CEeTKH.

Pe3y/ibTaThl YUMCI€HHOTO SKCITIePUMEHTA, IT0Ka3aJiH, UTO MOPSZ0K CXOAUMOCTHU He HH-
xe 3.5

I = frslle, < KR*®.
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ITocTo6paboTka
ITycthb s HekoTopbIi omHoM [[1] s = )" a1y (z — xp) TaKoii, uto
hy2 2 .
|ls = u*||7, ) + allLs = fl[1,q) — min, )

re 1); — JMHeNHHO He3aBUCHUMbIe PyHKIMH, ) — suelika ceTkH, o > () — mapamerp.
3asiaua (F) cBOAMTCS K perleHNI0 CHCTeMBI IMHEHHBIX are6panyecKiux ypaBHeHHH

Ba = d, B = (bij), d= (dz)
rae bij = (i, ;) + (L, L) nd; = (uh, Vi) + oL, f). Takum 06pa3om, perins
CHCTeMY JIMHeMHBIX alrebpanyeCcKux ypaBHEeHHH TIOCTPOUM (QYHKIIUIO S.
PaccMOTpUM OLIeHKY OLIMOKM 1MocTo6paboTku u — s. IIpeacTaBum s B BHE CyM-

MBI S = w; + v, TAe w; anMpOKCUMAaL[|s TOYHOTO pellleHus] NCXOAHOM 3a7iauul MeTOZIoM
OTMCAHHBIM BBIILIE

[ = w13, ) + all L — FI12, () — min. ®)
Torza (B) mepenvercs B Buze
|u" = = ol[7 0 + al[Lw + Lo — [, o) — min,
"
Ju —u — U||%2(Q’) + 04||LUH%2(Q/) + |Ju — Ul||%2(9/) + af| Ly — f||%2((2’) — min.

CrnenmoBare/bHO
h .
| —w =[],y + @l[Lv][7, oy — min.

IIpencraBum v = vy + va, TAE
Lv; =0.

ITonaras v9 = 0 mojiyuaem OLIeHKY
h 2 2 h 2
[u" —u—v1 = vall7, ) + allLvall7, o < [Ju" —u—vi]|7, -

3ameTHMm, uTo v — 00 BiIeveT ||vz|| — 0.
[IpencraBuMm v1 B BUZE v1 = ag + a1 + a2y + a3Ty Kak pelleHue 3ajauu

h 2 :
|[u* —u—v1][7, gy — min.
Ouennm, HarpuMmep, ag. Kak He C/10)KHO BUZETh

aop ~ (uP —u,1)/ mes (') < |[u — u||_, mes ()72
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Tak B oHOMepHOM ciyyae ag ~ O(h*3). C apyroii cTopoHb!

h

(u" —u,1) < [Ju" = ul| L, |1 = Lsi| Lo,

YTO yKa3bIBaeT Ha CBOMCTBO CyIepCXOAMMOCTH MOCTOOPabOTKH.
PaccMOTpUM MOZIeTBHYTO 3aiauy

—u” =122% — 62,2 € (0,1),

TouHoe perieHne

u=(1—xz)z3

B nipocreiiiiiem ciiyuae GyzieM MCKaTh pellieHre B BUie

2
uf = u®i(x,y).
=1

Bexktop pemenusi u; = —0.2, ug = —0.8
B 3TOM ciydae BBITIO/THSIFOTCSI paBeHCTBa

(u—u"1)=0, (u—u2)=0

1 I0CTOOpaboTKa S paBHa TOUHOMY PEILIEeHUIO .

YucneHHbie puMepbI

PaccMOTpUM KpaeByro 3a/jady /i OGBIKHOBEHHOTO Au(depeHIuasbLHOr0 ypaBHeHH s
BTOPOTO MOPs/Ka
—u”" 4+ u = (72 + 1) sin(rz

,x € (0,1),
u(0) =0,u(l) =0.

Tounoe pereHve
u = sin(7x).

st mocTo6paboTKH B OJJHOMEPHOM CJIy4ae KCI0/Ib30BaIUCh MTOJIMHOMBI 5-i CTe-
neny, o = 1. B Tabmine | npescrapneno cpaBHeHMe omMG0K UMCIEHHBIX pelTeHHit
MKD3, ommbok moctobpaboTKu U ycpeJHEHHOH OMMOKY B siuelike ceTKU. Ync/ieHHbIe
9KCIIePUMEHTHI 110Ka3aJii, YTO YBeJMUeHHe CTeTleHH MOJIMHOMa [0 6-1 TIPAKTHUeCKU He
TIOBBIIIIA/I0 TOUHOCTD ITOCTOOPabOTKHY.

Ha puc. [l a) mpeacrapneno TunmmuuHOe ToBezjeHNe OMIMOKH UHC/IEHHOTO PellieHHs B
sueiike ceTkw, pasmep Mo BepTuKam ~ ||u — u"||r,, b) nopesenue ommMbKM nocTobpa-
BOTKH, pa3mep 110 BepTHKam ~ ||[u — s||z,.
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he [ lu—u"lp, | [lu—sllL, | fou—u"de
12| 335E-03 | 1.51E-04 | 1.058E-04
1/4 | 2.19E-04 | 4.95E-06 | 4.872E-06
1/6 | 4.47E-05 | 6.71E-07 | 8.047E-07
1/8 | 1.43E-05 | 1.62E-07 | 2.242E-07

Tabnuiia 2: Cpasrenue ommbok MK3, TocTo6pabOTKH 1 yCpeHeHHOH OMMOKH.

Puc. 1: u — u" B sueiike, u — S B sueiike

PaccmorpuM KpaeByro 3azauy

—AU:f, (:va) eﬂv

u=0,(x,y) € .

roe 2 = [—1,1] x [—1,1] u 02 — rpanuua .
[Tonoxxum
f(z,y) = 0.572 cos(0.57x) cos(0.57y),

TOI7ja TOUHOE pellleHye
u(z,y) = cos(0.5mx) cos(0.57y).

B 1ByMepHOM cilyuyae mocToOpaboTKa OKa3asiach BeCbMa UyBCTBUTEIBHON K BUAY
MOTMHOMOB. TaK UCI0/b30BaHKE TTOJTHOTO TIOIMHOMA 5-U CTeTleHH YMEeHbIIANo OMmo-
Ky B HOpMe Lo B 2—3 pasa. [1yis1 y/yuIeHusi CBOMCTB NTOCTOOpabOTKYM MCII0/b30BaIUCh
OPMUTOBbI MOIMHOMBI GUITATOM CTereHy. Pe3y/bTaThl IpHBe/eHb! B Tabmuie .

Ha puc. (f,a) npuesena omm6ka MKD B stueiike cetk, Ha puc. (B,b) npescrasieHo
1oBeJieHHe OLIMOKH IT0CTOOpaboTKM perieHus. EauHuIia mKkael 1o z puc. (b) B 10 pa3
MeHBIIIe ITKaIbl puc. (a). Kak BugHO 13 pucyHka (b) ormmmbka nocrobpaboTku mpezicTas-
JISIeT MPAKTUYeCKU OUIHHEHHYI0 (BYHKITUIO.
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h Hu_uhHLQ Hu_SHLZ
0.5 0.00436993 | 0.00045358
0.25 | 0.00027572 | 0.00002087
0.125 | 0.00001746 | 0.00000103

Tabnwuriia 3: Cpasrenne omm6ok MK3 1 mocto6paboTku

3ak/roueHue

(b)

Puc. 2: (a) Ioeegenvie ommbku MK3 1 (b) ommbka nocro6paGoTky B siueiike CeTKu

IMpogeMoHcTpUpoBaHa 3(hGheKTUBHOCTEL MOCTOOPabOTKHM /I/151 TIOBBIIIEHHS TOUHOCTH pe-
menuii MKD ¢ spmuToBbIM 0a3ucom. TTpecTaB/ieHHbIe alrTOPUTMbI TOCTOOPabOTKU MO-
I'yT ObITh MCIIO/Ib30BaAHBI [|jIsi allOCTePHUOPHBIX OLIEHOK IMOTPEITHOCTH PelleH|H KOHeu-
HBIX 3/1eMeHTOB. OHO U3 GyAyILMX HallpaB/IeHHi UCCIeI0BAHI ABIeTCS BbIOOD BHia

0000I1[eHHBIX TTOJTMHOMOB /151 TOCTOOPabOTKH.
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AHHoOTaNus

B pabote npuBoAsATCS pe3y/bTaThl UCCIeA0BAHUS YCTOWYUBOCTH PAa3HOCTHBIX CXeM Jijist
CMelllaHHbIX 3a/1au [jisi MHOTOMEPHOTO CKa/sIpHOTO 3aKOHA COXpaHeHHsl U KBa3WINHel-
HOTO TIapaboIMYecKoro ypaBHeHHs B TIPeATIONIOKEHHSIX TOMBKO Ha BXOAHBIE JaHHBIE.
[IpuBoaUTCS TOYHASI pa3HOCTHAsI CXeMa /1711 3a/jau PrMaHa /1711 KBa3UIMHeHOTo ypaB-
HeHwus riepeHoca obiijero Buja. [ToguépKrUBaeTCs, UTO TPH aHa/TH3e BOMPOCOB yCTONHUH-
BOCTU (HEYCTONUMBOCTH) Pa3HOCTHBIX CXEM UCIIO/Ib3YHOTCS CETOUHbIe aHaIOTH JIEMMBbI
Buxapu (0600611ieHre 1eMMbl [POHYO//Ia Ha HEJTMHEHHBIN CTydail) U TUCKPETHbIE aHa-
JIOTU TeopeM CpaBHeHUs. AHA/TM3MPYeTCsl B3aUMOCBS13b MOHOTOHHOCTH W YCTOMUMBOCTH
CXeMbI B HeJTMHEHHOM ciyudae. ViccienyeTcs posib 3aKOHOB COXPAHEHMs B MPob/ieMe BO3-
HUKHOBEHHSI HEYCTOMUMBBIX DelleHHi /sl KBa3WIMHEMHBIX MapaboMueckKux ypaBHe-
HUI ¥ UX anmnpoKcuManuii. [TokassiBaeTcss He0OX0[UMOCTD YCPeIHEeHUST UCTOUHHKOBOTO
yJjieHa 1o HeJIMHeHOCTH, COTJIaCOBaHHOM C BU/IOM HeTMHeHOro ko3dduiieHTa Terao-
TIPOBOAHOCTH. 3aTparyMBaroTCsi BOTIPOCH] BO3HUKHOBEHUSI (HEBO3HUKHOBEHUSI) YIapPHBIX
BOJIH TO/BKO B TNIPEATIO/NIOKEHNAX Ha CBOKMCTBA MHBAPUAHTOB PrMaHa B Haua/bHBIN MO-
MeHT BpeMeHH. Ha mipumMepe 3agaun Komu a5t HemmHeliHoro O/Y roka3sbIBaeTcsi, UTo
TOYHOe pellleHNe (KOTOPOe MbI He 3HaeM) JIEKUT MeXXJy pellleHHeM sIBHOM U YMCTO HesIB-
HOM pa3HOCTHBIX CXEM.

KiioueBbie cj10Ba: Pa3HOCTHadA CXeMa, YCTOFIHHBOCTL, MOHOTOHHOCTBL, TeopeMa
CpaBHEHM, JIeMMa BI/IXElpI/I.

BiarogapHocTH: paboTa BhINOHEHA TPH ToAep>kke benopycckoro donaa dyHzaa-
MeHTanbHBIX uccienoBanuit (Ne @12P-177 ot 15 anpesnst 2012 1).

Begenue

[NoHsATHE yCTONUMBOCTU (HerpephIBHOM 3aBUCHMOCTU DellleHUs] OT BXOJHBIX JaHHBIX)
SIB/ISIETCSI COCTABHOM YaCThIO KOPPEKTHOM MOCTaHOBKY MaTeMaTh4yeCcKou 3aauu o Azia-
Mapy. CriefjoBaTeIbHO, B OT/IMYKE OT JIMHEHHOTO Cyvast, HeoOX0UMO MpeJBapUTeIbHO
[I0Ka3blBaTh pa3pellrMOCThb 3a/iaud (Cyl{eCTBOBAHUE U eJMHCTBEHHOCTD pellieHus ). OTo
ecTecTBeHHOe TpeOOBaHe B PABHOM CTeleH! OTHOCHTCS KaK K HeTlpepbIBHOM, TaK U IUC-
KpeTHoU Momen# [[1].
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Bropoli acniekT cBsi3aH C TeM, UTO aHaau3 CBOWMCTB pelleHUH HeMHeHHbIX Anudde-
peHLIMaMbHbIX 33/la4 U UX arpOKCUMAaL1ii POBOJST, KaK MPaBUJIO, B IPe/TIOIMKEeHUSIX
cnaboit HeJTMHEMHOCTH, T.e., KOT/ja HaK/Ia[bIBAatOTCs OTIpe/ie/ieHHbIe CBOWCTBA Ha HeJTU-
HeliHble KO3 UIMEeHTDI, 3aBUCSIIME OT pellleHus, AJid Bcex u € R. 3T0, BO-TIEPBBIX,
WCKJTFOUaeT U3 paCCMOTPEeHHsI MHOTHEe WHTepeCHbIe TIPUKJ/IaIHbIe 33/lauk, a BO BTOPBIX,
3TOTO TIPOCTO HeJb3s [ie/laTh XOTs ObI IIOTOMY, UTO pellieHre He OTHOCUTCS K BXOZHBIM
JTAaHHBIM.

Kak cnencreue, faxke B KBa3WJIMHEHHOM C/lyyae Mbl TIPUXOJUM K HEOOXOAWMOCTH
oLleHHBaTb B HOpMe L, BCe CTapIlve MPOU3BOAHLIe, BXOZSIHE B ypaBHeHUe. TeM He
MeHee, eC/IM 3TO yZaeTcsi, TO Mbl Ha MareMaTHueckoM ypOBHe OOHapyKrBaeM Hajinure
pa3muHbIX (usnueckux 3ddexkToB (yaapHble BomHbI [2],[3], morpanuunbie ciou, m0-
KaJTu3alysl Teryia B pexkumax ¢ oboctpenueM [4],[5] v fp.) ToMbKO B 3aBUCUMOCTU OT
MOBeJieHUsI BXOJHBIX JJaHHBIX.

YpaBHeHue nepeHoca

HekoTopbie KOHCTPYKTUBHBEIE 0COOEHHOCTH UCC/IEIOBAHUS YCTOMUMBOCTUA PAa3HOCTHBIX
CXeM B HeJIMHeMHOM Cjydyae M3y4yrMM Ha TNpuMepe MoJe/bHON 3afauM [Jijisi ypaBHeHUst
repeHoca.

HauanbHo-Kkpaesast 3adaua

OueHb 4acTo MPH aHajIM3e CBOMCTB BHIUMC/IMTEIBHBEIX METO/IOB OrPaHUUMBAIOTCS Pac-
cMoTpenreM 3ajaun Koiy. Bo-TepBhix, Takye 3aauu IIOYTH He BCTPeYaroTCsl Ha rpak-
THKe, a BO-BTOPBIX, OHM Maji0 MPUIO/HBI /I HauabHO-KpaeBbIX 3ajad. B obmactu
Qr = {(z,t) : 0 < z < 1,0 < t < T} paccMOTpUM 3aziauy /i MPOCTeMILero
HEOJHOPO/IHOTO KBa3W/IMHEMHOr0 YPABHEHHsI C HEOAHOPOJHBIM [PAHUYHBIM YC/IOBUEM

(2]

S = ), ulw,0) = wo(e), ul0,) = ). M

['oBOpUTL O KOPPEKTHOCTU Pa3HOCTHOM CXeMbl HeT HMKAKOTO CMbIC/Ia, eC/id y Hac
HeT COOTBETCTBYIOILIETO aHa/IM3a KOPPeKTHOCTH rocTaHoBKH 3agaut ([I]). Koreuro, mpu
yciioBun 14 > () KpaeBble YC/IOBHUSI Ha JIEBOM T'paHUIle TIOCTaBIeHbl KOPPeKTHO. Takue
TIPE/ITIONIOKEHNST B HEIMHEWHBIX 33/ladaxX TUITUYHBI U T03TOMY Tol00HBIE paboThI He
TIPe/ICTaB/ISIOT TPAaKTUUYECKOTO WHTepeca. ETUHCTBEHHO MPaBUIBHBIMU OyAyT Tpe/o-
JIO)KEHUSI TOJIbKO Ha BXOZHbIE ZIAHHBIE 3a/Iaui, TIPY KOTOPBIX OyAyT BIMOIHEHBI HY)KHbIE
CBOIfCTBA Ha KO3((UIIeHTHI, 3aBUCsIMe oT perenns. B 3agaue (fll) BMecto u > 0, go-
CTaTOYHO TIOTPe0O0BaTh, UTOOBI

up(x) =20, 0<z<l, wup(0)=p0)>0, unit)>0, F[Ff(z,t)=0, (z,t)eQr.
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Bo3HUKHOGeHUe yOapHbIX 80/1H

Bropoii acriekT vccieoBaHUs CBOMCTB COOTBETCTBYIOIIUX Pa3HOCTHBIX CxeM (Harpu-
Mep, CXOMMOCTH) CBA3aH C HaJIMUMEM OTpeZie/IeHHbIX AuddepeHIManbHbIX CBOMCTB Y
pelLleHusT UCXOAHOMW 3asiau. OnsTh >ke OyZeT HerpaBWU/IbHBIM TPeJTIo/IoraTh COOTBET-
CTBYIOLIYIO TVIQIKOCTh TOYHOTO PEINeHMs, TaK KaK B paMKax (PUKCUPOBAHHOW Mojieu
TOJTLKO CBOMCTBA BXOAHBIX JAHHBIX TapaHTHUPYIOT MPUHA/IEKHOCTb UICKOMOT'O PeLIeHHUsI
COOTBETCTBYIOIIEMY Kaccy (pyHKIHIM.

Kak rosryumnTs 3a/1auy /151 U3y4eHusi TIOsIB/IeHrsT yAapHbBIX BOIH? [IJ1s1 3TOT0 aHaIu-
3WPYIOT 3aJauy /Jisi IPOM3BOJHOM M eC/IM OHa 3a KOHEUHbIY MOMEHT BPEMEHH CTPEMUTCS
K 6eckoHeuHocTu (blow-up), To roBopsiT 06 06pa30BaHNM pa3pBIBHOTO pereHus. Jud-
depentupys ypasrenus (fl) o « 1 3anMcbIBas OCHOBHOE ypaBHeHUs BJIO/b XapaKTepH-
CTUYECKOTO HampaB/ieHus ‘fl—f = u, Toy4aeM 3ajauy Kol /i1 ypaBHeHUs1 PUKKaTH:

dv . _ af(ﬂi(t),t) —
E = —U2 + F(t), F(t) = T, U(O) = o, (2)
vy = { u(t) = (f(0,%) - pO/u), =(t)=0, 0<t<T
ug(2(0)), 0<z(0)<l, t=0.

Cnenys pabotam [2],[6], HeTpyaHO MoKa3aTh, UTO yapHbIe BOTHBI OTCYTCTBYIOT, €C-
JI TOJTBKO BXOZIHbIE TAaHHBIE YIOBIETBOPSIIOT YCIOBUSM:

’ ’ a a
ugug — f(2,0) >0, p(t) <0, a{<0<a£>0>. 3)

IIpumep 1. ITycts ug) > ( (ypapHas BosiHa B cyyvae 3azauu Kol 11 0fHOPOZHOTO
ypaBHeHUsI He obpasyeTcsi) U
f(z,t) = —a’z + fi(t), a=const #0.

Yenosue (B) g—f; > 0 He BITOHEHO. 3asada Ko (B) pemaercs Touno u

1 v
v(t) = atg (—at + arctg @> .t = BN arctg M7
a 2la| ~ |al |al

T.e. y/lapHasi Bo/IHa 00pa3yeTcsi B MOMEHT BpeMeHH ¢ = 1.

3auem HYJ}CHO u3yuamb noegeoeHue np0u3806Hle 6 K8a3U/AUHelHbIX YpbageHeHusX ?

IMTocne moka3aTenbCTBa Pa3pelIMMOCTH 3afiaud, HeoOXOAUMO TMOKa3aTh, UTO pelleHHe
HeTpepLIBHO 3aBUCUT OT BXOJHBIX JaHHbBIX 3a/1aun(yCTONUMBO). PaKTHUUeCKH, AJis1 ITOr0
HaM HeoOXO/IMMO TIO/TyYHTh aliPUOPHYIO OIeHKY:

@ —ullqy < kll¢ —¢ll2), k= const >0, 4)
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rae || - |1y, || - l|(2) - HeKkoTopbie HOpMBI (06BIYHO COGO/IEBCKOTO TUMA), ¥, § - BXOHbIE
JaHHbIe 3a7auM (1) ¥ COOTBETCTBYIOLIEH BO3MYILEHHOH 1Tpo0/ieMbl. ITprueM B HeJTUHEH-
HOM C/Ty4ae W3 alpruOPHBIX OIIeHOK pellieHnel u, ¢ He C/ieflyeT cama YCTOMUHUBOCTD pe-
mreHust. OObIUHO A71st 3TOr0 TPeOyeTcst HaK/IabIBaTh OoJiee KeCTKHE YCIOBUSI Ha BXO/-
Hble JaHHbIe. [I71s okasaTenscTBa onjeHKH (H) (M foKasaTensCTBa yCTOMUMBOCTH pe-
IIeHUsT) He0OXOAMMO TIONTYYUTh CHavasa 3a/jauy [Jisi BO3MyILeHus du = U — u. Boiuutas
13 BO3MYII|eHHBIX ypaBHeHUi Heo3mymjenHsle ({Il), Haxoaum

oup + uduy + dutly =0 f, 5)

du(x,0) = g —up, du(0,t) = a(t) — p(t).

CrnesoBaTe/bHO, uTo6bI ypaBHeHue (H) nMerto cMeic, HeobxoAuMo moTpeGoBaTh Herpe-
DBIBHOCTB [EPBO¥ MPOM3BOAHOM, T.e. u(x, t) € C}. OTMeTHM, UTO B CHJTy HETMHEHHOCTH
3azaun, ypasrenus ({ll) u () cymecrenso oTmyaroTcs Apyr ot apyra.

Bo3nukatomue npo6sieMbl B pa3HOCTHBIX cxeMax ellle 6osiee CJIOKHBIE. 34eCh MO-
T'YT TIOSIB/IITHCS Pa3/IMUHbIe HEPETYISIPHOCTH PellleHs, 00yCIOB/IeHHbIe He TPUPO/ION
HerpepLIBHOW Mojenu. HampuMep, KCIo/ib30BaHNe UKCTO HESIBHBIX CXeM JlaXke B CIy-
yae ypaBHEHUN C MOCTOSSHHBIMHU K03(hhHUIleHTaM1 TakXe OTacHO, KaK M HCII0/Ib30Ba-
HUe SIBHBIX aJrTOPUTMOB. EC/Ti moc/ieiHe yCTOMUMBEI ITPU M3BECTHBIX COOTHOLIEHUSIX
KypaHra, To mepBblie He BCer/a sB/IsAOTCs abCOMOTHO YCTOHUMBEI.

ITpumep 2. Paccmotpum 3azauy Ko i npocrelitero O Y:

du
o a= const >0, u(0) =ug, u(t)=wupe™.

W cronb30BaHye YMCTO HessBHOM Pa3HOCTHOM CXeMbl

Yn
= QYnt1, Yo =10, Yn=Y(tn), Ynt1 = 1-71a’

Yn+1 — Yn
T

¢ 7 = 1/« IpUBOJMT K HEYCTOWYMBOCTH a/iIrOPUTa B CMBIC/IE Pa3pyLIeHUs PeLleHus 3a
OJJUH BPEMEHHOM I1Iar.

B paborax [2],[7] uccnenoBanach yCTOHUMBOCTE OOBIUHBIX KOHCEPBATUBHBIX SIBHBIX
Pa3HOCTHBIX PA3HOCTHBIX [I7IsI KBAa3W/IMHEMHOTO ypaBHEeHUs TepeHoca Kak B OJJHOMEp-
HOM, TaK 1 MHOT'OMEPHOM C/TyYasiX, BK/Ilouast ypaBHeHuUst Oosiee o011[ero Bujja

(3u (9F(u) ’ ”
— 4+ —=0, F >0, F 0 6
C IMOMOILIbIO HHTerpaanoﬁ JIeMMbI BI/IXEIPI/I, KOTOpas SABJIAETCA 0606LL[8HI/IGM JIeMMBbI

I'ponyona-benyimMaHa Ha HelTMHeNHBIN CTyyail, ¥ eé CeTOUHBIX aHAI0TOB.
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O MoHOMOHHOCMU p(13HOCMHOﬁ CcXembl

Cy11leCTBYIOT pa3/IMUHbIE OTPe/IeNIeHNs], KOTOPble WHOT/IA COBEPIIEHHO He TPUIO/IHbI
[J1s1 ICCJIe;OBaHUSI MOHOTOHHOCTH aJITOPUTMA B HeJTMHEMHOM ciyuae. OpueHTHpYsCh Ha
orpeiesieHue, JaHHOE B U3BeCTHOM MoHorpadwu [8], Mbl TOBOPHUM, UTO eC/1 U3 YCII0BUH
®— ¢ =0(@ — ¢ < 0) BoiTeKaeT, uto §y — y = 0(y — y < 0), To cxema Ha3bIBAETCS
MOHOTOHHOU. OTCIO/]a C/IeAYIOT BCe U3BECTHBIE OTPe/Ie/IeHNsI, BKTIOUasi U OTIpe/e/IeHUst
CBsi3aHHBIE C BBIMIOJIHEHWEM TMPUHLWIA MaKCHMyMa WU TI0JI0KUTeTbHOCTEI0 K03¢hhu-
I[UEHTOB B JIMHEMHOM ciTydae. MaJo Toro, 3ajiaua i U3y4eHus1 yCTOWYMBOCTH U MOHO-
TOHHOCTH CXeMbI B HeJIMHeHHOM C/Tyuae ofjHa ¥ Ta >ke. Harbosiee rryb0Ko B3aMMOOTHO-
IIeHUSI MOHOTOHHOCTH 1 YCTOMUMBOCTH CXEMBI [IjisI MHOTOMEPHOTO YpaBHeHHSs IepeHoca
u3yueHsl B pabore [[7]. B uacTHOCTH, TaM MOKa3bIBAETCS, UTO Ha ylapHOU BOJIHE pellie-
HUe (CEeTOYHOe) CYIIeCTBYeT, eAUHCTBEHHO, MOHOTOHHO, HO He SIBJISIETCS YCTOMUMBBIM.
@DaKTUUECKH, YCJIOBHE MOHOTOHHOCTH CXEMbI S9KBUBAJIEHTHO YC/IOBHIO JIOKAJIbHOU pas3-
PELIMMOCTH BBIUUC/TUTEILHOTO a/ITOPUTMA.

SAensemcs nu ycnoeue Kypanma Heo6X00UMbIM yc/108ueM ycmouivyueocmu si8Holi
PA3HOCMHOU cXeMbl?

He Bcerga. ITo KpaiiHeli Mepe, UCK/TFOUEHHE COCTABJISIOT TOYHbIE PA3HOCTHBIE CXEMBI.
Ipumep 3. Tounas cxeMa a151 ipo6embl Pumana () ¢

ul, 0<a <€,

.0 = uofo) = {

u't, £ <x <,

uL>uR>O,

u(0,t) =ub, 0<t<T,

HMeeT B 0ObIUHOM SIBHOM KOHCEPBAaTUBHOH CXeMbI ITPOTHB MOTOKa [2]

U S =0, tew; xE€w.

C TOYHOM arrpoKcUMaliveil CKopoCTH pacrpoCTpaHeHu st TIOBePXHOCTH pa3phbiBa (1 COOT-
HoleHud PaHKMHA-['10roHn0)
Fu® —F@W®) dez h
D = R 7 = 5, =
uft —u dt T

T.e. ipu ycioBuu 7D /h = 1 cxeMma sIBlSieTCsl TOUHOM, HO TIpU 3TOM yc/ioBue KypaHTa
He BbInosHsIeTcs. Cxema OyzieT ycToliurBa Ha yjapHOH BOJTHE B CMBIC/Ie K/TaCCHUUECKOTO
onpefiesieHus], KOrJa BO3MYILeHUs] BXOAHBIX JaHHBIX YAOBAETBOPSIIOT YCIOBUSIM

h -

T af — ol
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O po/1 3aKOHOB COXpaHeHHUs B 3ajlaue BO3SHUKHOBEHUs HeYCTONUMBBIX PellleHui
AJIA KBa3WIMHEHHBIX MapadoInuecKuX ypaBHeHHI M UX anfpoKCUMAaLUH

HekoTopble acnieKThI 3TOTO Bompoca obcyxaarorcesi B pabore [6]. PaccmoTpum criesyro-
IIyI0 Haua/bHO-KpaeBylo 3aJauy /iy KBa3WJIMHEHHOTO TTapabo/Iueckoro ypaBHeHHUsI C
He/TMHeHBIM UCTOYHHUKOM

/

0 02
== 2 e+ W), ¢ >0, @)
a=1 &

u(z,t) =0, (x,t)edQx (0,T], wu(x,0)=ug(x), xe. (8)

Tnst perenns 3azaun (7)-(8) uMeet MecTo MHTerpabHBIN 3aKOH COXpaHEHNUsI

A, @

E(t) = E(0), E(t)z/t ¥ (u), (?:)2 dt + i
/ o

Flue (w) = F'(w)

NP 3TOM HauasbHas 3Heprus F(0) = FE(up) mpocTelinuM 006pa3oM OrpefensieTcs
yepe3 HauabHYIO ¢yHKIU0. B pabore [(] Ha mpuMepe CTeNeHHBIX HeIMHEHHOCTEH
© (1) = xolul?, f(u) = xrululP~',p > 1, x1(p — 0 — 1) > 0, 0 > 0, moKa3biBaeTcs,
YTO eC/IU HadasibHas 3Heprusi orputiatesibHa E(0)<0, To B 3a/laue BO3HUKAET PEXUM C
oboCTpeHreM WM pellieHHe HeOTPaHUUEHHO BO3PACTaeT 3a KOHEUHBI MOMEHT BpeMe-
Hu. [Ipu 3TOM Ha OCHOBe cnydeHuecKoll TEXHUKWA MeTO/ja SHepreTHUeCKIUX HepaBeHCTB U
HepaBeHCTBa VleHceHa f/1a BBIMYK/bIX GyHKIMA a5t v(t) = ||ul| Lo(Q2) 1€TKO TIOy4UTh
K quddepeHIaIbHOe HepaBeHCTBO

d
dit) > c1vP, v(0) = vp.

OTCIOAEI, Ha OCHOB€ TeOpeMbl CpDaBHEHUSA I‘IaHJILIFI/IHa, Haxoaum

ol (0
(1= c1(p — D)l[uol [, oy ) /@D

()| = [u®)l]Ly ) =

p+1
(p—l)QIIUOHZzQ) '
AHanornuHbie pe3y/bTaThl MMOTyUeHbl U TSI Pa3HOCTHBIX CXeM, arlpPOKCUMUPYIO-
mux auddepenrmansayto 3azaay (), ().
[Tomo6HOro poja MCCaeN0BaHUs IIPOBOAMIM MHOIHe aBTophl. O630p paboT MOXXHO
Haiitu, Harpumep, B [4],[5],[9]. Mbl XoTenu JUIIb YKa3aTb Ha HeCTaHJapTHLIE amlmpoK-
CHUMAaLUY HeJTMHeMHBIX KO3(QQUIIMEHTOB TaKUM 00pa3oM, uToObl C OJHOM CTOPOHBI HE

riec; = (p—1)/(p + 1), a MomeHT pa3spyiuenus 17 <
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BO3HUKa/IM He(hHU3UUeCKHre CeTOUHbIE PeXXUMBI C 000CTPeHUEM, a C APYTOi CTOPOHBI, BbI-
TIO/THSTACH CEeTOUHbIe aHA/IOT! MHTerpabHOro 3akoHa coxpanenus (). Cootsercryro-
Ifasi pa3HOCTHAs CXeMa /I0JDKHA UMeThb CJIeAYIOIIUNA BU/I:

»(9)
N s, L 4
yt;wmmw@wwémm (10)
oy

T.e. KOI/ja anrpoKCHUMallYs 110 HeJIMHEeMHOCTH UCTOUHUKOBOT'O YleHa COIvIacoBaHa C BU-
[IOM HeJIMHelHOro Ko3¢dHLIeHTa TerIoNpPOBOAHOCTH.

0] TeopeMaX CPABHEHHUA W/IH KdK MO)XHO HAXOJUTD I0/I0)K€EHHUE TOUYHOI'0 pellIeHus

I[1py KMCCIe0BaHUK CMEIIaHHBIX 3ajiau /I HeJIMHEMHBIX YpaBHEHWH B YaCTHBIX TIPO-
M3BOJHBIX YaCTO HCIIO/B3YIOT METOJl MHTErPaJbHBIX COOTHOLIEHHI THITa WHTErpajioB
SHEPruy C MOC/IeAYIOIMM TpuMeHeHreM TexHuku O/]Y, 0CHOBaHHOM Ha aHa/lIu3e Tak
Ha3bIBa€MbIX BEPXHUX U HIDKHMX peltteHui [[10].

TycTh cymecTByeT Knaccuueckoe pemienue u(t) € C1(0,T] n C[0, T) 3anaun

d
Mo ftw), 0<t<T, u(0)=uo,
dt
U eé HibkHee «(t) 1 BepxHee (3(t) pelleHus], YOBIETBOPSIOLIYE HEPABEHCTBaM
da
E < f(t,Oé(t)), 0<t< Tv O((O) = Uo, (11)
dp

Torga o < u(t) < [(t) oist Beex ¢, MPUHAZIEKALIMX UX 00IIIEMY HHTEPBay CyIile-
cTBoBaHusl. BBesiém 06acTh 3Hauenuii TouHoro pemenust Dy, = {u(t) : up < u(t) <
u2,0 < t < T'} u eé e-okpectHoCTb, D, (u) = {@ : |t — u| < £}, KOTOpast MOXeT ObITh
U JOCTAaTOUHO MaJIoH.

B fanbHeiilleM orpaHUYMBaeMcsi CydaeM, korga GyHkuusi f(t,v) yioBIeTBOpS-
er HepaBeHCTBaM f3(t)g2(v) < [f(t,v) < fi(t)gi(v), tae fi(t), gr(v),k = 1,2
- HerpepbIBHbIE, MOJIOKUTE/IbHBIE ¥ MOHOTOHHO BO3pacTaroLide (GYHKIMU TIPH BCEX
t € [0,T],v € D¢(u). Petierue u(t) B 3TOM C/yuae sIBASIETCS HWKHUM W BEDXHKM pe-
LIeHHeM CJIeYIOLIUX JrddepeHIHabHbIX 3a1au

B ), 2=

Ha orpeske [0,7'] paccmMaTpyBaeTcsi MPOU3BOJIbHAS HEPABHOMEpHas CeTKa W, =

wr U{0},wr = {tpt1 = tn + T, 7w > 0,n = 0,1,...,Ng — 1,t9 = 0,tn, = T},
Ha KoTopoii uddepenipansable 3agaun ([L1)-(13) anmpokcumupyem pa3HoCTHEIMMI:

fQ(t)gz(’Uz), Uk(O) = Uup, k= 1, 2. (13)
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UIZH — Vg 1 0
- = Yk (tn+1)qk( n+ ), UV = Ug, k= 1,2.
Tn
anJrl —a®
" < filt)ar(a}),  of =0, (14)
n
Bn—i—l ﬁn
r fQ(tn+1)g2(B?+1), 62 = uo, (15)
n
rje mab/oHHbIe (YHKIMOHAIbI
tn+1 'UZH—I -1
1 dv
t ’ Un+1 — /
o(tny1) / fr(t) gr( k ) = ’UZ—H ’U,? / 9 (0)
Yk

BbIOMPAIOTCSL U3 YCJIOBUSI TOUHOM Pa3sHOCTHOM CxeMbl, a o, 37 - HIDKHee U BepxHee
NpUO/TVKeHHbIe 3HAUEHWsT COOTBETCTBYIONIUX 33724y Ko s auddepeHruanbHabIX
nepaseHcTs ([L1)-(12). OTMeTnM, uTO COOTBETCTBYIOIMIA IMCKPETHBINA aHA/IOT HIDKHEH
OLIEHKW (v < ¥1 MOXeT OBbITh TIOMyueH TIPH UCIOJh30BaHUHM SIBHOW armpOKCUMAI|H, a
BepxHel v < [ - IPU UCII0/Tb30BAaHUN HESIBHOM.

Teopema. IlycTb CyllecTByeT Kjiaccuueckue pereHus 3agau Ko (@) U CeTou-
Hble QyHKUMH o, 7 € D.(u),n = 0,1,..., Ny, yIOBIeTBOPsIOLIe HepPaBeHCTBaM

([14),(19). Torza

m m m m
ol <ol', B =wvy, m=0,1,..., No.

CnepcrBue. [IycTb CyleCcTBYIOT eJUHCTBEHHbIE DellleHHsl SIBHOM W HesIBHOW pas-
HOCTHBIX CXeM BUZa

Yor = [1(tn)g1(ya)s  Yse = fo(tar)g2(u5™),  va = y§ = uo,

Ya,Ys € De(u) u Boimonusiercs nepasenctsa ([L4),(L5). Torpa ans Beex cooTBeTcTBYtO-
IUX t,, € W, UMEIOT MECTO HepaBeHCTBa
n n n n n n
<ya <U17 BT >y6 >U2, nZO,l,...,No. (16)

ITpumep 4. B ciiyuae cTernieHHbIX HenuHeiHocTel f(t,u) = t"uP,r > 0,p > 1B
topmyrnax ([L6)

Uug

(1 _ p=l,pl r+1)1/(”_1)'

vl = v = Uy = ulty) =

r+1 0 n

CnepnoBarenibHO, TOUHOE perieHre(KOTOpoe Mbl 0OBIYHO He 3HaeM) JIeXKUT MeXAY pe-
IIIeHUSIMU TBHOM U HeSIBHOM Pa3HOCTHBIX 3a/[au.
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JTaHHBI armapaT AUCKPETHBIX TEOPEM BJIOXKEHUs YCTIEITHO TTPUMEHSIETCS /IJIs aHa-
JIN3a YCTOMUMBOCTH(HEYCTONUMBOCTH) Pa3HOCTHBIX CXEM, alllIPOKCUMUPYIOIIHE C/I0XK-
HbIe KBa3WIMHEHHbIE 3a/1aUul MaTeMaTHueCKOW (hU3UKH, BK/IIOUAsi U PEXXHUMBI C 000CTpe-
"ueM [6],[10].

3ameuanue 1. B pabotax [[11],[[12],[113] uccnenosanack yCTORUYHMBOCTL PAa3HOCTHBIX
CXeM /711 YPaBHUI T'a30BOM JUHAMUKUA B MHBapuaHTax PumaHa. C TOUKM 3pEHUS BbI-
YKMC/TUTE/TLHBIX METOZIOB [I/IsI PACUéTa yIapHBIX BOJH B 3TUX PaboTax HUYEro HOBOTO He
copepxxurcs. Bomee Toro, crelyaaMcThl B 00/1aCTH MaTEMATHUECKOTO MO/Ie/TMPOBAaHUS
CKa)KyT, YTO HIUEro He Ha/lo u300peTath. ECTh COOTBETCTBYIOIIME TTaKeThl MPUKJIATHBIX
nporpamm. Kpome Toro, cxembl B MHBapUaHTaX PUMaHa HeJlb3sl IPUMEHSTh B 00/1aCTsIX
Pa3pbIBOB, TaK KaK OHU He SIB/IIOTCS KOHCEPBAaTUBHLIMM. Ho HU OfIMH MakeT MporpaMmm
He /1aéT OTBeT Ha BOTIPOC: KaK yIPaB/IsATh BXOAHBIMU JJAHHBIMH, UTOOBI yiapHbIe BOJTHBI
He TOSIB/IS/IMCh WM HAa000pOT. B yrHOMsIHYThIX Bbillle paboTax IOIy4eHbl YC/IOBUsI Ha
WHBapuaHThl PuMana mipu ¢ = 0, Kor/a, BO-TIePBBIX, 3a/jaua OyzeT KOPPeKTHO TMOCTaB-
JIEHHOM Y TIpY KaKWX YCJIOBUSX Ha BXO/HBIE JaHHBIE TTOSIB/ISTIOTCS yapHbIe BOJIHBI.
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AHHoOTaNUs

B kauectBe oaHoro u3 nozapaszenenniit UBMuMI' CO PAH co3pan LeHTp KO/IeKTUBHO-
ro nosib30BaHus «Cubupckuii cynepkommbioTepHbIi eHTp» (CCKL) ¢ mrkoBoi npous-
BOUTeIbHOCTRIO 115 TFlops. OcHOBHBIE 3aiaui IieHTpa: pa3paboTKa 1 KCII0/Ib30BaHUe
CyTIepKOMITBbIOTEPHBIX TEXHOJIOTHM /IS MaTeMaThUueCKOro MoJle/TMPOBaHUsT pa3/InUHbIX
3ajau, pemaembix B MHCTUTYTax CO PAH; obecnieuenre pabot uHctutytoB CO PAH u
yHUBepcuTeToB CUOMPH 10 MaTeMaTHueCKOMY MO/Ie/TUPOBAaHUIO B (hyHAaMeHTaTbHBIX U
NIPUK/IaJHbIX UCCIefoBaHusX; oOyuenre cretuanuctoB CO PAH u cTyneHTOB yHUBep-
CUTETOB MeTO/jaM Iapasijie/IbHbIX BEIUUCIEHUM Ha CyIIepKOMIIbIOTEpax, MeToaM MoJe-
JupoBanust 6onbiux 3aau. Kpome CCKIJ B HoBocrOUpCKe, CyTiepKOMITBIOTEPHBIE 1[€H-
Tpbl CO PAH co3nanbl B ipkyTcke, KpacHosipcke, Tomcke, OMcke. KoopavHaiysi paboT
10 pa3sBUTUIO CylepKoMIbloTepHbIX LieHTpoB CO PAH, ocyuectsisieTcss CoBeToM IO
cynepsbiurcieHysm rpu [Ipesuauyme CO PAH.

KiioueBnble c/1oBa: CynepKOMHbIOTepHLIﬁ LIEHTD, ITapa/i/ie/IbHbIe€ BBIYUC/IEHHS.

BaarogapuocTH: paboTa BbIINO/IHEHA MTPH MojAep>KKe rpaHTa PODU 13-07-00589,
MexaucuunaMHapHbIX UHTerpatuoHHbIX npoekTos CO PAH Ne 130, Ne39.

BBeaenue

B nacrosee Bpems B CCKL] nmeroTcs iBa KiiacTepa, KOTOpbIe UCIIOJIb3YIOTCS B peXKume
KOJIJIEKTUBHOTO 10/1b30BaHus UHCTUTYTaMu CO PAH. OauH U3 K/1acTepoB NTOCTPOEH Ha
OCHOBe BBIUMCUTENbHBIX y3710B ¢ Intel Xeon (apxurtekTypa MPP), nmukoBasi mpou3Bo-
murtenbHOoCcTh 30 TFlop/s, mporpammupoBanue ¢ ipuMeHenreM MPI u OpenMP, npyroit
¢ rubpugabiM pacivperveM Ha GPU NVIDIA Tesla M2090 (apxutekrypa GPGPU),
nuKoBasi mpousBoauTenbHOCTh 84 TFlop/s, mapasiensHOe MporpaMMUpOBaHUe TIpY T0-
Mot C/C++ CUDA u OpenCL. Oco6eHHOCThIO TPOrpaMMHUPOBaHUS 3a/ja4 Ha K/1acTe-
pe ¢ MPP-apxuTeKTypoii, OpHeHTUPOBAaHHOM Ha pelieHre OOMbIINX 3a7ad, Ipex/e Bce-
ro 3-D, sABnseTcs NpuMeHeHns napaviebHbIX s36Ik0B MPI n OpenMP, nocko/bKy 310
00yC/IOB/IEHO apXUTEKTYPOU KiacTepa, IOCTPOEHHOTO C MCIIOIb30BaHWEM MHOTOIPO-
I[eCCOPHBIX CepBePOB C 001eli maMsaThio (SMP). TTpy TakoM Mo/xo/ie BHYTPH KaXKA0TO
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BBIUMCJIMTE/IEHOTO MOZY/IsI HECKOJIBKO TTOTOKOB € roMolsio OpenMP. noajepkuBaroT-
Cs1 /IBe COBpEMeHHbIX NapaZUrMbl 1apasulesibHbIX BbruncieHnii — MPI asist cucrem c pac-
TipeZiesieHHON mamsThio (KnactepoB) 1 OpenMP a5 cucteM c o61eid mamsTeio. CxeMa
BBIUMC/IEHUH [Ipe/iycMaTprBaeT 3aIlyCK Ha KaK/ibli BEIUMC/IUTe/NbHBIN y3es KjacTepa o
opHoMy MPI-niporieccy, KOTOpPBIN 3ayCKaeT BHYTPH KaKZ,0r0 BBIYUCUTEBHOTO MOJY-
JIsl HECKOJTBKO TIOTOKOB € riomortibio OpenMP.

PaboTa BbITIO/IHEHA MPU TIOAiep>KKe rpaHTa POOU 13-07-00589, MexXAUCIUTIIN-
HapHbIX HTerpaloHHbIX poekToB CO PAH Ne 130, Ne39

Jlpyrast TeXHOIOT¥sl BBICOKOTIPOU3BOANUTE/IBHBIX BEIUMC/IEHUH CBSI3aHa C peaTn3aly-
el aropuTMa Ha THOPHUIHOM apXUTeKType: CyTepKOMITbIOTep COCTOUT 13 Habopa coesu-
HEHHBIX MeX]y co00 y3710B, /715 0OMeHa JaHHBIMU UCTTONb3yeTcss MPI; Kbl y3en
cocrout u3 1 CPU u 3 GPU; Ha kax0M y3ie 3anyckaercs 1 nporecc MPI, ynpasnsto-
WM BeIUMC/IeHUAMU (Tiporjecc BeimonHseTcss Ha CPU); u3 MPI nporiecca 3amyckaroTcst
HuTtH (threads) CUDA, kaxkzast U3 KOTOPbIX MpeJHa3HaueHa /i/is BLIMOTHEeHUs] Ha CBOEM
sape (CUDA core); asist ynpasnenus Tpemsi GPU u3 ogroro CPU ucrosnb3yercst TeXHO-
sorust Multi-GPU. LIKIT CCKL, CO PAH npefocrapisieT BEIUNC/TIUTENbHBIE U KOHCAI-
THUHTOBBIE yCIyTH 19 akajieMrudecKnM HHCTUTYTaM CUOMPCKOTO OTZe/ieHus U 3 yHUBEp-
cuteTtam, 6osiee 160 mosb30BaTese UCTIOL3YIOT PECYPCHI LIEHTPA [J1s1 PeIlieHsT CBOUX
3agau. PemmaeTcs 6osibloe KOJMUECTBO 3a[ad M3 pa3/iMuHBIX 00sacTeil 3HaHWH, B TOM
4ucsle, onpe/ie/leHHbIX IPUOPUTETHBIMU HallpaB/ieHUsIMU Pa3BUTHS HAYKU U TEXHUKH.

ApxurektypHble ocodenHoctu IIKIT CCKI]

B Hacroswmee Bpemst B CCKII umeroTcs gBa KnacTepa, KOTOpbIe UCIIONIB3YHOTCS B PEXXUME
KOJIJIEKTUBHOTO 10/1b30BaHus UHCTUTYTaMu CO PAH. OauH U3 K/1acTepoB NOCTPOEH Ha
OCHOBe BBIUMC/UTENbHBIX y3710B ¢ Intel Xeon (apxurtekTypa MPP), nmikoBast mpou3Bo-
mutensHOCTh 30 TFlop/s, mporpammupoBanue ¢ npumeHeHreM MPI u OpenMP, npyroii
¢ rubpuanabiM pacimupenrieM Ha GPU NVIDIA Tesla M2090 (apxutektypa GPGPU),
TMMKOBasi mpou3BouTeibHOCTL 84 TFlop/s, nmapasienbHOe ITpOrpaMMUPOBaHUE TIPU M0-
momu C/C++ CUDA u OpenCL. NMeetcst knactepHast daitnoBasi cucrema Ibrix, co-
nepxaijast 4 cepeepa u 32 T6aiita mamsaru. Kpome Toro, B cocraB CCKI] Bxoaur cep-
Bep ¢ obier namsaTeio HP ProLiant DL980 G7 ¢ ueTbipbMsi 10-s1/iepHBIMU MPOLIECCO-
pamu Intel E7-4870 c TakToBo#i uactoroii 2,4 I'T1i, onepaTvBHOMN MaMsaThio 512 T'Galit
u 8 SAS auckamu no 300 I'Gaiit. [TuKoBasi MPOU3BOAUTELHOCTb CEPBEpa B TeKyIleH
koH¢wurypauyu cocrasinsier 384 I'dstornic. B anpesie 2012 rofa cepBep BK/IIOYEH B Kila-
crep HKC-30T kak HecTaH/japTHBIN BbIUMC/IMTENBHBIN y3ea. Ha pucyHke 1 npuBesieHa
CcTpyKTypHas cxema rereporenHoro kinacrepa HKC 30T+GPU. B cocraB knacrepa BXo-
It 576 nipouieccopoB (2688 sinep) Intel Xeon E5450/E5540/X5670; 120 npoijeccopoB
GPU - Tesla M 2090 (61440 simep); SMP cepsep ¢ obiert namstbio hp DL980 G7 (8
nipoueccopos, 80 sgep) Intel E7-4870, oneparuBHas namste 1024 I'6aiit); knacTepHas
(hatinosas cucrema IBRIX (4 cepsepa, 32 T6atiita). Takum 00pa3oM, B COCTaB reTepo-
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Knacrep HKC-30T Paciumpenue knacrepaHa GPU
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MNnaHupyemee HapalMEIHWE

XX cepaepoB

Puc. 1: CTpykTypHasi cxeMa COeIMHEHUM OCHOBHBIX Y3/I0B KJlacTepa.

reHHOTO KJIacTepa BXOAAT BBIUMCIUTENbHBIE O/I0KH ¢ MPP-apXUTeKTypOl, ruOpyHON
apxuTeKTypoy c ucrosnb3oBaHreM KapT NVIDIA Tesla M2090 (40 y350B, Ha KaXKAbIi
y3en 3 KapThl) U SMP-apxuTekTypoii. Bce y3/bl K/1acTepa CBs3aHbI MeX1y co00i uepes
Infiniband QDR. Takas cTpyKTypa KjacTepa OTBeYaeT TpeOOBaHUSIM LEHTPOB KOJIIEK-
THUBHOTO T10JTb30BaHMUs1, TIOCKO/IbKY TIPUXOJUTCS PelllaTh caMble pa3HOOOpa3Hblie 3a/jaurt
W3 pa3/IMuHbIX 00/1acTel 3HaHUH U Ha/TMuKe HeCKOJIbKUX apXUTEKTYP B LIeHTpe JAaéT BO3-
MOXXHOCTB BEIOPATh ONMTUMAIbHYIO UCXOAS U3 CTieLUUKY peltieHns 3ajaun. Hanpumep,
JJIS TJI0XO0 pacriapasijie/IMBaeMsl 3a/jad 4acTo UCIIoNb3yrT SMP-apxurekTypy. [IpyuHnpy-
MUa/IbHO UMeeTC sl BOSMO)KHOCTb, TIPY TaKOM CcxeMe MOCTPOeHusI 1JeHTpa, 3a/leliCTBOBaTh
BCe PeCypChl TeTepOreHHOTOo KJIacTepa MpH pelieHny ofHOH 3azauu. TTompobHee o co-
CTaBe TeXHUYEeCKUX U MPOrPaMMHbIX CPeJICTB, MaKeTaxX NMPUKJIaJHbIX IPOrPaMM MOXXHO
nocMoTpeTh Ha caite CCKI http://www2.sscc.ru/. OcobeHHOCTbIO TpOrpaM-
MHpPOBaHUs 3aJjau Ha Kiactepe ¢ MPP-apxutektypoli, OpueHTHUPOBAaHHOM Ha pelleHue
OoJIBIIMX 3a/1au, TTpeXKe Bcero 3-D, sIB/sIeTCsl MPUMEHEHUs Mapasule/bHbIX s13bIkoB MPI
u OpenMP, IOCKO/IBKY 3TO 00YC/IOB/IEHO apXUTEKTYPOU KlacTepa, MOCTPOEHHOTO C UC-
T0/Tb30BaHHEM MHOTOIPOLIECCOPHBIX CepPBepOB C 001iel mamsTeio (SMP). TIpu TakoM
TOIX07le BHYTPH Ka)KAOTO BLIUMC/IATEEHOTO MOAY/IS (POPMUPYIOTCS HECKOIBKO TOTO-
kOB ¢ momotsio OpenMP. Takum o0pa3om, Mof1epKUBAtOTCS Be COBPEMEHHBIX Tia-
paZiurmel MapaienbHbIX BeluncaeHud — MPI aist cucteM ¢ pacripezesieHHOW NMaMsTbiO
(xknactepoB) u OpenMP f71s1 cricteM c o61ieli mamsiTbio. Cxema BBIUMCIEHUH TIpelyCcMar-
pUBaeT 3aITyCK Ha KaK/bIi BLIUMCIUTEIbHBIN y3es1 KacTepa o ogHomy MPI-mipotieccy,
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KOTOPBIH 3arycKaeT BHYTPU KaXK/I0TO BbIYMCIUTENBHOTO MOZYJ/ISI HeCKOIBKO MTOTOKOB C
rioMotipio OpenMP. [Ipyras TeXHOIO0TYsl BEICOKOITPOM3BOAUTETbHBIX BEIUNC/IEHUH CBSI-
3aHa C peajM3alidel mapaieNlbHOrO aqrOpUTMa Ha THOPU/HOM apXUTEKType C/Ieyro-
IIero BU/A: CyMepKOMIIBIOTED COCTOUT U3 Habopa coeilHEHHBIX MeXAy co00H y3/oB,
I obMeHa ZIaHHBIMM KCTonb3yeTcss MPI; kaxapii y3en coctout u3z 1 CPU u 3 GPU;
Ha Ka)X/I0M y3ie 3anyckaercs 1 npotiecc MPI, ynpasnstoliuii BbIuMC/IeHUSIMU (TIpoLiecc
BeimosHsieTcst HA CPU); u3 MPI nportiecca 3anyckatorcs HutH (threads) CUDA, kaxzaas
13 KOTOPBIX TIpe/iHa3HaueHa Jjis Bello/iHeHNs Ha cBoeM sifipe (CUDA core); Anst ynpas-
nerust TpeMsi GPU u3 ogHoro CPU wucrions3yercst TexHonorust Multi-GPU.

ITepcnekTuBbl pasButus IIKII CCKI],

HeobxoaumocTh HaparyBanusi MorHoctH ITKTT CCKII ob6yc/ioBieHa MOpaibHBIM CTa-
peHreM 000pyZOBaHUS M BO3PACTAIOIUMU MMOTPeOHOCTSIMH UHCTUTYTOB CHUOUDPCKOTO
OTJie/IeHHs B UCTI0/Ib30BaHUU COBPEMEHHBIX BBIUMC/IUTE/IbHBIX CPEJICTB JJ15 PeLleHus 3a-
[a4 B C/IeyIOIIMX UCCIeAyeMbIX 00/1acTsIX: MaTeMaTH4eCKOro MOZIeTMPOBAHUS CBOWCTB
HAHOMATepUaJ/IOB; PAa3BUTHSI HAHOTEXHOIOTUH B (DHU3UKe, XUMUM, OUOIOTHH, T€OIOTHH,
HaHO3/IeKTPOHUKE; CO3/jaHie TPEXMepHbIX Mofesnell 3eM/u; TpEXMepHBIX Mofesel aT-
Mochephl; CHHTe3a BelllecTB B (hapMaKoJIOTHH; MOJe/THpoBaHie Gpu3uku arMocdepsl 1
OKeaHa; aspoJMHAMUKU JIeTaTe/IbHBIX arilapaToB; JIa3ePHOM ONTUKU (TpEXMepHBIe CBfI-
3aHHbIe pe30HaTopkl) U Ap. B HacTosiree Bpemst ITKTT CCKII o6cnyskuBaet 19 HHCTUTY-
toB CO PAH u 3 yHuBepcuteta, +160 rosib30Baresieli pematoT pa3HooOpa3Hbie HayuHO-
TexHUUeckue 3a7aun. OHaKO, 10 BhIYUC/UTeNbHBIM MoltiHocTssM CCKL] (115 Tdoric)
HaxOJWUTCS HA OJHOM U3 MOCJeJHUX MeCT Cpeld OpraHu3al[yii 3aHUMalOIUXCsT BbICO-
KOIIPOM3BOAUTEIbHBIMUA BBIUMC/IeHUSAMU. JlocTaTouHo yrioMssHyTh: MI'Y, knacrep «Jlo-
MoHOCOoB» (1700 Tdmoric), MCL] (227 Tdnoric; 3anyieH kiaactep Ha Intel Xeon Phi
(523 Tdnorc), KOTOPBIM JO/KEH CAYKUTh IPOTOTUIIOM CyTIepKOMIIbIOTepa IPOU3BO/U-
tenbHOCTBIO 10 TI®Psoric (10000 Tdnorc), FOpI'Y 3anyien kinactep Ha Intel Xeon Phi
(236 Tdnorc). CCKL, coBmecTtHO ¢ kopriopauueir HP u OOO «Honoset - UT» pas-
paboTasia TIPOeKT reTeporeHHOTo K/lacTepa C UCIo/b30BaHueM yckopureseit Intel Phi.
[MTocnennee 00CTOATENBLCTBO OYEHb BaXKHO Ji/IsI IPOTPAMMKCTOB, TIOCKO/IBKY MCITOMb3Y-
eTcs elMHasi cucTeMa KoMaH[l, B oinuve oT umetolerocsi B CCKL knacrepa ¢ GPU
NVidia Tesla M2090. B nocniegHeMm f/1s1 IporpaMMHpPOBaHusi rpadruecKrux KapT Heo0xo-
VMO TIPUMEHSTE Crielianu3upoBaHHbii 361K CUDA, uTo siB/isieTcsi 60/BLIMM TIPertsiT-
CTBUEM /|11 ITUPOKOT0 MPUMEHEeHHUs THOPUIHOTO K/lacTepa mosib3oBatessiMu. Co3iaHue
KJlacTepa HOBOTO MTOKOJIEHHS TTO3BOJIUT CYILleCTBEHHO MOBBICHUTE 3()()eKTUBHOCTE pellie-
HUS MPO6/IEM TI0 BBIIIETIEPEUNC/IEHHBIM HarpaB/IeHUsIM, TPOeKTaM U rpaHTam. B ocHo-
Be Tpe/I/laraeMoro pellieHus JIEXXUT MoAy/IbHOe cepBepHoe 1taccu HP Proliant SL.6500,
3aHuMatolllee B cToiike 4U mMpocTpaHCTBa M BMeIIaloIIero YeThipe 2-X IOHUTOBBIX Cep-
Bepa monoBuHHOW mMprHBl HP Proliant SL250 Gen8. Kaxoe maccu obecrnieuriBaet
LIeHTPa/IM30BaHHOE 3JIEKTPOIUTaHKe U OXJIaXK/leHe YCTaHOBJIEHHBIX B HETO CEPBEPOB,
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[J1s1 3TOTO B LL1AaCCH YCTaHOB/EHO 4 BBICOKO3((eKTUBHBIX O/10Ka MUTaHUsI MOLHOCTBIO
1200 BT kakIplii ¥ 8 0TKAa30yCTOMUMBLIX BEHTWIATOPOB OX/IaXKeHHs. BBICOKYIO TTpO-
u3BOAUTELHOCTL cepBepoB HP SL.250Gen8 obecrieunBaroT JBa [ieHTPaTbLHBIX BOCHMU
siIePHBIX Mpolieccopa rnoceaHero mokoseHus Intel® Xeon® Processor E5-2670. (20M
Cache, 2.60 GHz, 8.00 GT/s Intel® QPI), 64 I"6atiTa oriepaTUBHOM MaMSATH U JIBa BHIUKC-
mutenbHbIX Moayas Intel Xeon Phi 5110P c 8 I'b nokanbHOM namaTty. [ yCTaHOBKA
OTIEPAI[MOHHOM CUCTEMBI MPeJyCMOTpeH kecTKui nuck SATA Ha 500 I'6aiit. Cormpo-
ieccopsl Intel Xeon Phi 5110P o6ecrieunBator 60/ee BBICOKYHO TTPOU3BOAUTENBHOCTD
TIPH TIOHVDKEHHOM 3HeprornorpebneHny. OHU JeMOHCTPUPYIOT TIPOU3BOJUTEIBHOCTD C
yABOEHHOW TOUHOCThIO Ha ypoBHe 1,011 ruracnornc (1,01 Tepadioric) u noagep>kyuBa-
10T 8 I'Baiit mamsat GDDR5 c nponyckHo# criocobHocThio 320 I'out/c. C rnokasareneM
TDP Ha ypoBHe 225 Bt comnporjeccops! Intel Xeon Phi 5110P ¢ naccvBHBIM oXnakze-
HHEM 00eCIeunBaroT SHepro3pPeKTUBHOCTb, KOTOPAasi ONTUMA/bHO MOAOUIET [/t Cpe[
C BBICOKOM TJIOTHOCTBIO Pa3MelleHHs] BEIUMCIUTELHOT0 000pyi0BaHusl, U MpeAHa3Ha-
yeHb! 11 pabourx 3a7,au C OrpaHUYeHUsIMH 110 CKOPOCTH BBIUMC/IEHUH, BK/IIOUast paspa-
00TKy 1M(pOBOro KOHTEHTA M UCCIeioBaHUs B 00acTy SHepreTuky. [IpumeHenue 102
TaKUX CepBepoB obecrieyar MPOW3BOJUTENbHOCTE BEIUMC/IEHUH C ABOMHOM TOUHOCTHIO
Ha ypoBHe Rpeak = 1011 GFlop * 204 = 206, 244 TFlops. [lis BEICOKOCKOPOCTHOT'O
oOMeHa JaHHBIMM MeX[y Y3/71aMH KacTepa B KaX/0M cepBepe umeetcs aganrep FDR
Infiniband (QSFP) moak/toueHHkIN K KoMMyTaTopy Voltaire IB, kKoTopbiii obecrieunBaet
VHTerpaLyio C NapasulefbHOM KacTepHOU cUCTeMOM XpaHeHus JaHHbIX. CrieflyeT oTMe-
TUTb, YTO UMEHHO 10 TaKOMY MPHHLIAIY TIOCTPOEH njep nociaegHero crnvcka Top500
kuTaickuil knacrep Tianhe-2. Co3fanue faHHOTO Kj1acTepa M ero IMKOBasi IPOU3BOAU-
TeJIbHOCTb IOJTHOCTBIO 3aBUCAT OT (hMHAaHCUPOBaHUs, BbiAensemoro IIpesuguymom CO
PAH.

ITogroroBka KaspoB

Bricokast kBammuuKamys COTPYAHHKOB, OOMbIIMe 3aZie/l U OMbIT COTPYAHUKOB WHCTH-
TyTa TI03BOJISIFOT HE TOMBKO 0bOecrieurBaTh HayuHyr0 cocTapsstonlyto pabor CCKII, Ho
YCIIeIIHO TOTOBUTH HOBLIE KaZpbl. HecMoTpsi Ha 6osbliryto BOcTpebOBaHHOCTH Ha PhIH-
Ke Tpy/a CIleLjiajuCcToB B Iapasse/bHOM IIPOrpaMMUPOBAHHM U UX TOCTOSIHHBIN OT-
TOK M3 UHCTUTYTA, CTOJIb JKe ITIOCTOSTHHO KaZlpOBbIil COCTaB BOCCTAHAB/IMBAETCS 3a CUeT
ycrelHoi paboTbl 6a3UpyrOLMXCs B MHCTUTYTe Kadezpax: MaTeMaTiueCKUX MeTO/[0B
reodusvku HI'Y; BerumciutensHoit matematriku HI'Y; [apasuienbHBIX BBIUMC/IEHUN
HI'Y; BoruncnurensHeix cicteM HI'Y; [NapanienbHbIX BHIYMCAUTENBHBIX TeXHOIOTHI
HI'TY. Hauunas c 2002 roga OTAesioM BEICOKONIPOM3BOAUTETbHBIX BIYMC/IEHUN UHCTH-
TyTa pery/ispHO MPOBOASATCS BeCeHHWEe M OCeHHMe IIKOJbI A5 Tosb3oBaTeneii CCKL]
Y CTY/IeHTOB TI0 Iapajule/lbHbIM aaropurMam u nporpamMmam. IIpu uHcTUTyTE CO37aH
Yuebueiii Hayunsiii Lentp (YHLL) Ha 12 KoMIbIOTEpU3UPOBAaHHBIX Pabounx MecT, KO-
TOPBIH 10 ONITOBOIOKOHHOM iiHny cBst3aH ¢ CCKL. B 3ToM 11eHTpe TTPOBOATCS 3aHATHS
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CO CTyZleHTaMH, a Takke Ha ero 06ase MPOBOASATCS JIeTHYE W 3UMHUE IIKOJIBI 0 Mapas-
JieJIbHOMY IIPOrpaMMUpPOBaHUIO, 1IK0/IbI Intel o BbICOKONPOU3BOAUTEIBHBIM BbIUHC/IH-
TeJIbHBIM TexHoorusiM. B 2012 rony Ha 6aze IBMuMI npoBefieHa MeX[yHapogHast
KoH(epeHLus «IlapasuienbHble U BEIYUCTUATE/TBHBIE TexHOomoruu 2012», B paboTte KOTo-
poli npuHsM ydactue 242 yuvactHuka u3 Poccum, KasaxcraHa, Ykpaunel, ['epmanumy,
@panrun, CIIA. http://agora.guru.ru/display.php?conf=pavt2012
ITpu noppeprkke crierramictoB NVIDIA Ha BEIUMC/INTEIBHBIX peCypcax KjacTepa B ar-
pene 2012 roma opraHu3oBaHa TpExAHeBHas 1IKo/a 1o TexHojsorud NVIDIA CUDA,
B KOTOpOW Tiporiti oOyuyenue 118 ciymiarenedi w3 uHctutytoB CO PAH, BY30B u
¢upwMm, ITporpamma U yueOHbIe MaTepHuasbl IIKO/IbI pa3MelleHbl Ha cTpaHuuke http:
//wWww2 .sscc.ru/Seminars/Nvidia%20Cuda-1.htm B gekabpe 2012 roga
MpOBeJieHa IIKOJIa 10 Tapasuie/lbHOMY TMPOrPAMMHPOBAaHUI0 THOPUIHBIX K/IacTepOB,
cMm. http://www2.sscc.ru/Seminars/Shool-2012.htm OpranuzoBaH pe-
TY/SIPHBIA CeMHUHAp «ADPXMUTEKTYpa, CUCTEMHOe U TMPUK/IaZIHOe MporpaMMHoe obecrie-
yeHHe KaacTepHbIX cynepOBM» Ha 6aze CCKI] MBMuMI' CO PAH, kadezapnr Boi-
yncmTensHbix cucteM HI'Y u Lentpa KommeTeHUMy no BbICOKONIPOWU3BOAUTE/TLHBIM
BbruncsieHusiM CO PAH - Intel, [Tpe3eHTali ceMUHApOB pa3MelllaloTCsl Ha CTPaHUUKe
http://wwwz2.sscc.ru/Seminars/NEW/Seminars.htm

PemreHue npuK/IagHbIX 3a/ja4

LKIT CCKL, CO PAH npegocTaBasieT BBIYMCIUTE/IbHbIE U KOHCA/ITUHIOBBIE yCayTy 19
akKa/JleMHueCcKuM UHCTUTYyTaM CHUOMPCKOTO OTZiesieHus U 3 yHUBepcuTeTam, bosiee 160
T0/Ib30BaTe el UCIOo/b3YIOT pecypchl LieHTpa /i pellleHHsl CBOMX 3ajau. PeraeTcs
00/TBIIIOE KOTMUECTBO 33/]a4 U3 pa3/IMUHbIX 00/1acTell 3HaHUIM, B TOM UKC/Ie, OTpe/e/ieH-
HBIX MIPUOPUTETHBIMU HarpaBAeHUsIMU Pa3BUTHsL HAyKW U TeXHUKU: IHAyCTpUsi HaHO-
cuctem - UBMuMTI, UK, UTIIM, UXKul, UDII, UAD, UXuXT (KpacHosipck), OHL]
(Omck), UK3 (Tromens); NHhOpMaLMOHHO-TeIeKOMMYHUKAL[MOHHbIEe cucTeMbl - BT,
VBMuMTI, UT, UHX, HI'Y, HI'TY, NLul, US®; DHepro3ddeKTUBHOCTh, SHeprocoe-
pexxenue, siepHas sHepretvka - BT, UBMuMI, UI, UK, UT, UXKul, 1D, HTY,
HI'TY, UHI'ul'; Hayku o >xu3nu - UXbu®M, ULlul, UBMuMI, HI'Y, UT, K3 (Tto-
MeHb), OP UM (Owmck); PaimonansHoe mpupogormnonb3oBadue - UBMuMI, MHIuT,
UT, HI'Y, UXuXT (KpacHosipck), K3 (TtomeHs); TpaHCIIOPTHBLIE ¥ KOCMUUECKHE CH-
creMsl - UTTIM, HI'TY.

Ha pucyHke 2 mpuBefeHa JuarpaMMa pacrpefesieHdsi NpOLieCCOPHOTO BpPeMeHH!
CCKL. BupHo, 4TO OCHOBHBIMM I10J/Ib30BaTe/ISIMU LieHTpa SBJISIOTCS Hay4yHble COTPY/-
Huku CO PAH 13 60/1bI110T0 KOIMYECTRA 33/1au, PEIIaeMbIX B [IEHTPE, TIPUBE/IEM TOTHKO
HEKOTOpbIe U3 Habopa 3azau UBMuMI. 3ajaun 00paboTKK JaHHBIX B (DU3UKE BBICOKHX
sHepruii Ha vactu knacrepa HKC-30T pa3BepHyTa, ocHoBaHHasi Ha KVM, BupTyanuso-
BaHHas BEIYMC/IUTE/TBHAS CPeZia, UCTIO/B3YIoIasics 17151 00paboTKY AaHHBIX (U3HUeCKUX
IKCIIEPUMEHTOB B (DM3MKe BBICOKUX SHEPTUH, ocyiecTeisieMbix B 11O CO PAH. ObmeH


http://agora.guru.ru/display.php?conf=pavt2012
http://www2.sscc.ru/Seminars/Nvidia%20Cuda-1.htm
http://www2.sscc.ru/Seminars/Nvidia%20Cuda-1.htm
http://www2.sscc.ru/Seminars/Shool-2012.htm

Muxatinenko B.T., I'nuxckuli 5.M., YepHbix U.I. 84

CCKL, 3 CPU (%)- 2012

= fipyroe

O6pasosaune SN e 0.11%
11.81% ™
i

Puc. 2: lnarpamma pacripefiesieHus MpoLieCCOPHOro BpeMenu 3a 2012r.

JanabeiMua Mexxay A® CO PAH u CCKL ocyuecTsiisieTcs yepes3 CylepKOMIIBIOTEp-
Hyto cetb HHII (10 ['6ut/c) []. Dxcniepument KEJIP: paboTa MPOBOAUTCS Ha 3/1€KTPOH-
T03UTPOHHOM Kosuaiiziepe BOIIII-4M c gerekropom KE/IP. DKcrieprMeHTHI B 001aCTH
poxzenust 1-pe3oHaHcoB ( J /1, ¢ (25), 1 (3770) ) u T-nentoHa. OkcriepumeHnT ATLAS:
pabora mpoBoauTCcsa Ha bosbitiom agponHoM Komnaigepe (BAK) (LIEPH, IIseiiapus).
Amnanmu3 faHHbIx 9KcriepumenTa ATLAS B pamkax ATLAS Exotics Working Group. 9kc-
nepumenT CH/I: pabora npoBoguTcs Ha Kojaigepe BIIIII-2000 co Chepuueckum
HeliTpanbHbIM fleTekTopoM (CH/T). MI3yueHne nporieccoB 3/1eKTPOH-TIO3UTPOHHON aHHU-
TWISIUM B 00/1aCcTH 3Heprud 1o 2 I'aB B crcTeMe LieHTpa Macc. IMUTAI[MOHHOE MO/Ie/H-
pOBaHMEe a/ITOPUTMOB [i/1s 9K3a¢UIONCHBIX CyrnepkomibioTepoB. B IBMuMI' B HacTos-
IIlee BpeMsi pa3BHMBaeTCsl HOBOE HarpaB/IeHHe UCCieloBaHU, «Pa3BUTHe CyTiepKOMITbIO-
TePHBIX TeXHOJIOTUM U MeTOJ0B MO/|e/TMPOBAHUSI aDXUTEKTYP U alTOPUTMOB /IS TleTa- U
9K3a-(orcHbIX cyrep-OBM» (pykoBoauTe U TipoekTa A.T.H. [nuHckuii b.M., a.1.H. Po-
moHoB A.C.). HanpaBiieHre, CBSI3aHHO C MCC/Ie/[OBaHHMS CBOMCTB MacCIITaOMpyeMOCTH
Triapasiie/IbHBIX a/ITOPUTMOB TIPH UX peaiu3alyu Ha Oyayumx cynepDBM sk3admoncHoi
MpOU3BOAUTENBHOCTH. OIIEeHUTh TOBe/IeHre aJrOpUTMOB, pa3paboTath MoAUGMUIMPO-
BaHHbIE CXeMbl BBIUMCIEHUI MOXKHO yXKe cedyac MyTeM peanu3alyy UX Ha UMUTaLU-
OHHOU Mojie/iv, 0ToOpaXkaroIlied THICSUM Y MIJUTHOHBI BRIYUCTUTETBHBIX s7ep. MIMuTa-
LIMOHHAs1 MOJe/ib MO3BOJIsieT BHIIBUTh Y3KHe MecTa B aJlfOpPUTMax, MOHATh, KaK HYX-
HO MOJU(UIIUPOBATh a/lTOPUTM, KaKue TlapaMeTpbl HeoOXOIMMO HacTpauBaTh MPH €ro
MaciuTabupoBaHny Ha 6ombinoe komudectBo sizep [3, 2. s Mogeniposanus ucnons-
3yetcs cucteMa mopenupoBaHusi AGNES (AGent NEtwork Simulator), ycraHoBieH-
Has Ha kactepe CCKLI, cm. http://www2.sscc.ru/PPP/Mat-Libr/agnes.
htm. Bce pacuetsr mpoBoguvch Ha Knactepe HKC-30T+GPU. TlpuBeseM NpyUMephbI
MO/le/TMPOBaHUsI [IBYX 3a/la4y: UMUTALMs PACIIpe/ie/IEHHOrO CTaTUCTUYeCKOr0 MOZeIupo-
BaHUs (3aflaua JUHAMUKU pa3pe)keHHOro rasa mo Mmerogy I[ICM, k.¢.-m.H. M.A. Map-
YeHKO); UYMC/IeHHOe MojenrpoBanue 3D ceficMuueckux moseit (K.¢.-m.H. [I.A. KapaBa-
eB). B mepBoii 3ajjaue UCXogHbIE JaHHbIE [/ KIMUTALMOHHOTO MOJE/IMpPOBaHUs MOy-
YyeHBbI C MCII0/Ib30BaHueM O0ubmuoteku PARMONC, npegHasHaueHHOU [/Is1 KCII0JIb30-
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Puc. 3: CpaBrenue yckopenus 10 M=1000. Pe3ynbrarsl yCKOpeHUs [j1s1 MOZe/Id COBIIa-
Jlal0T C YCKOpPEeHWeM MpU pacyéTax c ucronb3oBaHreM naketa PARMONC.

BaHUS Ha COBPEMEHHBIX CyTNepKOMIIbIOTepaxX Tepa- U metadyioncHoro ypoBHs [4]. bub-
JIMOTeKa Takxke ycTaHoBjeHa Ha Kmactepe CCKII, cm. http://www2.sscc.ru/
SORAN- INTEL/paper/2011/parmonc. pdf. Cxema BbIUKC/I€HHWH 110 9TOH 3a/a-
ye TpebyeT HaMuue sizep-"cOOPIIMKOB”, KOTOPhIE TIEPUOAUYECKH COOUPAIOT CTaTUCTH-
Ky C sifiep-"Bbruniciiuresnieii” [3]. [IpoBejleHHOe UMUTAILOHHOE MO/e/TMPOBAHIME TT0Ka3a-
JI0, YTO TIpY OO/IBILIOM YKC/Ie UCIIO/b3yeMbIX BBIUMC/IUTENbHBIX sifiep (bombiae 10000)
peasibHOe YCKOpeHHe OT pacliapa/ijie/IMBaHus Cyl[eCTBeHHO OT/IMUaeTCsi OT TeopeThye-
CKOTO, UTO CBfI3aHO C OOJIBINION 3arpy3KOi BbIJE/IEHHBIX A7Iep-«COOPIIUKOB», KOTOPhIE
00pabaThIBalOT MOCTYITAIOIIME TIAKEThI JAHHBIX C SI/1€P-«BBIUUC/TUTEIEH.

ITpu sToM 0 1000 smep yckopeHHe B MOZeNU COBIAZAeT C YCKODEHHUEM B peasib-
HBIX pacueTax, CM. PUCYHOK 3. YCKOpeHWe OT pacriapajjie/IMBaHus TIPH pacuérax Ha
M sgpax ompegenuM Tak: SL(M)= TL(Mmin)/TL(M), rae TL(M) — mammHHOe Bpe-
Ms1 Ha I[eHTpa/IbHOM sifipe- «COOpIIrKe», 3aTpaueHHOe Ha MOJIe/TMPOBaHUe U COXpaHe-
HHe BbIOOPOUHBIX CpefHuX A1 L peanusaiuii ciydaiiHoi oljeHKW; Mmin — HauMeHb-
11Iee YKMCJIO siZiep, UCIIOMb30BaHHBIX MPH pacuérax. B MBYXypOBHEBOM BapHaHTe sifipa-
«BBIUMCIATEMW» ObLTH TIoZiesieHbl Ha N paBHbIX yacteit (N = 10, 20, 100), a1s Kaxaou
W3 KOTOPBIX JIAHHBIE C si/IeP-«BbIUMC/IUTENIEH» CHauaia OTIPaB/IsS/IUCL Ha CBOE BbIjie-
JIEHHOE TTPOMEXXYTOUHOE S1/Ip0-«COOopIIUK». B cBoto ouepesib, N IpOMEKYTOUHBIX si/Iep-
«COOPIIMKOB» OTIIPAB/ISTA JJAHHBIE HA ITIABHOE A/IPO-«COOPIIUK». B 0THOYpOBHEBOM Ba-
puanTe (OyZ1eM CUMTATh, UTO YMCJIO TTPOMEXKYTOUHBIX sI/1ep-«COOPIIUKOB» PAaBHO HYJIIO:
N = 0) maHHbIe C S/1€P-«BbIUUCUTEIEH» HETIOCPE/ICTBEHHO OTIIPAB/IS/ICH HA TIaBHOE
SIAPO-«COOPIIMK».

Crnenyroluii pe3ysbTaT UMUTAL[MOHHOTO MO/Ie/IMPOBaHUS TIpHBe/leH Ha PUCYHKe 4.
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Puc. 4: CpaBHeHre yCKOpeHUs pacrpeeléHHOI0 CTaTUCTUYe CKOIO MOZe/IMPOBaHus [I/Ist
pa3HbIX BAPUAHTOB OpraHu3alyy oOMeHa JaHHBIMU i uKncia sgep M mgo 100 000 (ro-
PU30HTA/IbHAS OCh — B JIOTapuhMUUYeCcKOM MacIiTabe).

B nanHOM cityyae Obiia UCIIOB30BaHa JoraprudMuUeckast [Kasa AJisl KoJM4ecTBa szep.
BuziHO cu/bHOE OTKJIOHEHHE OT TeopeThdeckod KpuBou. Eirje Gosbliiee pacxoxaeHue
MOTyYMJTIOCh NPU Ja/IbHeIleM YBeTnueHNH KOMUyeCTBa BEIUMC/INTENBHBIX s7ep, 500000
1 Oonee. Ha ocHOBe aHa/M3a MOyYeHHbBIX Pe3y/IbTaToB ObLT Clie/iaH BBIBOJ, O TOM, UTO
CXeMy BBIUMC/I€HUH HeoOXOJUMO M3MeHsTh. B yacTHOCTH, ObUTH TIpe//IoKeHbI MHOTO-
YPOBHEBBIE CXeMBI [Ijis1 sifiep COOPIUKOB. [/ UMHUTALMY CeTOUHBIX METOJOB TMPY UHC-
JIEHHOM Mo/iesiipoBadnu 3D celicMuue CKUX T0J1el pean30BaH K/1acC PyHKI[MOHATbHBIX
areHToB Grid — y3en-BblUMCINTENb, UMUTHDPYIOIIUN PacueT CeTOUHBIX MEeTOZOB Ha Ofi-
HOM BhIUMC/IHTE e, MOJIeTUPYIOTCS BHIUMC/IEHHS, KOT/a 00/1aCTh UCC/Ie/JOBAaHUE PEXKETCS
BZIOJIb OHOU OCH, U TOJTy4eHHbIe 00/1aCTH 3arpy’KaroTCsl Ha BbIUMCIUTENU. Takum 00-
pa3oM, MOIy4YaeTcs, YTO y KaXKJ0ro BEIYMC/IUTESS eCThb epeceyeHye 0 JaHHbIM MaKCH-
MYM C 2-MU BBIUUCTUTEIAMU («KpaiH1Ee» BIUMC/TUTETH 00OMEHHUBAIOTCS TOILKO C OIHUM
coceziom). Kaxk/IbIii BEIYMCTATETh, Ha TIEPBOM IlIare PACCUUTLIBAET CBOW IPaHUYHbIE 00-
JIaCTH, 3aTeM aCUHXPOHHO TepefiaeT HaCUMTaHHbIe pe3y/bTaThl coceAsaM. PacueT BHyT-
peHHUX 00/1acTell HeT Ha BTOPOM Iiiare, MIOJTyYMB JaHHBIE OT COCe/lel U MPOCUUTaB U3-
MeHeHHe CBOM 00/1acTH, areHT MepexoArT K mary ofuH. OO1ue pe3y/isTaTbl U3MeHeHUs
BpeMeHH cueTa B 3aBUCHMOCTHU OT KOJIMuecTBa JoCTynHbIX sigep GPU (npu nporopijyio-
HaJbHOM yBenmueHnU pasmepa 3D mMozenn) B iorapudMudeckoM MaciiTabe mpuBe/1eHb
Ha PUCYHKe 5.

[Toka3zaHo Xopolllee COOTBETCTBHE SKCIIEPUMEHTA/IbHBIX U MOJE/IbHBIX pe3y/bTaToB
Ha Haya/lbHOM y4acTke KpuBo# (o 30720 simep). [1pu 3HaUMTETHHOM yBeJTHUeHHH KOJTH-
YyeCTBa BBIUMC/IUTENBHBIX y3/I0B C IIPONOPLIMOHAIBHBIM yBeuueHueM pasmepa 3D mo-
JlesIv BpeMsi cueTa YBeJIMUUBaeTC s, HO HeCyLeCTBEeHHO (TIpX pOCTe 4uc/a y3/10B oT 7680
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Puc. 5: VI3meHeHre BpeMeHM pacyera aaropurma YMC/IeHHOrO0 MOZe/IMPOBaHus B 3aBU-
CHUMOCTH OT UMCJ/a BEIYUCIUTENBHBIX siiep (TOpU30HTaIbHask OCh — B JIOTapU(pMUUECKOM
MaciuTabe)

no 1024000 Bpemsi yBenmuniaock Ha 17,5%) [2]. ViccnenoBanue MaciiTabupyeMoCTH
anropuTMa Ha OOJbIIOe KOJMUYEeCTBO sifiep TPOBOJUIOCH C MCIOIb30BaHHMEM areHTHO-
OpHUEHTHPOBAHHOM CHCTeMbl UMHUTAIIMOHHOTO MozenupoBanus (AGNES). Mccnenosa-
HUe T0Ka3aJo, YTo Jjaxke TIpY SIBHOM pacriapas/ie/MBaHi{ aJropyuTMa MpsSMoro CTaTh-
CTUYECKOTO MOZe/TMPOBaHMSI Ha OOJBIIIOe KOJMMUECTBO Sifiep He MPOUCXOUT OXKU7lae-
MOTO yCKOpeHHMsl, O/IM3KOTO K JTMHEHHOMY 3aKOHY. JTO CBs3aHO C TeM, UTO IpU YHMC-
Jie sifiep TOPsiIKa COTeH ThICSY WM HECKOMBKUX MIUIMOHOB BO3HUKAIOT MPOO/IEMBI C
Oo/TBIIION 3aTPy3KOH sifiep-"cOOPIIMKOB”, KOTOphIe MEPUOMUECKH COOUPAIOT CTAaTHUCTH-
Ky C sigep-"Berurciutesnieit”. CjenoBare/ibHO, TIPU MacIITabUpoOBaHUM HeoOXoAUMa MO-
MUUKaIys Tapaiie/lbHON BRIUMCUTETbHOW TIPOTPaMMBI, HalTpUMep, YBeJnyeHre KO-
JIMYeCTBa sifiep-"cOOPIINKOB”. AHa/TIOTUUHBIE SKCITEPUMEHTHI TIPOBEZIeHBI C YUCTeHHBIM
MO/le/TMPOBaHUEM CelcMUUeCcKUX mosielt B 3D HeoJHOpPOAHBIX yNpyrux cpejax. B ka-
YyecTBe METO/a pelleHusT UCTIOb3yeTCsl CeTOUHbIM Pa3HOCTHBINA MeTof, a 00J1acTb MO-
JleTTMPOBAaHMS TIPeJCTaB/sSIeTCs U30TPONHON 3D HeoZHOPOAHOW C/I0XKHO TTOCTPOEHHOM
yIpyroii cpefioii. MogieupoBaHye MOKa3bIBaeT, UYTO TIPY pelleHnH 3TOM 3afaurd MOXKHO
HCIT0/Th30BaTh IM/TH. 1 OoJiee BBLIUMCIUTENBHBIX SZIEp, C/Ie/I0BaTe/IbHO, MOXKHO 3HAUM-
TeTbHO YCKOPUTB BPeMsl CUeTa MPSMBIX 3a7iad, He0OXO[UMBIX [IJist UHTepIpeTaliu JaH-
HBIX BUOpOCeiicMuueckoro 30H41upoBanus [2]. Takum oO6pa3oM, NPOBeIeHHbIE UCCIe0-
BaHUS TIOKA3bIBAOT 3PPEKTUBHOCTh UMUTALIMOHHOTO MO/Ie/IMPOBAHUS TTPU HAaCTPOUKe
rapamMeTpOB MaclITaOMpyeMbIX aJrOPUTMOB U WCC/IeI0BAaHUM UX TTOBEJEeHHs TIpY pea-
JI3ALIUU Ha GOJIBIIIOM KOTMYECTBE BEIUMCUTENBHBIX 7IEp.

JUTEPATYPA

[1] Benos C. [., 3atiter A. C., Karutua B. U., Kopoms A. A., Ckosriess HO., Cyxa-
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AHHoOTaIus

Ha npumepe TeueHuii ¢ ¢a30BbIMH IepexoZiaMy B reoTepMasibHBIX pe3epByapax pac-
CMOTpeH Ipoliecc 6/I0KMpoBaHus TeueHus1 obpasytoliieiics TBepzoi asoit. [TpesioxeHa
MaremMaThyeckast MoZie/lb MH)XeKL{UH TIPeCHOU BO/[bl B re0TepMaslbHbII pe3epByap, Hachl-
IIleHHBIN TBepoi (a3oii cosu U neperpeTsiM rapoM. [TokasaHo, UTO 3aKauka IpecHOi
BOZIbI MOYKET TIPUBOZWTH K TIEPEHOCY TBEPZOT0 0CaZiKa U3 OFHOW 00/1aCTH B IPYTYIO, 3HA-
YUTebHO yBeJNUMBast ero KOJMUYeCTBO 3a (POHTOM MCIIapeHus], YTO IPUBOJUT K CHIDKe-
HUIO NTPOHULIAEMOCTH Y, COOTBETCTBEHHO, K YMEHBIIIEHUI0 CKOPoCTH (unbTpanyu. Ilo-
JIy4yeHO aBTOMO/ieJIbHOe pellleHHe 3ajauM. [Toka3aHo, UTO NpY KPUTHYECKUX 3HAUeHUSX
[iBe BETBU pellleHNs] CIMBat0TCsl U OHO IepecTaeT cylllecTBoBaTh. HecyljecTBoBaHue aB-
TOMOZE/ILHOTO pellleHHs] MHTepIIPeTHpYeTCs Kak 3aro/iHeHre Top BbINaBlIel B 0CafioK
COJIbIO M NIPeKpallieHue TeueHUsl B reOTepMa/lbHOM pe3epByape.

KiroueBbie csi0Ba: reoTepMasibHbINA pe3epByap, (ha3oBble Mepexobl, ABy3HauHble
pellieHUs], BbIlaZileHe B 0CaJoK.

BiarogapHocTH: paborta Oblia nogaep>kaHa nmporpammoit O3MMITY PAH Ne 13 u
HWU marematviku CBOY.

BBeaenue

ITpoueccel B MPOHHULAEMBIX TOPUCTHIX CpefiaX, B KOTOPBIX IMPOMCXOAWT BhINasieHHe
ocazika ¥ (hopMHpOBaHue TBepoH (a3bl, ITPeCTaB/ISI0T OOJIBIIONH UHTEpEeC [/ Pa3/inuu-
HBIX puiokeHnH. [Iporpamma unciaenHoro cueta TOUGH2-EWASG ucnonb3oBanack
[U1s1 U3yUYeHuns] yMeHbIIIeH!sT TIOPUCTOCTU U TIPOHULIAEMOCTH TIOPOJ, B TIOPUCTHIX U Tpe-
LIIMHOBAaTbIX reoTepMasibHbIX pe3epByapax [1]. B [2] paccmarpuBanock ¢hopMypoBaHue
0CajJiKa BOKDYT 0OBIBaOLL[el ra30BoOi CKBaKUHBI TIPU TTePEHOCEe U WCTIApeHUH COIeHON
BO/IbI B MECTOPO’K/I€HWH T'a3a, MPUBOZSILEMY K 3aMeTHOMY CHIDKeHHIo fiebuTa. Ha prc.1
Tpe/iCTaB/eHo M300pa’keHre pa3pe3sa eIMHUYHOM TOPEI, [T0yYeHHOe aBTOpaMu C IIOMO-
1IbIO 3/IEKTPOHHOTO MUKPOCKOIIA.

B [B] MmomemipoBanock popMupoBaHue 0cafika ITPU 3aKauke ITPUPOJHOTO ra3a B Xpa-
HUMIIe. AHAJIOTUYHBIE TIPOLeCChl, OIOKUPYIOIIYe IBIKeHHe ra3a, BO3HUKAIOT B TIa-
CTax rpu 00pa3oBaHUY THAPATOB.

Marematrdeckasi MOJieJTb BbIMTaZleH|si pACTBOPEHHO MPUMeCH B 0CaZlok Ha pOHTe
ucrapeHusi, 00pa3yIoIyMcs B Te0TepMa/IbHOM pe3epByape, UCCile/[0Balach aHa/IUTHYe-
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Puic. 1: Mi306pakeHne pa3pesa MOPhI C KPUCTa//IaMi COJTH, BhTNapIet B ocazok [2].

cku B pabote [4]. HaiizeHo, UTo CyILIeCTBYIOT /jBe BETBHM aBTOMO/E/ILHOTO PEIleHus, a
TP [JOCTYDKEHWH KPUTHUYECKOTO 3HayeHHsl TapaMeTpPOB BeTBU COMMIKAIOTCS U pellieHre
repecTaeT CYLeCTBOBaThb. bbIIO czienaHo mpejronoyKeHne, YTO KOJI/IArcC aBTOMOZEsb-
HOT'O pellleHHs] COOTBETCTBYeT TakOMy peKUMY MCIlapeHus], KOrjja cojib B TBepZoii dase
3arI0/IHsAeT TIOPOBOE TPOCTPAHCTBO U 6I0KUpyeT Teuenve. B [5] ucrnons3oBancsa maxer
nporpamMmm TOUGH2-EWASG 7151 TpOBepKH 3TOM TUTIOTe3bl ¥ MCC/Ie/JOBaHUsT 0COOeH-
HOCTeH pelleHHs] OKOJI0 KPUTHUUeCKOM TOUKH, I7ie aBTOMO/e/IbHOe pellleHue IiepecTaeT
CylIecTBOBaTh. AHaIMTUUECKOE pellleHre B Pery/isipHoi 00/1acTy ¢ 10CTaTOuHOM CTere-
HbI0 TOYHOCTH COBIAZIaeT C YUC/AeHHbIM. B 0KpeCTHOCTU KPUTUUECKOM TOUKY pas3/inuue
Me>Xy pelLieHUsIMU CTaHOBUTCS CyIL[eCTBeHHBIM U UMC/IEHHOE pellieHre ONUCHIBAET MPo-
1jecc popMHUpOBaHUsl GIIOKMPYIOLIEro 0Cazika, KOrjia HacChI[eHHOCTb 0Ca/IKa CTPEMUTCS
K e/IMHULIe, a TeueHHe TpeKparaeTcs (puc. 2.). B [6] paccmarpyBaiack 3asa4a 0 3aKauku
pacTBopa Co/y B reoTepMasibHbIN pe3epByap, HachlllleHHbIH reperpeTsiM napoM. IToka-
3aHO, UYTO IPOLIeCC 3aKauKH Jja’ke C1aboro pacTBOPa MOYKET MPUBOJUTE 3aITOJTHEHUIO TIOP
COJIBIO, BBITIABIIIEH B 0Ca/|0K, U O/I0KHPOBaHUIO TeUeHUs..

st n3BneueHys Tervia U3 BEICOKOTEMIIEPATyPHBIX CYXUX TIOPOJ] WX TIOPOJI, COZIep-
JKAIWX TIeperpeThii 1map, UCTOIb3YeTCs TEXHOIOTHS, OCHOBAaHHAS Ha WHXKEKLU BOJBI.
ITOT IPOILIeCC COTIPOBOXKIAAETCS MCTIapeHUeM KUAKOU (a3bl. I3Haua/isHO MPOHUTaeMble
TIOPOZIbI MOTYT CO/IEPKaTh COMU B TBepZoH (aze. TTpy MHXKEKI[UH BOJbI COJIb MOXKET pPac-
TBOPSATHLCS, MIEPEHOCUTHCSA B PaCTBOPE B 00J1aCTh TIOHM)KEHHOTO /IaBIEHUSI U BHOBD BbI-
raziaTh B 0CA/IOK TPU MCIIapEHUH BOJBI U3 pacTBopa. B 3ToM ciyuae MOTYT 00pa3oBbI-
BaTbCsl C/IA00TIPOHUIIAEMbIE UM HETIPOHUIIaeMble 00/1aCTH, YTO TIPUBOAUT K KOJIIATCy
BCETr0 TeUeHUsl. AHA/IOTMUHbIE TEUEHUsT MOTYT BO3HUKAIOT U B TIPUPOJHBIX SBJIEHUSIX,
TIpY MTOCTYTIEHUU TIPeCHOM BO/bI B Te0TePMabHBIN pe3epByap, CoAep Kalljiii CoJb.
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Puc. 2: BudypkauyioHHast fuarpamMma peliieHus 00 U3BedeHUH rapa U3 reoTepMajbHOTO
pe3epByapa, HaChILL[eHHOI0 PACTBOPOM COJM. 1 — aHa/MMTAYeCKoe pelileHue (CIUIOLIHAs
JIVHUS — YCTOWUYMBOE PellieHre, TyHKTUPHAs IMHUS — HEYCTOMUMBOE pelieHue), 2 — 9nc-
JIEHHOe pellieHue.

dopmyupoBKa 3afauM

PaccMoTpyUM OJHOPOAHBIM reoTepMasbHBEINA pe3epByap C MOPUCTOCTBIO ¢, MPOHULIAe-
MOCTBIO kg, Temrieparypoui Ty u gaBneHueM Fy. IIpeAmnonoxumM, 4To BBICOKOTEMITe-
paTypHble MMOpOJbl B HaYaJHLHOM COCTOSTHUM COZIEP)KaT COJib B TBepAoW ¢ase, HaChI-
IIeHHOCTh KOTOpPOU paBHa 5SSy U TeperpeThii Map € HachiLeHHOCThI0 1 — SS5). Tep-
MOJMHAMHYeCcKoe YCI0BHe CYIleCTBOBaHUS IePerpeToro rnapa ornpeie/nseTcs HepaBeH-
ctBom P < G(T, ¢), tne G — onpegiernsieTcst ycioBreM ¢a3oBoro nepexoga Kaysuca—
KranetipoHa, ¢ — KOHIIeHTpaI[|sl IPUMeCH B JKHUAKOH dase.

ITpu nocTyrieHuy B pe3epByap MpecHasi BOJa PacTBOPsIET COMb, 06pa3ys HaChIIeH-
HBIH pacTBOp. B 06/actu nepesi poHTOM pacTBOPEHMUS HACKIIIIEHHBIA PacTBOP COCYIIe-
CTBYET C COJTbIO B TBep/Ioi (aze. [IBmkeHMe pacTBOpa B 00/1aCTh ITOHMKEHHOTO JIaBIeHUS
MIPUBOZIUT K KUTIEHHIO, 00pa30BaHMIO Tlapa U BhIMAZIEHUIO B 0CaZIOK NpUMecH. B pe3yiib-
Tate ()OPMHUPYIOTCS TPU 00/1aCTH, pasziesieHHble AByMsi ppoHTaMHU (a30BbIX MEPEXOZOB.
B neproti o6iactu (1), COOTBETCTBYIOIIEH HauaIbHOMY COCTOSIHUIO M PaCIIOIOMKEHHOH
nepe/; PPOHTOM KHUIIEHHS], Tap COCYIIIECTBYET C COJbIO B TBep/oH (haze. Bropas o6nacThb
(2) comep>KUT HaChIMEHHBINA PacTBOP U 0cafoK. ObmacThb 3, rpuseraroiias K 3akaurBa-
10ITIel CKBa)KMHE, COZIEP>KUT TIPECHYI0 BOAY U OT/ie/ieHa OT 00/1acTH HAChIIIEHHOTO pac-
TBOpa GpOHTOM pacTBopeHUs. B KauecTBe rprumepa OyzieM pacCMaTpUBAaTh TIOBapEHHYHO
COJTb, KOTOpAasi BCTPeYaeTCsi IOBCEMECTHO B MTO/[3eMHBIX pe3epByapax.

ITpu 3aKauke XOJIOAHOW BOABI B BLICOKOTEMIIEPATYPHBIN I/1ACT MTPOUCXOAUT ee Ha-
rpeB, HO CKOPOCTh TeMIIepaTypHOro GpoHTa OXJIaXK/IeHUs 3HAUUTEeTbHO HIKe CKOPOCTH
YKUKOCTU M3-3a OO/BIION TerioeMKOCTH 1opog. [103ToMy B BEICOKOTIPOHHLIAEMBIX pe-
3epByapax )pPOHT paCTBOPEHUsI OTlepeskaeT TeMIlepaTypHbIi PpoHT. OxJaXkJeHue opoj
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13-3a UCTapeHus Ha TiepeJHeM (DpOHTe COCTaB/IsieT HECKOIBKO I'Pa/lyCoB, TaK KaK Ter-
JIOEMKOCTB TIPOHMIIaeMBbIX MOPo, pyU nmopuctocTu 10—20 % 3HaunTeIbHO TPEBOCXOIUT
TeTUIOEMKOCTh >KUKOM (ha3bl U KOMITEHCUPYET 3aTpaThl JHEPTUU Ha (ha30BbIM Mepexof.
Bosiee Toro, eci paccMaTpyUBaTh JBM)KEHUE B T1aCTe HEOO/BILON TOMIWHBI WA [TBU-
JKeHUe TI0 TPeIlfHe, UTO TaKyKe OMUCHLIBAETCS aHAJIOTUYHBIMU YPaBHEHUSIMH, TO TIOTIe-
PeUHBIH MOTOK TeIla OT OKPY’KaloIUX HEMPOHHUI[AeMBIX ITOpPOo, OyZieT CrIoCcOOCTBOBATh
TIO/I/IePYKaHUIO TTOCTOSTHHOM TeMIiepaTyphl pe3epByapa. B cuy ckasaHHoro, Oyziem pac-
CMaTpHBaTh 33/jauy B U30TEPMHUUECKOM MpUO/IKeHnH. Takol Mogxo[ mo3BosieT cgo-
KyCHPOBaThCs HA OCHOBHBIX ITPOL{eCCaX U He paCCMaTpPUBaTh IPOLIeCChI, UTPAOIIIe BTO-
POCTeMNeHHYH0 poJib.

IewkeHue B 00sacTy 1 OMUCHIBAETCS ypaBHEHWEM Hepa3pbIBHOCTH, YPaBHEHUEM
[Japcu u ypaBHeHMeM cocTtosiHus KnarelipoHa. Vckittouasi CKOpOCTb U TJIOTHOCTb, TTO-
JIyyaeM ypaBHeHHe /ISl JaB/ieHus, KOTOPOE B IMHEMHOM TPUOIKeHUH UMEeT BU/I

oP /‘JUK(SSO)P()
L AP _ rofwo0)r0
T 1)

ot
3peck K = (1 — SS)3 — oTHOCUTebHas (ha30Basi POHMLIAEMOCTb, [, - BA3KOCTh Mapa.
Amnanoruuso, B 06/1acTax 2 u 3, copep)KalljiX HaChIIeHHbIH PacTBOP U TPECHYIO
BO/Y, U3 3aKOHOB COXPaHEHMsI MaCChl ¥ 3aKOHa [lapCH C/IeiyrOT YpaBHEHUsI /I/Ist JaB/IeHUsT

a—P = KAP, K= K
day

)

ot @

31eChb v ¥ f1; — COOTBETCTBYIOLIE CKMMaeMOCTH U BA3KOCTH PacTBOPA COJIH U Ipec-
HoM Bozibl. B obnactu 2 py = po u k = koK (SS), aB obnactu 3 py = pg u k = k.

[TocKo/IbKY 06/1aCTh 2 COZIePKUT PaCTBOP, KOTOPbIH COCYIIIECTBYET C COJILIO B TBEp-
ol (ase, TO, B COCTOSIHUM TePMOJAMHAMUYECKOr0 PaBHOBECHS PaCTBOP C HEOOXOAUMO-
CThIO Oy/IeT HaChIIeHHBIM. V13 TIPeATIO/I0KEeH s O COCTOSHUM TEPMOAMHAMUYECKOTO PaB-
HOBECHs CJIe/IyeT, UTO PaCTBOPEHHUE U BbIMajleHHe B 0Cal0K TBeP/Oi (a3bl IPOUCXOAUT
TOJILKO Ha JBWKYIUXCs FPaHMIiaX (a3oBbIx mepexonos. Toraa, cuvras TBepAyrO (asy
HETO/BWKHOM, [0/IydaeM U3 3aKOHa COXPaHeHMst MacChl COJU

0SS
o =0 3

YcnoBus Ha TiepefiHeM (pOHTe KUTIeHHsI — BBITIAIeHUsT B 0Ca/I0K, JBIDKYILIEMCS CO
CKOPOCTBIO V1, (GOPMY/MPYIOTCS KaK 3aKOHBI COXpaHeHust Macchl HoO U MacChl COMUA U
VMMEIOT BUJ,

]{T()K(SS*) B Pox k‘oK(SSo)
¢M2 Pw?2 ¢/‘I”U

- Z”“;u—ssw—(l—ss*) Vin

(grad P) (grad P)
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M(gmdP) = SSOpsalt _ Ss*psalt

— 14+ 55| Vin (5)
¢N2 Psol2Csat Psol2Csat

37€eChb psqit — TVIOTHOCTH COMU B TBepAol (ase, a S.S, mpencrasnsier coboii 00b-
eMHYI0 ZI0JII0 COJIM B TBepAOU ¢a3ze 3a GPoHTOM B 00J1aCTH HACKIL[EHHOTO PAacTBOpPa U
SIBJISIETCS] HEM3BECTHOW BEJIMUMHOM, KOTOpasi HAXOUTCS B TIPOLECCEe PEIIeHUs 3a7iauu.

O6bIYHO, TIPM PACCMOTPEHUHY PaCTBOPOB, CUMTAETCS], UYTO Macca BOJBI CyIIIeCTBEHHO
TIPEBOCXO/IUT MacCy paCTBOPEHHOTO BellleCTBa. B HaChIIIIEHHOM BBICOKOTEMITEPATYPHOM
pacTBope cofepkaHre TIPUMecH CPaBHUMO TI0 Macce ¢ KOMMYeCTBOM BOABI, T03TOMY B
cootnomenusx (M), (B) n zanee ucrnons3yrorcs sdeKTHBHBIE TITIOTHOCTU BOABI U COMU
B pacTBOpe, COOTBETCTBEHHO P2 U Psoi2Csats TAE Psol2 — IVIOTHOCTb PacTBOPA, A Csqt —
€r0 KOHIIeHTpaIUsl HaChIIIeHUSI.

AHa/IorMuHo, 3aKOHBI COXPaHEeHUs Ha PPOHTE PACTBOPEHHS UMEIOT BU/,

ko puw2 koK (SSy) Pu2
— (grad P —————*(grad P = |(1=585)——-1|Von (6
S0 (grad p), = P2 BRI (g p) L — - 85022 1| v, @
_Psalt_gg 1 g5, | v, = —FOE(55) (grad P),, @)
CsatPsol2 P2

[aBneHue Ha riepefHeli TpaHulle, TOBEPXHOCTH KUIEHHWSI — BBIMA/leHUsI B 0CAJI0K,
MOXeT ObITh OmpesiesieHo U3 cooTHorneHuss Knaneiipona—Knay3uyca, yUuThIBaroIero
Ha/iMuve pacTBOpeHHOM npuMecHy. B n3orepMuueckoMm ciiydae JaBjaeHue KATIeHUS Ha Te-
peJHell rpaHULle HerloCpeCTBeHHO BLIUMC/ISIETCS 110 HauaabHOM TeMIiepaType TuiacTa

Pl* = G(T, C) = G(T(),Csat(To)) = G(TQ)

[To u3BecTHOMY JaByieHUIO Ha ()POHTe KureHUs U3 ypaBHeHUs KiamelipoHa Bbrumc-
JI5IeTCs TVIOTHOCTB T1apa Ha 3TOM MOBEPXHOCTH pyx = Py / RT.

[yt IpOCTOTBI UCIIO/IB3YeM CJle[yIOLIMe arrpoKcuManyu At Kpusoi Kiaysuyca—
KnaneiipoHa u /711 KOHLIeHTpaLUY HachllleHUs KakK (GyHKLUN TeMIIepaTyphl

P = 10°(866.77 — 3.6024 T + 0.0038239 T),  csar = —0.014836 + 0.0006878 T

[pu uccnenoBaHMM 3aJjauM O 3aKauKe IPeCcHOi BOJbl B BEICOKOTEMIIepaTypHbIe Ipo-
HHI]aeMble TIOPO/IbI Hal{/IeHO, YTO TIOBEPXHOCTh KUITeHUSI MUTPUPYET Me/JIeHHO TI0 CPaB-
HEHMIO CO CKOPOCTHIO NepepacripeienieHus AasneHus [6]. BoiBoj, c/ienaHHbIN Ha OCHOBe
OLIEHKH XapaKTePHBIX TTAPAMETPOB B YC/IOBUHY Ha MIOBEPXHOCTH (ha30BOT0 MIepexo/a, Obul
TIOATBEPXK/IeH UMC/IeHHBIMH pacdeTamMu. Takum o0Opa3om, JjaBrieHre B 00/1aCTH >KAAKON
(a3bl 3a GpoOHTOM, B KaXK/[blii MOMEHT BpeMeHU yCIIeBaeT Iepepacripe/ie/uThCs U Te-
yeHHe 3a (POHTOM HOCUT KBa3UCTalJMOHAPHBIN XapakTep. AHa/JOTUYHbIe OL|eHKU CIIpa-
Be/I/IUBBI U JIIST paccMaTpuBaeMoi 3asau. OTcrofia ciefiyeT, uTto BoZia B 00sactu 3 u
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pacTBop B ob6actu 2 BeayT cebs Kak HECKUMAEMbIe >KUAKOCTH U MOXKHO TIpeHeOpeub
neBoii uacTsio ypaHenus (B). B pe3ynsTare pacrpe/iesieHns JaB/IeHHs B STUX 06/1aCTAX
VAOB/IETBOPSIOT YPABHEHUIO

AP =0 ®

ABTOMOJe/IbHOE pelleHue

PaccmoTpuM ofiHOMepHYto 11oTybeckoHeuHyto 3azauy. Ecim naBneHue B pe3epyape Py,
JlaB/leHKe B 3aKaunBarolei cksaxxune P 1 HauabHOe pacripe/ie/ieH1e HaChIeHHOCTH
cony B TBephoi Gase S'Sy ABMSAIOTCS MOCTOSHHBIMY BeJIMUMHAMHY, TO 3a/iaua JJ0MyCKaeT
aBTOMO/le/IbHOE pellleHHe BUJa

P="P(), SS=S85&), &=z/Vt, Xi(t)=PBiVE, Xot)=BoVt

13 ypasrenus (B) cnezyert, uto B o6macTy 2 715 aBTOMOZe/TbHOM 3a7]aud HACKIIT|eH-
HOCTB COJIM B TBep/0H (a3e sIB/ISI€TCS TIOCTOSTHHOW BeJTMuMHOM S5 = S5, = const.
Pacripe/ienieHus JaB/IeHns B Tpex 06/1acTsx ciaefyrot u3 ypasrenuii (fll), (B) u umeror
BU/T
erfc(£/24/k1)

Pr<€<oo: PO =R+ (Pl =R gm0 ©

P <& < B P(g):%2_2§+52pﬁ12_gip2 (10)

0<€<pas PO=P+(P] - P (1
3peck Py’ — faBeHue Ha rpaHuLie pacTBopenus, k1 = k PyK (SSy)/ppw(1 — SSp).
Toacraenss pemenns () — (L1) B cucremy rpannunsix yenoswuit (M) — () momydyaem
CUCTeMy TpaHCLIeH/IeHTHBIX ypaBHeHui. BBo/s Ge3pa3MepHbie aBTOMOJIENIbHbIE CKOPO-
CTU TIOABWKHBIX TPaHUL] Y1 2 = (31 2/24/K2 NPUBOJUM CHCTeMy K 6e3pa3MepHOMY BUAY
JUIs OTIpe/ie/IeHtst HCKOMBIX 11apaMeTpoB 71, Yo, S5y u Py / P°

Pux K(SS*) PQ* Pl*
1-— -1 = 7% (=2 _ L
I:pr( SSO) + SS*:| ’Yl 2(72 — ")/1) PO PO +

po P P, —~2
LN W TN <10 B %> exp(—7ik2/k1) (12)
Py \ k2 pw2 P P erfc (’ylw/lig/lil)
SS
Psol2 Csat Pw2 Psol2 Csat

:ﬂ’ﬁﬂm*rwwgcﬁ—RvEWFﬁmMﬂ
Py \ mK2 pw2 po PO ) erfc (’ylm)
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[M_(1_55*>]72:M/~62<2_1>+

P2 pw2 p3 \ P° 272
Py PF K(SS
+ <20 — 10) _K(55) (14)
PO PY) 2(ye —m)

s, (2 )] o= o (B 0) K58

Psol2 Csat PO PO 2(yp —m)
kE PY
Pw2 = (1 - Csat)psole Ry = ¢,U2

[TpoHMLIaeMOCTh k SIB/IsSI€TCS TapaMeTpOM, HO pellleHue 3a/jlaul OT Hero He 3aBUCHT.
ITO CBOKWCTBO ObLIO TaKXKe OTMEUEHO /IS 3a7laud U3BJIeUEHHs 1apa U3 BO/IOHACHIIIIEH-
HOTO reoTepMasbHOIO MyiacTa [4] u, Haflo Tosararth, sIBASeTCsl XapakKTepHbIM /IS 3a/jau
B U30TePMUYECKOM MPUO/FKEHUH.

[pu uccnenoBaHUM 3ajau O BbIMaJeHUH cosielf B 0CafloK MpU (a3oBbIX Tiepexofax
ObLIO HaM/IEHO, UTO MPU KPUTUUECKUX 3HAUEHMSIX TTApaMeTPOB BETBU aBTOMO/IEJTBHOTO
pellieHUs] C/IMBatOTCs, UTO COOTBETCTBYeT CJIUSIHUIO KOPHeH CHCTeMbl TPaHCLieHIeHTHBIX
ypaBHeHWH. B 3TOM Cilyuae wcrionb30BaHre Metofa HpIOTOHA TIPUBOAWT K HEYJOB/e-
TBOPUTE/ILHBIM pe3y/ibTaTaM, eC/id KOPHHU pacriosioykeHbl 0/m3ko. HaunyuimM crioco-
OoM orpe/ieNTMTh MOMEHT C/TUSHUE KOPHEH U HAUTH KPUTHYECKHe TTapaMeTphl, IB/ISeTCS
CBe/leHHe CUCTeMbl K OJHOMY TpaHCLIeHAeHTHOMY ypaBHeHUI0. Torga ciiusiHue KopHei
MOYKHO TIPOC/Ie/INTh Ha TIPOCTOH [UarpaMMe.

IMocne anrebpanyeckux rnpeobpa3oBaHUM MOMyYeHHas] CUCTEMa TPAHCLIEHI€HTHBIX
ypaBHEHU# CBOJUTCS K OHOMY ypaBHeHuto, F'(y1) = 0, KOTOpOe HCC/e0BanoCh Ync-
JIEHHO TIpU XapaKTepHBIX 3HaUeHUsIX ITapaMeTpOB.

Pe3y1'leaTbl YHUC/IEHHBIX paCcueToB

ITpu GomMbIIMX AABIEHUSIX UHXKEKLMU KUITeHHe TI0JaB/iseTcs ¥ TPoLecc Majio OT/IrYa-
€TCsl OT TOPILIHEBOTO BhITECHEHHs Mapa. B 3ToM ciyuae xopoiio paboraeT Kak MeTof
HeloToHa (ec/iM B KaueCTBe Haua/IbHBIX JaHHBIX OpaTh pellleHHe TIOPIIHEeBOW 3aJaun),
TaK ¥ MeTO/], TI0JIOBUHHOT'O JleJIeHMsl.

YucsieHHbIe SKCMIEPUMEHTHI TI0Ka3ad, YTo NPy OOMBIINX JABeHUSIX MHXXEKLUN U
OoMbIIMX Haua/lbHBIX 3HaYeHWH S'S() HACBIIEHHOCTH COJI B TBepZOW (ase repesHUi
(GpOHT HcTapeHus JBKETCS 3HAUMTETbHO ObIcTpee PpOHTa pacTBOPeHUs], a KOMMYeCTBO
cosu B TBepZoi dase B 06s1acTv MeXXAy (POHTaMH OTIMYAETCs] He3HAYUTeTbHO OT Ha-
yanbHoro 3Hauenus. Tak, npu ¢ = 0.1, Ty = 570 K, Py = 1 MIIa, SSy = 0.3, P* = 10
MTIla nonyuaem v = 0.333, v2 = 0.115u S5, = 0.334.
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IIpy CHWKeHWW [aBIeHUS WH)KEKLMKA M MeHBLIMX 3HaueHUH S'Sy MpOTsHKeHHOCTh
obnacti Mexxy GppoHTamu yMeHblaetcs. Harpumep, ipu SSy = 0.1 u P° = 6 MIla
BbIuMcsieHus gawt: y; = 0.169, v9 = 0.122 u S5y = 0.214. B sTOM ciiyyae ymeHb-
lleHHe [jaB/leHHs] UHTeHCU(PULMpYeT KUIeHUe U 3HauMTe/IbHasl YacTh BOZBI IIepeX0ojuT
B T1ap, 3aMez,Isis1 IBIbKeHus1 riepefHero ¢ponTta. Kpome Toro, nHTeHCH(UKaLMs HcTape-
HUSI TIPUBOJAMT K BBITIaZIEHUIO B 0Ca/I0K OOJIBbIIIero KOJIMYecTBa paCTBOPEHHOMN MPUMECH.
ITosTOoMy B mepBOM NpHUMepe CoZep)KaHhe COMY B TBepZOH (hase mpH rnepexoze uepes
(pOHT KUIeHUs yBeJUUMI0Ch He3HaunTeIbHO — Ha 11 %, a Bo BTOPOM ClyJae — BO3pOC-
710 6osiee yem B 7iBa pa3a. OTCIozia MOXKHO C/ieJ1aTh BBIBOZ, UTO 3arloJIHEHHe 110 BhITIaB-
1reii B 0CaZloKk MPUMeChIo U OI0KMpOBaHNe TedeHUsl CeJyeT 0)KU/aTh TPH HeOOJIbIINX
3HaUeHMSX [JaB/IeHUs MH)KEKL[UH, COOTBETCTBYIOIIMX UHTeHCUBHOMY IPOLIeCCY KUITeHUs
pacTsopa.

0.002
Ky)

0k

-0.002 -

1 L 1 1
[ 0.02 0.04 0.06 0.08 Y 0.1
1

Puc. 3: XapakTepHblil BUJ, TPaHCLIEHJEHTHBIX KPUBbIX, WUIHOCTPUPYIOLIUN MCUe3HOBe-
HUYe pelleHHs] aBTOMO/e/bHOM 33/ilaud NMpU CAUSgHUM KopHel: ¢ = 0.1, T' = 570 K,
Py =1MIla, SSo =0.3; 1 - P° = 5.9 MIla, 2 — P = 5.7 MITa.

OCHOBBIBasICh Ha TOTYYEHHBIX BBIIIE Pe3y/ibTaTaX, UCC/IelyeM XapakTep Mporiecca,
yYMeHbIIlast IaBjieHre WHKeKuu. Ha puc. 3 mipefcTapieH XapaKTepHBIA BU/| TPAHCIeH-
JEHTHOM KpKBO#t F'(y1) NPy pas/IMUHbIX JABIeHUsX NHKeKLHH. [IpOBe/ieHHbIe PacyueThl
TMOKAa3bIBaOT, UTO ypaBHeHUe F'(+y;) = (0 uMeeT 2 KOpHS U aBTOMO/Ie/IbHOE pellieHre SB-
JIIeTCst [BY3HAUHbIM (KpuBas 1). TIpy O0/MBIIMX 3HAUEHMSIX JaBIeHUs UHXKEKIIUH KOPHU
HaXO/IATCS HA 3HAUYMTELHOM PACCTOSHUM JPYT OT Apyra. YMeHbIleHHe JJaB/eHusl Co-
TIPOBOXK/IAeTCS COMMKEHNEM KOPHEH U TPUBOUT K MCUE3HOBEHUIO PEIIIeHUs], KOT/ia BCS
TpAHCIIeH/IEHTHAs! KPUBast PacrioyiaraeTcst Hibke ocu abcruce (KpuBasi 2).

[TpoaHanu3upyeMm MoBefieHHe KOPHeH 1py U3MeHeHWH rapaMeTpoB 3aaun. Ha ¢wur.
4 mpesicTaBieHa 6UQypKaiMOHHAs AriarpaMMa, OTPaykarolias MPOIecC CTUSTHUS KOpHekH
U MCUYe3HOBEHUs pellieHus aBTOMO/e/TbHOM 3a/jaun. Bo3HMKaeT Borpoc o Bbibope pe-
IIIeHUs], KOTOPOe COOTBETCTBYET peabHOMY Mpolieccy. 3HaueHue 6obIero KopHs S.S
(kpuBasi 1) yMeHbILAETCS C ZAB/IeHHEM WHXKEKI[MH, a 3HaueHue MeHbIero (kpusas 2)
Bo3pacraeT. C ¢pu3nyeckoii TOUKH 3peHUs] KDUTHYECKOMY MOMEHTY 3aro/IHeHHs! TTOp CO-
JIbIO, BBITIABIIIEN B 0CA/IOK, /I0JDKEH TIPE/IIeCTBOBAaTh POCT KOJMUECTBA CO/U B TBEP/OH
(haze Mpu MOHOTOHHOM U3MeHeHUM Tapametpa. [lo3Tomy usnueckuit cMbICT UMeeT
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Puc. 4: PacripesiesieHust HaCBIIIIEHHOCTU COJIM B TBepZo# (haze Kak (QyHKIUW [JaBI€HUS
WHKeKI[UH TIPYU aHAJIOTUYHBIX (ur. 1 mapamerpax: 1 — HeyCTOWUMBOe pellieHue; 2 — pe-
1eHue, nMetolree GU3NUeCKUI CMBICIT.

MeHbIIHI KopeHb. [IpyBejeHHbIe pacCyKAeHHs COOTBETCTBYIOT pe3y/bTaTaM MpsIMOro
YKC/IEHHOTO MOJIe/TMPOBAHKS BBITIAJIEHUS COJIeH B 0Ca/IOK B 3ajiaue W3BJIeYeHHUs rapa us3
T1acTa, HaChIILEHHOTO PaCTBOPOM COJH [5].

Puc. 5: PacrnipesienieHnst aBTOMO/|e/IbHBIX CKOPOCTeH ABKKeHHsI (PPOHTA NCIIAapEeHKs] — BbI-
najieHus B 0CaZloK M (PpOHTa pacTBOPeHHs KaK QYHKLMM [jaB/IeHus] NUHXeKLUY NpY aHa-
JIOTUYHBIX prc. 3 napameTpax: CII/IOIIHbIe TVHUY — pellieHus], UMetolye (husnuecKuil
CMBICIL.

Ha ¢ur. 5 npezcraBieHbl 3aBUCUMOCTH 3HAUeHWM aBTOMO/IENIbHBIX CKOPOCTeM OT
[aBJIeHUs] MH)KeKLWH. 3ech (PU3NUeCKUil CMBbICT UIMEIOT BeTBH pelleHwus], yOrIBaroe
IIpY YMeHbIIIeHUH [laB/leHus] UH)KeKLMK (CII/IOIIHbIe IMHUKM). B ciyuasx, npecrasies-
HBIX Ha JjMarpaMMax, KpMTHUeckoe 3HaueHue JaBieHus papHo PV = 5.796 MIla, B To
BpeMs1 KaK JlaB/ieHre kunenus Py = 5.579 Mlla, T.e. oT/Muume OT jaB/IeHHs HACBILIEHHs
COCTaB/IsIeT HEMHOTUM Oosiee IByx atMocdep. DTo 03Hauaet, uTo obpa3oBaHue obsa-
CTeld, HAaCBIIEHHBIX 0CAJKOM, MOYKET MPOUCXOAUTE MO0 B HaUaIbHBIN TIepHOj| MHKeK-
1M, MO0 TIpY MPeKpaleHnH 3aKaurMBaHHs, KOT/Ia laB/ieHre HHXKeKLMH Mao. PacueTsl
TMOKa3bIBalOT, YTO yMeHbllIeHHe Haua/lbHOTO JABJeHUs] UM TIOBBILIEHHE TeMIIepaTyphl
pe3epByapa TakXe MPUBOJUT K MHTeHCH(HKAIUU HcTiapeHust ¥ boree MeZijIeHHOMY /IBU-



Ibinkun I'T. 98

JKeHUIO TepeiHero (GPOHTA, YTO CTIOCOOCTBYET POCTY COJIM B TBepZoH ¢a3e 3a GpoHTOM
WCTIapeHuUs..

B ecrecTBeHHBIX YCJIOBUSIX IIOMOJHEHHE PECYPCOB TeoTepMajbHOTO pe3epByapa
TIPOUCXO/INT, T/IABHBIM 00pa30M, 3a CYeT MOCTYTIIEHUS MPECHBIX BOJ, C TIOBEPXHOCTH, KO-
I7la rpajIieHThl JaB/ieHus1 HeBelMKY. Ec/v mopoasl cofiep>kaT coib B TBepAoH ¢ase, TO
TPOLIeCC PAaCTBOPEHUS COJTU U lajibHeHIIee BWKeHHe PacTBOpa BHU3, B 00sacTh bosee
BBICOKMX TEMIIepaTyp, MOXKeT NMPUBOJUTL K 00pa30BaHUIO0 HEMPOHHLIAeMBIX 00/1acTed,
HAaCBIIeHHBIX 0CaJIKOM. PacueTsl, TIpHBe/leHHbIe B HACTOsIIIEl paboTe TTOKa3bIBatOT, UTO
0bpa3oBaHue COeBbIX TIPOOOK, BOHUKAIOIIUX KaK B PUPOHBIX MPOIECCax, TaK U MpU
TeXHOTeHHOM BO3/IeliCTBUM Ha pe3epByap, CJie[lyeT OXKUZAATh B BLICOKOTEMITEPATYPHBIX
CUCTeMaXx C MaJIbIM Havya/IbHBIM /IaB/IeHreM TIeperpeToro rapa Mpy JJaBJIeHUN NHXeKIHY,
OMM3KKUM K []aB/IeHUI0 KUTIeHUs], a HanboJee BaKHOM XapaKTePUCTHUKOM, OTBETCTBEHHOU
3a 0Opa3oBaHKe HEMTPOHUIAEMBIX COJIEBBIX TIPOOOK, B/ISIETCSA UHTEHCUBHOCTh KUITEHUS
pacTBopa.

BoiBoabl

IMpeano>keHa MaTeMaTHUeCKasi MO/Ie/Tb WHXKEKITUY MPEeCHOU BO/IbI B Te0TepMaibHbIN pe-
3epByap, HACHIIIIeHHbIN TeperpeThiM IMapoM U COJIbI0 B TBepAoii dase. [IpecHast Boja,
JIBUTasiCh yepe3 00/1aCTh TBep/IOH a3kl COU, PaCTBOPSIET €€ U TIePEHOCHUT B Harpas/ie-
HUU TeueHHs. IIpy JOCTWKeHUH 00/1aCTh HU3KOTO ZiaBjieHus (opMHUpyeTcs (PpOHT ucC-
TapeHwsi, Ha KOTOPOM COJTb BBHITIA/ZIAeT B 0Ca/I0K. ECTeCTBEHHO MPe/ooXKUTh, UTO 00-
JIaCTh HECYIIIeCTBOBAHUS PEIIEHNsI COOTBETCTBYET PEXKMMaM UHXEKIIUU, KOT/Ia TeueHue
yepe3 MPOHUILIAeMbIe TOPO/IbI OJIOKUPYeTCs BIMABIIeH B 0Ca/I0K COJIbIO, 3alO/THSFOIIEH
TIOPOBOE TMPOCTPAHCTBO Ha (hPOHTe UCMapeHus. UnCIeHHbIe SKCIIEPUMEHTHI TTOKa3asly,
YTO KPUTHYECKUHN PEeXXUM [T Ciydast TIomyOeCKOHEUHOTo TIacTa HacTymnaeT Tpy JiaB-
JIEHUW WHXXEeKLUH O/IM3KUM K ZIaB/IEHHIO HACBIIIEHUs, TIPH TIPUBOAUT K UHTEHCUBHOMY
WCITapeHuI0 XUIKOH (a3el. B 3a/jaue M3B/IeueHUs rlapa U3 re0TepMaibHOTO pe3epByapa,
HaCBIIEHHOTO BO/ION, CoZieprKalilell pacCTBOPEHHYIO MPUMeCh, Hab/ToaeTcst 0OpaTHbIN
s¢dekT. ITageHre JaBieHus B A00bIBatOIIel CKBaKMHE NHTEHCU(MUIIUPYET UCTIapeHME,
HO CYIIIeCTBEHHO BO3PAcTaeT CKOPOCTh (PPOHTA KUTIEHHST U KOJTMUECTBO BhIMaBIIel B 0ca-
JIOK COMY Ha eJUHHULYY 00beMa YMeHbIIIaeTCsl.
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AHHoOTaNUs

Pa3BuBaeTcsi reomerpuueckass (opmMa OMMCAHUS TeUeHUH >KUJKOCTeMH, IOTIOTHSIOIIAs
TPaAULIMOHHBIE TTOAX0bI M 00ecreynBaromasi BEITIOJIHEHVEe eJMHBIX TpeOOBaHUM B pas-
JIMYHBIX METO/,aX UCC/Ie0BaHNUMN — aHaTIMTUYeCKUX, UUC/IEHHBIX U SKCIIepUMeHTa/IbHbIX.
B kauecTBe MaTeMaTHuUeCKOM OCHOBHI BblOpaHb! AuddepeHiiaibHble (JOPMbI 3aKOHOB
COXpaHeHUs1 BellleCTBa, COCTaBa, UMILY/IbCa U [O/IHOM SHepruy, JOoNo/JHeHHble YpaBHe-
HUSIMH COCTOsIHMSA. [TapaMeTphl KOZIOB ¥ MeTOJMKA SKCIIepuMeHTa 00ecrieurBaroT pas-
pellleHHe U BU3ya/lr3alMi0 BCeX KOMITIOHEHT TeUeHH — M KPYITHO- W MeJKOMacITab-
HBIX, OTIpeJesisieMbIX YC/I0BUEM COBMECTHOCTH YPaBHEHUH 1 BBITEKAIOLUM KPUTEpHeM
TIOJTHOTBI OTMCaHKsl. XapaKTepHble MacIITabbl KOMIIOHEHT TedeHUH omnpe/esisitoTcs Oa-
30BBIMU YPaBHEHUSIMU U [PaHUYHBIMY YC/IOBUSIMU. B 10/1HOM Mepe Nozixo/, pean30BaH
B 3a/jaue pacueTa JByMepHbIX TeUeHU, MHAYLMPOBaHHBIX Jubdy3neli Ha Tororpaduu.
Heo6xoa1MOoCTh UCTI0/Tb30BaHHS CyTIePKOMIIbIOTEPHBIX TEXHOJIOTH 00yC/10BIeHa BHY T-
peHHell MHOroMacIuTabHOCThIO 3a7iauk. [IpoBesieHHbIe pacyeThbl yCTaHOBIEHUS TeUeHUN
Ha IUIaCTHHE ¥ paBHOOEe/[pPeHHOM KJIMHE B [IeTasIX COITIaCyHOTCSI C U3BeCTHBIMU aHA/IUTH-
YyeCKUMH PelIeHUsIMU U IaHHbIMHY J1a00paToOpHBIX SKCriepuMeHTOB. [IprBoanTCS ipruMep
Ha0J/Tr0fIeHNs TAaKOTO TeueHusi B aTMocdepe.

KrroueBbie ciioBa: QyHJaMeHTalbHasi CUCTEMa, JUHaMHKa U CTPYKTypa, CTpaTh-
(uKaLysi, MHOTOMacIITabHOCTb, pacyeT, SKCIIepUMEHT.

BbnaropapHocTH: McciefoBaHye NIPOBOAUIOCH NpU Nogfepykke PODU (rpoekTsl
12-01-00128-a u 12-05-90417-Ykp a).

Begenue

Pa3BuTHe TeXHUKU ONTUYECKOW BU3yalu3aliuM, CO3/laHre HOBBIX ONTHYECKUX WHCTPY-
MEHTOB Ha3eMHOT0 ¥ KOCMHUECKOT0 6a3upOBaHUS OTKPBIZIO HOBbIE BO3MO)KHOCTH B U3Y-
YEeHUH MPUPOZHBIX CUCTEM B IITUPOKOM /iMaria30He MacIiTaboB — OT CBETOBBIX JIET B KOC-
Moce /10 MUKPOHOB B laGopatopvy. HoBbIe BBICOKOPA3peIarIie UHCTPYMEHTHI TI03B0-
JIWIA YCTAHOBUTH CaM (DaKT CyIleCTBOBAHUSI TOHKOW CTPYKTYPHI CIIJIOIIHOM Cpe/ibl, 3a-
PerucTpupoBaTh MPOCTPAHCTBEHHO YIIOpsiZioueHHbIe (POPMBI, OTIPeJe/TUTh XapaKTepHbIe
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MacIITadbl, KOTOPble pPa3fesisiFoTCsl Ha HeCKO/IBKO TPYMIL. YTOpsiloYeHHbIE CTPYKTYPHI
HanOO/BIINX MacIITabOB — B HECKOJIBKO CBETOBBIX JIET — BBICBEUHBAIOTCS BCIILIXMBAO-
LIMMUCS 3Be3[aMH B ME>K3Be3JHOH cpefie.

B 1a60paTopHbIX YCIOBUSAX TOHKasl CTPYKTypa C MaciuTabamMu OT CAHTUMETPOB /10
MUKPOH PerrCTPUPYeTCsl BO MHOTUX BHZAX TeueHH HEeOJHOPOJHBIX CpPeJ] — BO/THOBBIX,
BUXDEBbIX, TIPU BLICBIXaHUU CyCIieH3ul HaHouactul [1]. B atmocdepe u ruapocde-
pe 3eMJIH MoTMepevHblie MacIiTabbl BEICOKOTPA/[UEHTHBIX TPAHULL OT/I/TLHBIX 3/IEMEHTOB
CTPYKTYP JIEXKaT B Zifiaria30He OT CAHTUMETPOB /I0 COTEH MeTpOB. B kKauecTBe mpumepa
CTPYKTypH3aluu TeueHusi B atMoc(depe Ha puc.1 npuBoautcs dororpadus Ha mepBbIit
B3[VISI/] TIAPA/IOKCATbHON KapTUHBI MHAYCTPHAIBHBIX BLIOPOCOB B FO>kHO-CaxamuHCKe.

Puc. 1: 'agycrpuansHbie BLIOpock! B atMocdepy (FO>kHo-CaxanuHck, 19 centsops 2011
r., ¢poro FO./l. YareukuHa)

B nipeipaccBeTHBIE Yackl ap U 6iM U3 TpyOsl TOLl mepeHOCUTCS HarpaBo B hopme
TUTTUYHOU TypOy/eHTHOU cTpyu. CTpyH Tapa 13 TPaJIupeH C/ieBa OT TPYObl OAHUMAFOT-
€Sl BePTUKA/ILHO ¥ HECKOJTBKO COMMKAtOTCA ¢ BhICOTOM. OffHaKO 06/1auKo Tapa pacrosia-
raeTcs He Hafl CTPYSIMH, a CMEIIIeHO B/ieBO. TeMHbIH ZIbIM U3 TPYObI KOT€/TbHOM CHOCHUTCS
HaJIeBo, IPUYEM JJOBOJIbHO OLICTPO KITyObI TPAaHCOPMUPYIOTCS B MOJI0CUATHIE CTPYKTY-
Pbl, BEITSIHYThIE TI0 BeTPY C HEOAHOPOAHO pacIipe/ie/ieHHOW KOHLIEHTpaLyel JbiMa.

O6mas cTpyKTypa M300pa)keHUsl THUITMYHA [/ CTPAaTU(ULIMPOBAHHBIX TeUeHWH, B
KOTOPBIX CHJIBI TIJIaBYUeCTH MO/ABISIIOT BePTHKa/IbHOE /IBIKeHHe U Ha 60/IbIINX (TT0BO-
POT CTPY#i U3 BePTUKAJIbHBIX B TOPU30HTA/IBHBIE) U HA MaJIbIX MaciuTabax (1MHeapu3a-
1S TeueHus1). HaripasiieHus! CTpyH CBU/IeTeIbCTBYIOT O [IeMCTBUM BOCXOIALLMX BZLO/Ib-
CK/IOHOBBIX TEUEHHH 1 KOMITEHCAL[MOHHOTO TeYeHusI B LIeHTPe J0/IMHbI, ODHeHTHUPOBaH-
HOT'O BepTHKa/lbHO BHHU3. TeueHus, UHAYLMpoBaHHbIe AU dy3ueil Ha Tororpaguu ak-
THUBHO M3Yy4alOTCs MO CJIeHIE [IeCTbeCT JieT U B atmocdepe [2] u B okeade [3]. Pacuer
TaKOTO TeUeHHsI Ha MPOCTOi Tororpaduu (TyiacTiHa KOHEUHOM [I/TMHBI, KJIMH) BeIOpaH
B KaueCTBe MpUMepa peasM3aliiy LjeJiM IaHHOW paboThbl, OpPUEHTHPOBAHHOM Ha pa3pa-
OOTKy MaTeMaTH4eCKON MOZe/H, TI03BOJISIIOLLeN pacCUMTBIBATh U AWHAMUKY, U TOHKYIO
CTPYKTYDPY peaslbHbIX TeUeHUH.
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dyHAaMeHTa/IbHasA cCUCTeMa YpaBHeHHUH

B KkauecTBe MaTeMaTHueCKOW OCHOBBI MOZEMPOBAHUS TeUeHUH B OKPY’Karollei cpe-
Je BeIOpaHa (hyHiaMeHTabHON CUCTeMa YpaBHEHUH MeXaHUKH HeOJHOPOJHBIX YKH/TKO-
cTel, BoIpakatolljasi B uddepeHianbHOM PopMe 3aKOHBI COXpaHeHUsI BelllecTBa, CO-
CTaBa, UMITY/IbCa, W TTOJTHOM sHepruu [4]. CrucTeMa 3aMbIKaeTcs anredpanuecKuM (IMITH-
pUYeCKUM) ypaBHEHHEM COCTOSTHHUSI, CBSI3bIBAIOLL{M TePMOAMHAMUYe CKUMH (PyHKLIUSIMA
H3y4yaeMoi cpefibl. B oT/iMUMe OT KOHCTUTYTHBHBIX (TeOpUH TypOyJeHTHOCTH) U TIPH-
O/MVKeHHBIX MojieJieli CUMMEeTPUH TaKOW CHCTeMbI COOTBETCTBYIOT OCHOBHBIM TIPHHIIM-
nam ¢u3uku [5]. CrcTemMa aHa/IM3UPYeETCs C YUETOM YCIOBUSI COBMECTHOCTH COCTaBJIsI-
IOIUX YPaBHEHUH, OTIPe/Ie/AIOIAM PAHT MOJHOTO Habopa ypaBHEHMH, TIOPSA/OK JIMHE-
apy30BaHHOM BEPCUU U CTeTIeHb XapaKTepUCTHUeCKoro (anrebpanyeckoro) ypaBHeHUs..
B cnabo avccunatuBHBIX cpefiax (atMocdepe u ruzpocdepe) aHaU3 00IIUX CBOHCTB
JIMHEHHOM MO/Ie/TM TIOKa3aJsl, YTO TeUeHHsI ONMCHIBAIOTCS HAOOpOM (DYHKILMIA, XapaKTepu-
3YIOIIMXCS Pa3/TUUHBIMU COOCTBEeHHBIMU Macitabamu. KpymHomaciitabHble hyHKIHH
OTIpe/ie/IsiFOT AMHAMUKY TIPOLIeCCOB, MeKOMacIITaOHble — TOHKYIO CTPYKTYDPY TeUeHHi
[6].

PaccmatpuBaeTcs 3a/jaua hOpMUPOBaHMs TeUeHUH HeCOKMMaeMol JIMHeWHO CTpaTh-
(bULMPOBaHHOM >KUKOCTH, HEBO3MYILIEHHOE PACTIPe/ie/ieH e TIOTHOCTH pg (2) KoTopast
3a/]aeTcst poduieM CoMeHoCTH Sy (z), rae ocbk 0z HampaB/ieHa BepTHKAaIbHO BBEpX,
A = (dInpg/dz)"' — macwrab, N = 27 /T, = +/g/A — uactora u T}, — nepuog ra-
BYYeCTH, g — yCKOpeHre cBoOoAHOro najieHus. PyHAaMeHTambHas CUCTEMAa BKIIIOUAeT
B ce0s ypaBHeHus coctositus p (S (z)), Hepa3pbiBHOCTH, HaBbe-CToKca B MpHO/IIKe-
HuM ByccuHecka, auddy3un ctpaTudULMpyollell KOMIIOHEHTHI U BHU3yaau3upyoLeit
ripuMecH [4]

p = poo (exp (—z/A) + s+ s0), divv=0,
%+(UV)U:_pﬁvP_FVAU_(S_FSO)g’ (1)
%—I-U‘VS:IisAS-FUKz, %+U'VSOZI€SOASO'

31ech s — BO3MYIlleHHe CO/IeHOCTH (CTpaTU(GUIIMPYIOIIero KOMITIOHEeHTa), BK/IFOUaro-
11ee KO3 OUIMEHT CO/IEBOTO CXKaTHs, So — KOHLIEHTPAL[Us BU3ya/TU3UPYIOIIel MPUMecCH,
v = (Vg, Uy, V;) — UHAYLIUPOBAHHAsI CKOPOCTh, P — /laB/IeHHe 3a BHIYETOM TMIPOCTaTH-
4ecKoro, v, kg U kg, — KO3 (QULMeHTbl KHHeMaTHueCKO! BA3KOCTH, AUG(y3Un COU U
BU3ya/lIM3UPYHOLIeid TPUMeCH, COOTBETCTBEHHO, ¢ — BpeMst, V 1 A — orepatopsl ['aMusib-
ToHa u Jlartaca.

®u3znyeckd 0OOCHOBAHHBbIE HayasbHBIE YCJIOBUS U TPAaHWUHBIE YCIOBHS 3a/jaudd
(Mpununa”us sk CKOPOCTH M HEeMPOTeKaHUsI [i/1s BeLeCTBa 1 3aTyXaHHs BCeX BO3MY-
IleHrH Ha 0eCKOHEUHOCTH) UMEIOT BH/]

| 0ds
X - [5”}

182_0 @

0S 1oz
s Aon

v, S|t<O:0’ Uzl = |y =0, [6n
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[30”20 =¢ U, 5 SO‘x,zaoo =0

I7le 1 — BHELIHSIsl HOPMasib K TIOBePXHOCTH TMPEIsITCTBUS Y.

Cucrema ({ll) c HauanbHBIMK 1 rpaHruHBIME yenosuamu (B) conepsxut Gombioe unc-
710 cOBCTBEHHBIX MacIITaboB: [yinHbI (T1aByuecTd A, pa3MepoB MIaCTUHbI L, CKOPOCT-
HOTO 0%, = +/v/ N 1 guddysuontoro 6,7 = +/kg/N yHUBepCalbHbIX MUKPOMACIIITA-
608 ); ckopoctu (U, = VvN, Uy = \/ksN) u Bpemenn t = T},, XapaKTepU3yIOLIX
pasnuuHble GyHKIMY MTOHOTO pertieHusi1). CylrieCTBeHHbIe Pa3/uuus B 3HAYeHUSIX Mac-
TaboB //IMHBI YKa3bIBAOT HA CJIOKHOCTb BHYTPEHHEH CTPYKTYPBI [iaXKe TaKOTO Me[-
JIEHHOTO TEUeHHsI, KOTOPOE TIOPOXKAAETCST Ma/IbIMK CH/IAMU TUIABYYeCTH, BO3HUKAFOIIU-
MU BCJIeZICTBHE HEOJHOPOJHOCTH MOJIEKY/ISIPHOTO TIOTOKA CTPATH(HULIMPYIOLLIEr0 KOMIIO-
HeHTa.

OrHoleHHst MacIuTaboB 3a/jal0T TPAULIMOHHBIE 6e3pa3MepHbIe KOMITIEKChI — IIIKa-
ny nnaByyectd C' = A/L, uncnia PeiiHonb/ca € TEKYIMM 3HaueHHEM CKOpoCTH Re =

|v| L/v (umi c XapakTepHBIM BHYTPEHHMM MacmiTaboMm 3ajauu Rey = L/0%, =
A/NL?/v), Tlekne Pe = |v|L/kg (Pey = L/63 = UN’L/ks = 1/NL?/kg),
Imuara Sc = v/kg (3mech unciaa ®Ppyna u PeliHob/ca CBsi3aHbl COOTHOIIEHUEM

Fr=U}/NL = 6%;/L = 1/Rep).

Yci0BUsST aZieKBaTHOTO pa3perieHns] MeJKOMACIITaOHbIX 71eMEeHTOB TeueHHs, 00y-
CJIOB/IEHHBIX COBMECTHBIM JlelicTBUEeM 3¢ deKToB cTpatuduKkaiu u quddysny, Hakna-
[bIBaeT Cyll{eCTBeHHble OrPaHUUeHs] HA MUHHUMAJIbHBIH 11ar 1o MPOCTPAHCTBY, UTO CY-
ILIIeCTBEHHO 3aMe[/isieT CKOPOCTh UMC/IEHHBIX PACUeTOB M BbIHY)KAaeT mpuberats K mo-
MOIIIY BbICOKOIIPOU3BOUTE/bHBIX BEIUMCAUTENBHBIX CUCTEM.

JIuneiinas Bepcusi cuctems! ({ll) IMeeT BOCEMO# MOPSIIOK U, C YUETOM 3aTyXaHHsI BCEX
BO3MYILL[eHHI Ha 0eCKOHEYHOCTH, ee TI0JTHOe pellieHre BK/II0UaeT YeThIpe He3aBUCHMBIX
pasHoMaciuTabHbIX GyHKIMHU [6].

Yuc/ieHHbIEe a/ITOPUTMBI IOCTPOEHUs PelIeHus

ANTOpUTMBI pellieHus CTPOSITCS Ha OCHOBE IByX METO/IOB — KOHEUHBIX Pa3HOCTEH U KO-
HEUHBIX 00HLEMOB.

[pu peanu3ariii KOHEYHO-PA3HOCTHOrO TMOJAX0/Ja UMC/IEHHOE PeIlleHre CHCTEMBI
(i) — (B) naxoguTcs B ecTecTBeHHBIX (U3MUECKUX MEPeMEHHBIX CKOPOCTh-ZaB/eHHe
Ha pa3HOCTHOM I11ab/ioHe ¢ pa3HeCEHHOH CTPYKTYPOU PACIONOXKeHUsI CETOUHBIX Y3/I0B.
PaccuuThiBaeMble BeJIMUMHBI [JaBI€HHE OMPE/IeNSIOTCA B Pa3HbIX y3/1ax MPSAMOYTo/IbHON
CeTKU U JIBYX BCIIOMOTaTe/bHBIX TOMyCEeTOK. B y3/1aX 0CHOBHOM CETKU pacrio/arajiuch
ceTouHble (DYHKIIMU JAB/IEHUS ¥ COJIEHOCTH, a Ha CepeJUHAX TPaHel KOHTPO/IbHBIX 00be-
MOB, T.€. B y3/IaX BCIIOMOTaTe/bHbIX MOMYIEbIX CeTOK, CeTOUHbIe (DYHKIMYA KOMITOHEHT
CKOPOCTH, COOTBeTCTBeHHO. I1laru ceTok BhIOMpPAIUCh KaK PABHOMEPHBIMHU, TaK U Tepe-
MEHHBIMH B 000MX Harpap/jeHusX. 11 HaXOXKAeHUs] 3HaueHHH TTapaMeTPOB B TOUKAX,
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He COOTBETCTBYIOIIMX WX TIOJIOKEHHIO Ha Pa3sHOCTHOM 11abrioHe, WCT0b30Basach Jiu-
HeliHasi UHTePITOJISIIHS.

KonmuecTBo TOUeK B Ka)KZIOM M3 HarpaB/ieHuH, MeHsioch B AuariazoHe 500div2000
u 50div300, cooTBeTcTBeHHO. PaccuntaHHble KAPTUHBI TEUEHHSI OCTABa/IMCh yCTOWUM-
BBIMU [1PU M3MEeHEHWH UKCJia y3/I0B PAa3HOCTHOW CeTKH BO BCeM YKa3aHHOM Jivaria3oHe.

TMpotiefypa omnpe/esieHUss HeU3BeCTHBIX Oblla OpPraHHU30BaHa B BUIe TPEX3ITAIHOM
CXeMbl paciileryieHysi o ¢pu3NUecKUM rapaMeTpaM C HUCTOIb30BaHUEM WX HM3BEeCTHBIX
3HAUeHWM C TIPeJBIAYIero BpeMeHHOTo CJios. KOHeUHO-pa3HOCTHBIE arlmpOKCUMAlliN
paccMaTprBaeMbIX YpaBHEHUH CTPOWIMCH 110 HESIBHOM CXeMe Ha TMSTUTOYeYHOM Iab-
JIOHEe B COOTBETCTBHMU C U3BECTHOM CXeMOH «KpecT». CiiaraeMble C TPa[MEHTOM JlaBJie-
HUSI BLIUMCJISTUCH C TIOMOILBI0 OAHOCTOPOHHUX pa3HocTel. [1is armpokcuMauuu Jud-
(hy3MOHHBIX UTIeHOB YPaBHEHHH UCTIO/Ib30Balach CxeMa C LIeHTPaJbHBIMHU Pa3HOCTSIMU,
a KOHBEKTHMBHBIE UJIeHbI arpOKCHUMHUPOBAIMCE CXeMOM C pa3HOCTSIMU TIPOTHB MOTOKA.

[TonyyeHHasi cCHCTeMa KOHEUHO-Pa3HOCTHBIX YPaBHEHUH anlpPOKCUMUPOBAJIa aHaIu-
3upyeMyIo cucTeMy AuddepeHIanbHbIX ypapHenuii ({ll) ¢ mepBbIM MOpsSIKOM TOUHOCTH
10 BpeMeHU U CO BTOPBIM TOPSIZIKOM TOYHOCTH T10 MPOCTPAHCTBEHHBIM TTePeMeHHBIM.
ITpoBefeHHBIN aHa/MM3 MTOKA3a/l YCTOMYMBOCTD CXEMBI.

PeliieHre MoyyeHHOM CUCTeMbI Pa3HOCTHBIX ajreOpanyecKuX ypaBHEHUH C MATH-
[MaroHa/lbHON Matpuilelt kK03(DPUIIMEHTOB OCYIIeCTB/I/IOCh METONOM «IlepeMeHHbBIX
HarpaB/IeHU», TIePeBOJSIINM UCXOAHOe YPABHEHUS /IS ZIaB/IeHUsI B IBa O[HOMEPHBIX
ypaBHEeHUs] BTOPOT'O TMOpsi/ika C TpexXJraroHaJlbHbIMKA MaTpyLiaMH, KOTOPble PaCCUUTHI-
BaJIICh METO/IOM TTPOTOHKH.

ITpu NpoBe/IeHNH BLIUKC/IEHHH Pa3HOCTHAs CeTKa CTyIjanach B 00/1aCTSIX TeUueHuUs C
OosBIIMMY TPaJrieHTaMu (BOIM3Y IOBEePXHOCTH TJIACTHHEBL U ee KPOMOK), TaK YTOOBI Ha
Maciiurabe coeHOCTH §57 MOMeILANoCh Harepes 33/jaHHOe YMC/IO Pa3HOCTHBIX sUeek,
KOTOpOe B pacyeTax NMPUHUMAJIOCh He MeHblile TiSTH. bosee moapo6bHO MeTozrKa U3/0-
>KeHa B [7].

Iljig uMcneHHOU peasM3aliid MeTo[ja KOHeUHOro oobema Obu1 pa3paboraH co6-
CTBeHHBIN perriatesib stratifiedFlow Ha ocHoBe cTaHzapTHOrO conBepa icoFoam, pea-
JI3YIOLLETO YMCIeHHOe PellleHre HecTaluoHapHbIX ypaBHeHu HaBwe-CTokca A/1s of-
HOPO/JIHOM BSI3KOM HeC>KMMaeMoi uAKoCTH B TlakeTe OpenFOAM ¢ OTKPBITBIM UCXO[I-
HBIM KOZIOM Ha si3blke C++. [I7151 pacueTa TeueHW HelpepbiBHO CTPaTU(UIIMPOBAHHBIX
JKUJTKOCTel B HeTO ObLIM BBe/IeHbI JIOTIOIHUTE IbHbIe YPaBHEHUH I pacueTa repeMeH-
HOM TIJIOTHOCTH, KOHLIEHTPAI[UM CTPATU(PUIUPYIOIIEro KOMIIOHEHTa U BU3YaIM3UPYIO-
1Ieli MpUMecH, a TakKXKe HOBBIE TTapaMeTPhl — UaCTOTa [/IaBy4YeCTH, MaciiTad cTpatudu-
Karuu, ko3hounyenT audbdysun, yckopeHre cBOOOAHOTO MajieHus U Apyrue, obecrie-
YyKBarole BKItoueHue 3¢ ¢deKToB HeJTMHeHHOCTH, cTpaTuduKaiy 1 guddysuu. Pera-
TeJb OB JOTIO/THEH MPOrPAaMMHBIMU (hparMeHTaMH pacueTa JIPYruX UHHOPMATUBHBIX
(u3nUeCcKUX BeJIMUMH — TTOJTHOM TJIOTHOCTH, QYHKLWMHU TOKA, AMHAMUYECKON 3aBUXPeH-
HOCTH w = rotv, TeMmna 0apOK/JIWHHOW reHepalyiy 3aBUXPEHHOCTH Q) =VP x Vp i,
KOMITOHEHT TeH30pa BSI3KUX HamlpsbKeHWH, CKOPOCTH JUCCHTIALIMN MeXaHU4YeCKOW SHep-
T'UH, PACTIPe/Ie/IeHUsI CUJT 1 MOMEHTOB, BO3/IEHCTBYIOIINUX Ha 00TeKaeMoe MpersTCTBYE.
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ITpu urc/ieHHOW peanM3aLyy TPaHUYHBIX YCIOBUM OBLTM UCIIO/IB30BaHbI CTaHAAPT-
Hble W pacimpeHHble yTUAUTHI Maketa OpenFOAM, Ttakue kKak setFields, topoSets
(C IOMOTHUTETLHBIM HCTI0/Ib30BaHUEM paciliMpeHHbIX 0ubmotek swakSourceFields u
swakTopoSources), swak4Foam, groovyBC, funkySetFields, funkySetBoundaryField,
KOTOpBI€ TT03BOJISIOT 3a/1aBaTh AHATMTHYeCKHe BBIPDAYKEHUS /IS Pa3/TMUHBIX (hH3UTe CKIX
repeMeHHBIX € UCTonb3oBanueM rporpammel GNU bison, ripegHazHaueHHO#H /71 aBTO-
MaTA4YeCKOTO CO3/[aHUsI CHHTAKCHYeCKUX aHaM3aToOpPOB IO JAHHOMY OTMCAHUI0 TPaM-
MaTHKH.

B kauecTBe pacueTHOU oOsacTv ObLT BhIOpAH KBajipaT CO CTOPOHOM, Ha TOPSIOK
TIPEBBIIIAOIINIM XapaKTePHBIM pa3Mep TIPemnsTCTBUs, TIOMEIIIeHHOTO B ee 1jeHTp. [Ipu
pacueTe TeueHHI Ha BHEITHUX T'PAHUIAX pacyeTHOM 00/1acTy CTaBUINCE “MsiTKue” rpa-
HUYHbIE YCJIOBUS THIA JIMHEWHOW 3KCTPAIoJSILIK, COOTBETCTBYIOIMEe PaBeHCTBY HY-
JIF0 HOPMAJbHOTO T'PafiieéHTa BCeX PAaCCUMTHIBaeMbIX (HU3MUECKUX repeMeHHbIX. [lo-
CTPOEHMEe pacueTHON CeTKU OCYIIeCTB/sUIOCh KaK Ha OCHOBE CTAHJAPTHBIX YTHIINAT
blockMesh, snappyHexMesh, Tak u ¢ ucrnosib30BaHueM He3aBUCUMOTO CeTOYHOTO TeHe-
paropa Salome. IIpotiegypa mocTpoeHusi CTPYKTYPHPOBaHHBIX paCueTHBIX CeTOK C T10-
MoIIIb0 YTUIUTHI blockMesh 6b11a aBTOMaTH3MpOBaHa OJ1arofapsi MPUMEHEHHI0 MaKpO-
rpolieccopa m4, 4To 1Mo3BOJIMJIO CYIlleCTBEHHO COKPaTUTh BpeMsl [epeCcTparuBaHus CeTKH
TpY U3MEHEHUY TeOMEeTPHUECKUX NTapaMeTPOB pacueTHOM 06/1aCTH U BU/ja MPEMNATCTBYS.
C uenbio afieKBaTHOTO pa3pelleHus CTPYKTYPhI TeueHus Ha JUddy3MOHHBIX MUKPOMAC-
mrabax BO/IM3M HEMPOHUIIAEMbIX I'PAHUI] TIPETISITCTBHIN 1 00/1acTel, B KOTOPBIX BhIpaXKe-
HbI TOHKOCTPYKTYPHBIE BUXPEBbIE KOMITOHEHThI TEUEHHM, JOTIOTHUTELHO UCTIOh30Ba-
JIUCh CTaHJApTHBIE YTUIUTHI topoSet u refineMesh, mo3Bossitoiie Ha OCHOBe TeOMeT-
pyUecKux JMbo rnapamMeTpUdecKyx MPYU3HAKOB BBIAEMATE MOJ00/1aCTH PACUeTHOM CeTKH
Y U3MeJhuaTh WX B COOTBETCTBHU C 33/IaHHBIMM MaciiTabamu ¥ BLIOpaHHBIMU HarlpaB-
JIEHUSIMU.

st BeIUMC/IeHUs: 00beMHBIX MHTErpasoB 10 KOHTPOJIBHOMY O00BeMy HCIO/Ib30Ba-
Jack obImas mporjeaypa I'aycca, cOracHO KOTOPOM WHTETpast Mo 00beMy IMpeZiCcTaBis-
eTCsl uepe3 UHTerpas 1o MOBePXHOCTH sTYeliKH, a 3HaueHHe (YHKMM Ha TTOBEPXHOCTU
sTUEMKM MHTePIIONIMPYeTCs: U3 3HaueHU (yHKI[MU B LIEHTPOUjaX COCeHUX siueeK. [1is
WHTEPIIO/SAINYA KOHBEeKTUBHBIX U/IeHOB UCTob30Basack TVD cxema (limitedLinearV),
COOTBETCTBYIOII[ast 000011[eHHOH KyCOuHO-TMHeHOH cxeMe UakpaBaptu-Oriiepa. Ha op-
TOTOHA/IbHBIX YYaCTKaX CeTKA HOPMaJTbHBIE TPa/JUeHThI CKODOCTH Ha TIOBEPXHOCTH sTueii-
K1, HeoOX0ZMMbIe TP BeIYUCIeHUH A dy3U0HHBIX UIeHOB 110 TeopeMe ['aycca, Haxo-
[TWIKCH U3 3HAYEeHUH CKOPOCTH B LIEHTPOW/[aX COCETHUX siUeeK 10 CXeMe BTOPOTO MOpSii-
Ka. Ha HeopTOTroHaIbHBIX yYacTKaX UCII0/b30Balachk UTepaljoHHasi poLeAypa Koppek-
L[U TIOTPEIITHOCTH, BLI3BAHHON HEOPTOTOHATBHOCTBIO CeTKU. [IJIst IUCKpeTH3al[iu Tpo-
W3BOZHOM 110 BpeMeHH UCTI0/h30Balachk HesiBHas TPEXTOYeYHasi HeCUMMeTPUYHask CXxema
BTODPOTO TOpsifika ¢ pa3HocTsamu Haszafg (backward differencing).

[ cBSI3aHHOTO pacyeTa T0JIsi CKOPOCTH U JIaBJIeHHs UCTIONb30BaIach MpeaioyKeH-
Has Micca npoueaypa PISO (pressure implicit with splitting of operators) c urciom Kop-
PEKTOPOB 4. JI7is1 pelnieHust OTyYeHHON CUCTeMbI TMHEMHBIX anrebpandyeckux ypaBHe-
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HUI IpUMeHsTMCh uTepaljuoHHble conBepbl PCG 1 PBiCG, ucnone3yolye MeTozbl Co-
NIPSDKEHHBIX ¥ OMCOTPSHKEeHHBIX I'PaJJMeHTOB C Npejo0yC/IOBIYBAaHUEM [i/Il CHMMETPHY-
HBIX M aCUMMETPHUHBIX MaTpPHUL| COOTBETCTBEHHO.

PacueTs! nocTaB/ieHHBIX 3aZia4 IPOBOJWINCH B TNapasile/lbHOM PeXUMe C [IPUMeHe-
HHEM MeTO/Ia /IeKOMITO3UIIMK pacueTHOM 06s1acTi Ha 0a3e CyrepKOMITbIOTEPHBIX KOM-
TIEKCOB «JIoMOHOCOB» U «HeObIes» HUBIL] MI'Y, BbiurciuTesHOro Knactepa MCIT
PAH B pamkax TexHonoruueckoi miar¢opmbel UniHUB. C 1jesibto oueHKH 3¢ deKkTrBHO-
CTU pacriapasuie/IMBaHus ObUTY MTPOBeJieHbI pacueThl AByMepHOH 3afaur GopMUpOBaHUS
TeueHHs1, UHAYIIMPOBAHHOTO MU dy3reli Ha HEMOABUKHON HAK/IOHHOM TI/IACTHHE, C 00-
LJUM KOJIMUeCTBOM pacueTHsbIX siueek 2500000.

Ipotiecc ycTaHOB/EHUsT TeueHUsI HAUMHAEeTCsl B Hy/IeBOiI MOMEeHT BpeMeHH, Koryza
T7IaCTUHAa MCHOBEHHO TpephIBaeT TIOTOK CTPaTU(ULMPYIOLero KOMIOHeHTa. Kpurepu-
€M OKOHYaHMs cyeTa C/IY)KUT yC/AOBUe Maj0CTU MaKCUMa/bHON OTHOCUTEebHOW pas-
HOCTU MEX[Y 3HaueHMsIMH MCKOMBIX TlepeMeHHBIX Ha M0C/e/[0BaTe/IbHbIX BpEMEHHBIX
11arax 1o CpaBHEeHMIO C 3alaHHOW BeJIMYMHOM ommbku. Ha rnpoTspkeHHH Bcero pacuera
KOHTPO/IMPOBA/IOCh BBITIO/THEHUE YpaBHEHHsI Hepa3phIBHOCTH BO BCEX y3/1aX PacCMaTpH-
BaeMOM pacueTHOU 00J1acTH.

Pe3ynbTarsl pacueTos

B KauecTBe pe3y/bTaTOB pacueToB, TIPOBEIEHHBIX HA OCHOBE OIMCAHHBIX a/ITOPHUTMOB,
WJUTIOCTPUPYIOTCS KapTUHBI TedeHWH, MHAYLMPOBaHHbIX Auddysreit Ha HerpoHUllae-
MO T/IaCTHHE, CHMMETPHUUHOM KJTUHE, TOPU30HTA/TLHOM /IUCKE Y KPYTOBOM LIUTH/IPE.
Takue TeueHVst POPMHUPYIOTCS B pe3y/bTare MpephIBaHUS MOJIEKY/ISIPHOTO TIOTOKA CTpa-
THOUIUPYIOIEro KOMITIOHEHTa Ha HeTNPOHUIIAeMOU rpaHMIIe U, KaK C/iefICTBUe, 0b6pa3o-
BaHus Jeduimra (M30bITKA) TVIOTHOCTU Haj (T10/1) HEMOJBM)KHBIM TPEMNATCTBUEM, T10-
I'PY’KEHHBIM B HETIPEPLIBHO CTPAaTU(DUIIUPOBAHHYTO >KUIKOCTb.

Puc. 2: KapTuHBI TUHWNA TOKa TEUEHWH, UHAYIIUPOBAHHBIX MpepbiBaHuEeM Au(Qy3HuoH-
HOTO TTOTOKA Ha TtacTuHe (a) — Hak/oHHas, (b) — ropu3oHTambHas) U KiuHe — (C)

Pa3paboTaHHbIl anropuT™ paboTaeT BO BCEX Maria3oHax MapaMeTpPOB 3a/laud, COOT-
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BETCTBYIOIIVMM TeueHUsIM B jlaboparopru, atMocdepe u rugpocdepe, B 4aCTHOCTH NpU
HyJ/IeBbIX YIVIaX HaK/OHa IpepblBaollieil I0BepXHOCTU K FOPU30HTY, KOI7ja HapyllatoT-
sl YCJIOBHSI CYIL|eCTBOBAaHUS pelieHst [2] u 6oibIux BpeMeHax, Korja He IPUMeHUMbI
ACUMITITOTHYeCKHe paccMoTpeHus [7, 8]. B paccunTaHHO# KapTyHe JIMHWN TOKa IIpe[l-
CTaBJIeHbI PeryysApHble sueliku (1 — 6 Ha puC. 2, a), pasfie/leHHble TOHKUMU MPOCJIOHKa-
MU (TIO/IOKUTE/ILHOE HalpaB/ieHye paleHus 0003HayeHO 3eieHbIM LiBeToM). Haz ropu-
30HTa/IbHOM T0JIOCOU STUeMKU pa3HbIX 3HAKOB PACIO/IOXKeHbI OMIMO3UTHO OTHOCUTE/IBHO
I7IaBHBIX MI0CKOCTel (pUc. 2, b). OKoJ0 YIMIOBBIX TOUeK K/uHa (OpMUPYIOTCS OTIOJ-
HUTe/IbHble TOHKOCTPYKTYPHbIE KOMIIOHEHTH! (pUC. 2, C).

Eiile 60/1ee OTUET/IMBO TOHKAsi CTPYKTYpa TEUEHHUs BbIpa)KeHa B TIOJISIX AWHAMUYE-
cko¥ 3aBuxpeHHocTd 2 = rotv = (0, €2, 0) (puc. 3, a) u Temna 6apOKJIMHHOMN TeHe-
palii 3aBUXPEHHOCTH B MEPECeKAOI[UXCS TO/ISIX IPAJUeHTOB [JAB/I€HUsS] ¥ IIOTHOCTH
0= (0 Q, 0) puc. 3, b). INosiBlieHre HOBbIX KOMIIOHEHTOB B OKPECTHOCTH KPAeB Iiia-
CTHHBI 006YC/IOB/IEHO COBMECTHBIM [eficTBHEM 3((}EKTOB IIaByuecTH, OrpaHUYMBAIO-
IIMX BBICOTY MOJ/beMa CXOSIIUX CTPYEK, U BA3KOCTH. [10sIB/IeHNE «PO3€TOK» — CUCTEMBI
W30/IMHUH, CXOJSIIMXCS B (U3MUYECKYI0 TOUKY — TUTHYHO [JIsi KAPTHUH [JUCCHIIAaTUBHO-
rPaBUTALIMOHHBIX BOJIH (WM BOJTH «HYJ/IEBOM 4acToThi» [9].

(@ (b) ©

Puc. 3: TToste JuHaMUUeCKOM 3aBUXPEHHOCTH 2 — (a), TeMria OAapOK/IMHHON reHepalyun
3aBUXpeHHOCTH € — (b) ¥ CKOPOCTH [MCCHIIALIAM SHepriuu TeueHwst € — (c) B Tull Ha
HaK/10HHOM mmactuie N = 1.256 A™Y, L = 5 A <, ¢ = 10° (pa3Hble MaciuTabbl 110
ocsm).

[TepeceueHus1 U30MUKH W M300ap MPUBOIAT K MOPOXKAEHUIO [IOTIO/THUTEIBHON 3a-
BUXPEHHOCTH U B HEMOCPE/ICTBEHHON OKPEeCTHOCTH, U Ha HEKOTOPOM Y/IaJIEHHH OT TIpe-
nsaTcTeys (puc. 3, b). CnokHast KapTUHA CKOPOCTH AUCCUTIALIAY MEXaHUUeCKOM SJHEPTUH
(puc. 3, ¢) CyIIecTBEHHO OT/IMYAETCS OT TVIAJIKOTO TIOJIs IMHUK Toka. Bosee mogpo6HO
METO/IMKA MOCTPOEHUSI UMC/IEHHBIX PEIIeHUH 1 pe3y/bTaThl aHa/li3a UX CBOHCTB IpUBe-
nenwl B [10, 11].
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CPaBHEHHH pe3y/JibTaTOB PACY€TOB U OIIbITOB

PaccyrTaHHbIe 1011 BO3MYLLEHHUI IpajivieHTa IJIOTHOCTH /ISl TeUeHUH, HHAYLMPOBaH-
HbIX AWddy3uell Ha TOPU3OHTAIbHON WM HAaK/IOHHOM I/1aCTHHE U K/IMHe, B KOTOPBIX
TIPOSIB/IIFOTCST ¥ KPYITHOMAcCIITaOHble KOMITOHEHTBI, pa3Mep KOTOPBIX 33/1aeTcsi pa3Me-

. A
POB MpENATCTBYS [UIACTHHBI, U TOHKMe MPOCIOWKU ¢ MaciuTabamu 0%, = +/v/N u
oy’ = 4/kg/N, Ha GobIIMX BpeMeHaxX COITIACYIOTCS C KaPTMHAMH BU3yalW3aLiiu

(«1IBeTHOM TeHeBOUW MeTO/» C TOPM30HTA/IbHOM IIIe/IbI0 U pelleTKOM) pacripe/ieseHus
rpajieHTa ko3GhduiMenTa npeoMIeHUsT OKOJIO TIACTUHBI B 1abopaTopHoM bacceiine
(puc 3, a, b).

(@ (b)

Puc. 4: TeneBasi v unc/ieHHas BU3yanu3anysi TeueHUs, UHYLIMPOBaHHOTO auddy3neit
Ha HeroABWKHON HakioHHOU mnactude (L = 5 A <, N = 0.84 A L Ty =75 A,
¢ = 40°)

B n300pakeHHUsIX BBIAESIOTCS MPOTsHKEHHBIE TI0/I0CUaThie CTPYKTYPHI, TPUMBIKAI0-
I[Fie HeroCPeJCTBEHHO K IKCTPeMasbHbIM TOUKaM MpensTcTBUM. [ITiHa TT0/I0COK pac-
TET C MOBBIIIEHUEM UYBCTBUTETHLHOCTH METO/]a PerUCTpalii. TeueHus, UHAULUPOBaH-
Hble Juddy3ret, MPUBOAST K CAMO/IBKEHHIO MPeIATCTBHN HeUTPaTbHOM T1aByueCTH B
CTpaTudHULMPOBAHHOMN Cpefie PU MPOX3BOIBLHOM reOMeTPUH TPEMSITCTBUS U eT0 OPUeH-
Tal[MU B IPOCTPAHCTBE, U OTCYTCTBYIOT B OJHOPOAHOM KUAKOCTU. PacueTbl CKOPOCTeH,
CHJ1 1 MOMEHTOB, [IeMCTBYIOIIMX Ha KJIMH, COTVIaCyHOTCS C JAHHBIMU HEIoCpe/ICTBeHHBIX
M3MEePEeHHI CKOPOCTeM CaMO/BIDKEHUS TIPENATCTBUS B jJaboparopHoM Oaccetine [12].
HetansHbie pacueTsl Ipoduiell CKOpocTell B cepe/iviHe TIACTHUHBI TIPY YT/IaX HAK/IOHA
Oosbliie 7° cornacytorcs ¢ popmynamu ITpaHaTas [2], oqHako MaciuTab KOHLIEHTpALH-
OHHOTO CJIOS1 ¥ 37eCh UMeeT MeHbIllee 3HaueHue. OOI1as KapTHHA TeUeHUs BO BIa[UHE
(IBOMHOM BUXDB U TIOTPY>KAIOILMMCS TeUeHHEM B LIEHTPe U PACXOASAIIMMUCS BAOJIb CKII0-
HOB JIO/IMHBI PyKaBamH [8]) coxpaHsieTcs U B (yyuae MacinTaboOB peajibHbIX aTMOChep-
HBIX TIPOLIeCCOB, MPHUBeAeHHBIX Ha puc.l. Kak rmokasbiBatoT pacyetsl [13], TeueHus, un-
OyuvpoBaHHbIe nubby3ueli, coxpaHstoTcs Tipy yueTe 3(hdeKToB BpalleHus U CayXar
OZJHAM M3 MEeXaHU3MOB ITepeH0Ca BelljeCTBa U B To/Ile arMocdepsbl, U B T/yOOKOM OKe-
aHe.



109 Supercomputer technologies of mathematical modelling, Yakutsk, 2013

3ak/IloueHue

Pa3paboraHsl OpUrHHa/bHBIE A/ITOPUTMBI BBICOKOpA3peIalIero pacuera TeUeHUH
HeTIPepLIBHO CTPaTU(UIIMPOBAHHON >KUIKOCTH, WHAYLMPOBaHHBIX auddysveii Ha
HETPOHUIIAEMBIX MPEMNATCTBUSAX METOIaMHM KOHEUHBIX PAa3HOCTEH U KOHEUHOro obbeMa
C UCIT0/Tb30BAHUEM BBICOKOIPOU3BOAUTE/LHBIX CYIIEPKOMIIbIOTEPHBIX CHCTEM.

PacueThl MHOTOMACIITaOHBIX CTPYKTYP TeUeHUH, UHAYIIMPOBaHHBIX Auddy3ueii Ha
HEIO/IBM)KHBIX HeIMPOHUI]AeMbIX TPEIATCTBUSX PA3/TUUHON (OPMBI, COT/IACYHOTCS MeX-
Iy cob0M U C JAHHBIMU He3aBUCHMO BBITIOJTHEHHBIX 3KCIIEPUMEHTOB.

OrnpoboBaHHbIE METOIUKH U Pe3y/bTaThl PACUETOB CJTY)KAT OCHOBOH MOC/IeYIOIIUX
pacueToB 00TeKaHUS MPENSITCTBUH HEOHOPOAHBIMU XXUTKOCTSIMH U Ta3aMHU.
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AHHoOTaus

B naHHO#1 paboTe paccMaTprBaeTcs 3a/iaua Orpe/ie/IeHHst HAYaIbHOTO COCTOSTHUS CPe/Ibl
[l pellieHus AByMepHOM 3a/jaul TepMOMeXaHWKU. ABTODBI TIpeZJlararoT alrOpuT™ pe-
LIIeHUsI TIOCTaBJ/IEHHOM 3aJ,au! Y [1peZyIaratoT 03HaKOMUTCSI C OCHOBHBIMU pe3y/ibTaTaMHy,
MO/TyYeHHbIMU B XO/le peasiu3aljiy MoCTaB/AeHHOM MaTeMaTUueCcKoi Mozienu

KroueBnbie c/ioBa: TerioMaCCOIIepeHOC B MHOI'0JIETHEMED3J/IbIX I'PYHTAX, Me€XaHH-
yeCcKHe CBOMCTBa Mep3J/IbIX TPYHTOB, TEDMOMEXdHUKd MHOTOJIETHEMEP3J/IBIX T'PYHTOB.

BBepenue

B ocHOBY paccmarprBaeMoi IByMepHOU Mo/iesTi (ha30BbIX TTEPEX0/I0B B MEP3J/IOM IPYHTE
T10/I0KEeHa TUT0Te3a YpaBHOBEIIIMBAaHUS BHYTPUTIOPOBOTO /IaB/IeHUS He3aMep3Iiel BO/bl
HaIpsDKeHUSIMY, BO3HUKAIOIIMMU B TBepbIX (a3ax rpyHTa [1]. B Takoii Momenu mexa-
HUUECKOE COCTOSTHUE CPEe/ibl COOTBETCTBYET Ipe/ie/IbHOMY, a 3 (heKTHBHBIE HAMTPSHKEHUST
B TBep/IbIX (pa3ax COOTBETCTBYIOT IMpe/iesiaM yIpyrocTy. I1py ToM pa3BUTHE HEYTIPYTUX
JnedopMaliii CIep>KUBAeTCsl TEM, UTO KOJTMUECTBO Jib/Ia-1IEMEHTa BO3HUKAIOIIErO MPH
(ha3oBOM TIpeBpall|eHUH BOJbI 00eCTIeurBaeT TOZAepyKaHue YC/IOBUM TpeJe/bHbIX Ha-
MPsPKEHUH. ITO COOTBETCTBYET MOJIE/TH YIIPOUHSIIOIIETOCS Mep3/I0ro rpyHTa. Bonee fe-
Ta/bHO MaTeMaTHUeCKYH0 MO/Ie/b OTIMCAHHOM 3a/Iauil BbI MOXKETe TTIOCMOTPETh B pabote
[4].

[yist peasmM3aLiiv ATOM Mofen HeoOX0[UMO, BO-TIEPBBIX, PEILIUTD 3a/lauy orpefese-
HUSI HauaJIbHOTO COCTOSTHUSI CPeJIbl, T.K. HeJIb3si TIPOCTO TIPUCBOUTE KaKOe-TO OJTHO 3Ha-
YyeHHe /711 KOMITOHEHT TeH30Pa HallpPsDKEHUH.,

ITocTanoBka 3a/ia4d HAa4d/IbHOT'0 COCTOAHUA

Kak runore3sy o mnpezenbHbBIX COCTOSHUAX Cpefbl MCIob3yeM mnozaxog Kymona-Mopa
¢ nuHelHOU orubartoreid. Takke TIpUMEM aJIUTUBHYIO Moje/b 3(hGhEeKTUBHBIX (TBEp-
no(a3HbIxX) HampsDKeHUH, KOTopast TIpeAiro/iaraeT MpoCToe CyMMUPOBaHUe «Tapliyaib-
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HBIX» 3HAYEHMM HaHpH)KEHHﬁ 10 BCeéM TBePAbIM CI)EIBEIM.

Oc = (1 _m) Uc,sc+m(1 _ﬁz) Oc,i (]-)

op=(1—m)opsc+m(l—pB)op,; @3]

Ifie O sc — Tpefiesl IPOYHOCTH Ha CKaThe CKejleTa Cpefibl, 0. ; — MpeJesl MPOYHo-
CTH Ha CKaTue JIbJjad 0 sc — NPe/iesl IPOYHOCTH Ha PacTsKeHHe CKesleTa, 0y ; — Ipeje
TIPOYHOCTH Ha PaCTsHKeHUe JIbJa.

Tak Kak TpezroaraeTcsi iaMeHeHre ()a30BOTO COCTaBa CpPeJibl, KayKAOMY OT/e/TbHO-
MY COCTOSIHUIO CPeZibl COOTBETCTBYeT CBOSI KOHUrypaLwst KpyroB Mopa, KoTopasi orpe-
JIeJISIeTCsT BeJTMUMHOMN JTb/JOHACKIIIIEHHOCTU TeKYII[ero COCTOSHUSI:

Puc. 1: Kpyru Mopa

[Tpy TakuX JOMYIIEHUSX MEeXaHWUeCKOe COCTOSTHUE Cpe/ibl rpadruuecKy 3a/aeTcst
Tnipe/ieNlbHBIMU KPyraMyd COOTBETCTBYIOIIMMHM TpeieJiaM Ha OFHOOCHOE DacTshKeHHe U
CKaTue, 0, U 0, COOTBETCTBEHHO, KAaCAIOLIMMUCS B TOUKe Hayajna KOOp/MHaT U C LieH-
TpoM Ha ocu O¢. CpefHUI KPYT, KaCAIOU[UICS JIMHEHHOM Orubarollei, COOTBETCTBYET
Tpe/ieNTbHOMY COCTOSIHUIO M OTPakaeT TeKylljee COCTOSTHUE HampsDKeHHO /1ehopMUpO-
BAaHHOMH Cpefpbl.

PaccmoTpuM 3ajiauy ompefiesieHHs] TEPMOMEXaHMUYeCKOTO COCTOSIHUSI MEp3JIoro
TPyHTa Jisl psiMOyrosbHOU obmactu D: ([1... M| x [1...L]), B mpegenax KOTOporo
3aZlaHO pacripefie/ieHVe Haya/lbHOM TemriepaTyphbl. Takasi 3ajjada siB/isieTcsi 3ajjaueid 3a-
[IAHWST HAua/IbHBIX YCIOBUM /1711 MOZIe/IM TeryioMaccorepeHoca.

HauanbHasi Temriepatypa 3a/jaeTcsi obecrieurBaroiei iByxdaszHoe cOCTOsIHYE TPYyH-
Ta:

T(xay) =Tp (LU,y) (3)
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HOpOBOE AaBJieHHe 3aaeTCda YCJIOBUAMK DABHOBECHOT'O COCTOAHUAL

YpaBHeHUs HamNpsDKEHHO e(OPMUPOBAHHOTO COCTOSIHUS 3alUCHIBAIOTCS B 3(hhek-
THUBHBIX HalpsDKeHUSIX [/ TBep/IbIX (a3 rpyHTa U BK/IHOUalOT B ITPaBOi YacTH pacripe/ie-
JIeHHbIe CUJTbl, COOTBETCTBYIOIIHE CUJIe TSKeCTU U PacTIMParoIeMy IeHCTBUIO TIOPOBOTO
[laBJIeHUS:

609; asz B
w

®)

(9sz

+0ay mﬁw +p g

rjie 0y, Oy, T,y — KOMIIOHEHThI TeH30pa HampsbKeHHH; M — MOPUCTOCTb CPefbl, [y,
— BJ/IaTOHACHIIEHHOCTb CPeAibl, p* — 3 deKTHBHAsA TIOTHOCTh Cpe[ibl, g — YCKOpeHHe
CcBODOOJHOIO MaZleHusI.

Iyist 3aMBbIKaHUsI CUCTEMBI TPeOyeTCst BK/TIOUeHHe YCIOBHsI COBMECTHOCTH iehopma-
LIWH:

0X é’Y) ©)

A (ox+oy) = —(14v) (8 + p

B yciioBun coBmectTuMocTH Jedopmaliyii rpaBasi 4acTb He pPaBHa HYJTIO, T.K. CH/IA TS-
JKECTH He sIBJISIeTCS eIMHCTBEHHON 00beMHOM CHITON JelCTBYOIeH Ha cpeny [3]. 3xech
— opP — P

X = 1 Y=5

oy
[10mo/IHMM IOy YMBILYIOCS CUCTEMY YpaBHEHUN IT'PaHUUHBIMU yCIOBUSIMU:

y=0 0,=0,0y =Py, 7y =0 (7)
oo do or,
=M T 0 Y= i 8
(1 3y "By 0, P 0 ®
B B 00y B 0oy B OTzy B
v=0w=L =05, =07,=0 ©

3aMeTHM, UTO /11 YIIPOUHSIIOIerocsl Mep3/10ro IpyHTa 3ajiaya orpejiesieHys mpe-
JIeJTBHOTO HArps’)KeHHOTO COCTOSIHUS TiepecTaeT ObITh CTaTUYeCcKH OTIPe/|eTMMOM, UTo
TIPUBOZIUT K HEOOXOAMMOCTH WCTIONb30BaHUs YCJIOBUSI COBMeCTHOCTHU fedopmarimii. C
JIPyTOit CTOPOHBI [I/IS 3a/lau TpefieJIbHOTO COCTOSTHUS, eC/IM M3BeCTHO HarpsbKeHHOe
COCTOSIHHE CpeJibl, TO UCXOAs 13 ycioBuid KysmoHa-Mopa MOXKHO OTIpefieNIUTh JIb/JOHa-
CBIIL[EHHOCTh ¥ BOJOHACKIIIIEHHOCTh 10D JJIs 3a[JaHHOM KOH(UTrypal[iu CKeJieTa 'pyHTa.

YcnoBue Kacanus Kpyra Mopa npsMosTMHeHOH orubarortell MOXKHO 3amvcarth B BU/Ie
ypaBHeHUS:

010p — 020. — 0c0p = 0 (10)
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I7le 01 ¥ 0 OTIPEIEJISIFOTCS CIeIYIOIUM 06pa3om:

1
o1 =5 (am +oy,+ \/(O‘x —0,)° + 4sz)

1
02 =35 <Ua: oy — \/(U:c —0y)* + 4Tﬂ:y>

TTogcraeus 3aucumoctH (fIl) u (B)) B (L0), nonyunm kBagpatHoe ypaBHeHue a5 Ha-
XOXK[IeHHs Bl1arOHaChIIeHHOCTH:

—m20y00: 83+

(o1mop; — oomocse —m (1 —m) opi0c e —m (1 —m)ociopse) Bit (11)
2

g1 (L=m)opsc—02(l—m)ocse — (1 —m)0csc0psc =0

[Tpu pellieHWU JAHHOTO YPAaBHEHUS BBIOMPAETCs TOT KOPEeHb, KOTOPBIN HAXOAUTCS B
nHTrepsase ot 0 1o 1.

Takum ob6pa3om, MbI TIOTyUH/TH 33/jady OTpe/ie/IeHHst Ha4aJlbHOTO COCTOSTHUS, KOTO-
poe coctouT u3 ypasHenuii (B), (B) u ([L1]).

TIpeXxe ueM TIPUCTYIUTH K PelleHuIo 3azjaunt mpeobpasyem cuctemy (B) u ypasne-
ave (H). Cucremy (B) npoguddeperipyem: nepsoe ypaBHeHHe Mo X, BTOPOE T10 Y U
BBIPA3UM O U 0y UePe3 Tyy:

2oy _ 0 oP 21y
a2 oz (mﬁwﬁ) ~ Zxdy

Poy _ 0 opP op* %1y
of = oy \MPuwy ) 9% — Ty

I[TozCTaBUM IO/TyYeHHbIe BBIPA)KEHHs] B ypaBHEHHe COBMECTHMOCTH JedopMariyii.
[ycte ¢ = —(14+v) (%—i—%), TOT/a:

2 2 2 % 2
K mﬁwﬁ—P 0 Ty 6az+é’ay 0 ﬁwﬁj op*  0*Tuy
or or ordy 0y or2 oy

BLIpaBI/IM OTCrOAA O

0?0 0 opP 0 opP 2oy Op* %7y
oy ¢ - ox (mﬁw&z) oy (mﬁﬂ}) "oz Y oy + 283363/

TIpoauddepenLypyeM repeoe ypaBHeHue cicremsl () o y 1 Haiizem Try:

Py 0 0P\ o,
= — m —_ -
0y? oy dzdy

Teneps, BMecTo cucTeMs! (H) 1 ypaBHenus (H) Mb1 GyzieM UCII0/B30BaTh CIeyOLTHe

ypaBHEHHUS:
2o, 0 0P\  op*  ryy
Y _ 12
5 oy <mﬂ ay)“’ay Fedy 12
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2 2 * 2
070y _ o — 2 (mﬁwap) 2 (mﬁwap> -7 —gap +2a T (13)

0y? or or oy oy o0x? oy 0xdy
027121 0 oP 020,
a2 dy <m6w5x>  Oxdy (1)

CrnesoBaTenbHO, fjanee Mbl Gyzem pemtatsh cuctemy ypasreruid ([I)), (B), (12), (13),
([14), (1)) c rpannuneMu yenosusvu ([7), (B), (H). Januoe npeoGpasosanue MbI nipoe-
JIaJTv 71T TOTO, UTOOBI TIPH COCTaB/IeHUH JUCKPETHBIX aHAJI0TOB UMETh ZIe/I0 TOBKO C
riapabomyueCcKMMHU ypaBHEHHUSIMU.

JIMCKpeTHasi MOjie/lb

PaccMOTpUM JIMCKPETHYIO MOJe/b IaHHOM 3ajauM. TlepBhie Ba YPOBHEHHS CHCTEMbI
IVCKPETHU3UPYIOTCS eCTeCTBEHHBIM 00pa3oM:

T;; =1T. (15)

Tp — Tij

Py =Py + (16)

PasHocTHble aHanory ypasHenuii ((12), (L3), (14) sernsagar cnemyrommm o6pasom:

Y _ ~Y y _ Y
1 (%1 =%, %~ %1 _ p
- x i = Fj; (17)
x x T x
1 (%1 =% %ig — %1 _ g 3
~ A - A — g (18)
Ay] Yj+1 Yj
Ty Ty Ty Ty
U (T =Ty Tig —Tig-1) _ g
— " - " = I ; (19)
ij Yj+1 Yj
! A
rae I j, F; ;, I ; onpe/iensitoTcs Kak:
I U S w Pijri=Pij _ wo PP
Fij = Ay, (mz,3+1/25¢,j+1/2 Ay mi,jf%'ﬁiﬂ‘_% Ay,

Ty zy Yy Ty % *
S QRS W Al ¥ S Y 5 By s WS W I gpi,j_pi,j—l
Ay]- A2i+1 A[L’Z ij
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ro_ 1
LT A
PA

Pi1,

Pis1y—Pi =P
((mi+1/2,j iy T 1/) R - ( Mi1/2,i07 1 /9 + 1+ V) e ) -

1 ijt1=Pig . Bij—Pij-1
Ay (( Mijr1/2Bi 410 1+ ”) Ayt Mij-1/200 2 14 V) =Ry
Yy Yy Yy * *
R R e W N Pij—Pij—1
e o Aa (g+1+v) T

7Y 7Y Yy
2 Tit1,j " Tig _ Tij—1"Tic14-1
ij Ax»LJrl A.’Ei

o1 , RW Pii;-Pij . o pw Pij1—Piaj1) _
Fi,j ~ Ay, (m2+1/27]/8i+]_/27j Azii1 mz—1/2,]—1ﬁ'_1/27]’_1 A,
1 (%51, % _ 941" %-1,5-1
Ay, Aziyq Az,

,Z[ajlee HaM HEO6XO,E[I/IMO AUCKPETU3UPOBATE YPaBHEHHWE I BBIUHMC/IEHUA BJIaTOHA-

CbIH_[eHHOCTI/I:
—B++D

=1 —0 20)
rae
A= —m?jaf;o"j
B= Ulmm'dz’j agmz,]oz’; — My (1 mm) Of;UZCJSC — My j (1 mm) Jljapjc
C=o0 (1 — mm) Ufjc — 02 (1 — mm) O'Z-C”;c — (1 mw)Q CjCO'p”JSC
D = B? - 4AC

1
o1=5 oy —1—0 +\/( o5 af] +47‘xy

1
_ z y x y wy
o9 = 3 o+ o5 <ai7j O'Z-’j + 47'
AJIrOpUTM penieHus

,Z[JIH UHC/IEHHOI'O pelieHus BBIIIIEONIMCAHHOM 3aja4yy IIpUMEeHUM CHE,ELyI-O]J.]I/Iﬁ aJITOPUTM:

1. 3azaem TeMriepaTypy Cpe/bl i 3Toro ucrosb3yem ([L5)
2. U3 ({L6) BblumcsieM faBieHue
3. 3ajaeM nepBoHavaIbHOE NPUOMDKeHHe: T,y = 0 U 3, = 1

4. Jlnsi pelieHUst MexaHUUeCKOM 3a/jJaull CTPOMM UTePaLMOHHBIN TIPOLiecc:

)_
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(a) Pemaem ypaeuenue ([L7) u Haxogum 0y, TIPY 3TOM T,,, Gepem U3 npeZiblAyILei
WTepaluu,

(b) U3 ypaguenus ({L8) Haxogum o,
(c) 3 ypapuenus ([L9) Haxozum Try TEKYIIEH UTepaLyu.

(d) HaXo/jUM B/IarOHaCBII|eHHOCTb TeKyILeil utepaiuu u3 ypapaenus (20)

LTy XY
Tii — Tij

j <€

(e) WTepaioHHbBIM TIpoLjecC 3aBepiaercs korjga Max

Mo 3aBepIlieHNY JAHHOTO UTEPAIIMOHHOTO TMPOIlecca MbI TIOYUUM pacrpeesieHue
TeH30pa HarpsDKeHUH 1 B/IarOHACKIILIEHHOCTH CPe/IbI.

Pe3ynl:TaTbI BbIUHC/IeHUI

OnucanHasi Mojiesib Obljla peaji3vBaHa B BUJIE TIPOTPAaMMBbI. JKCTIEPUMEHTHI TIPOBO-
IWIMCh TIPU CJIeAVIOMWX BXOAHBIX AaHHBIX: 1o = 273.15K, Py = 0.101, n =
0.0765, g = 9.8,

q=333.5-10%, Cy. = 1920, C,, = 4190, C; = 2090

Pse = 2000, p,, = 1000, p; = 910, Age =2, My, =058, 1, =2.23, v =1
Oc,se = 0.03, opsc=0.01, 0.y =14, 0p; =0.5
M=L=5m

bbl1a BBefleHa perysspHasi ceTKa pasMepHOCTBI0 50 x 50.
Haripsbkenust o, TIo Mepe yBe/lueHus ry6uHel ysenuuupaeTcs ot 0.101 Mna npak-
tryecky 70 0.2 Mna. Cpezia Ha 607bIINX ITyOMHAX MCIBIThIBaeT OOMbIIIMe Harpy3Ky.

m0,18-02
0,160,158
®0,14-0,16
®0,12-014
®0,1-0,12
=0,08-01
0,06-0.08
0,04-0.06

0,02-0.04

m0-0,02
:.'f 2,20

F1s0
£ 080

e
27 o e T

B ——¢ 010
S

Puc. 2: BeruncieHHble 3HAY€HUS 0y
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HanpspkeHust o, TIOMyYUTUCh HY/IEBBIMH, T.€. HE3aBUCHMO OT [JTyOUHbBI HalpPsKeHUH
MPOCTO HET.

10,91
0,809
£0,7-0.8
00,60.7
00,506
00,4-0,5
00,3-0.4
010,203
00,1-0.2
0001

Puc. 3: BoiuncieHHbIe 3HAaUEHUS 0

KacarenbHble HanpspkeHUs1 To)Ke paBHbl Hysto. CriefjoBaTe/IbHO, Cpejia UCIIbIThIBAeT
HanpsDKeHHs TOJIBKO 10 0CH y. HarnpskeHMs 1o BepTHKa/IX U KacaTe/IbHble HalpshKeHUst
HyJleBble U3-3a TeX IPaHUUHbIX YCI0BUM, KOTOpble MBI 3a/ja/11 TIpY [TI0CTAHOBKe 3a/lauy,
eCJIY 3ajajIM [IpyTHe rPaHUUHbIe YCIO0BUSL, Mbl [10JIyYMM JpYTHe He HyJ/leBble 3HaYeHUsl.

Puc. 4: BelunciieHHble 3HAYeHUs T,y
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0,805
| i — 0,708

0,60,7
05 - ) - 0,506
04 T — e ) 0405
03 - R i 0304
' ) 0,203

| o T . - m0,1-0.2

=g-01

Puc. 5: BeiuncieHHble 3HaueHUS BIaXXKHOCTHU cpeanbl

3ak/IloueHue

Yuc/ieHHbIe SKCTIEPUMEHTHI C IAHHON MOJIe/bIo BRIIBUIH psif TTpo6JieM, KOTOphIe Tpe-
OYIOT Aa/TbHEMIIINX UCC/Ie[OBAHUH.

1. YpaBHeHMe ompefiesieHHsI BIarOHACBIIIEHHOCTH, KOTOPOe MbI BbIBe/H, paboTaer
TOJILKO TPU MaJIeHbKMX 3HauUeHUSIX Mpe/ielbHbIX HalpshKeHWH Cpe/ibl Ha pacTshKe-
Hue U okaryve. T.e. 5TH HanpsDKeHUsI COOTBETCTBYIOT IpeJie/IbHbIM HalpsDKEHNIM
ripu 0 B/IaroHachIIIeHHOCTH.

2. Bropast mpo6iemMa — BLIOOP rpaHUUHBIX yCI0BUM. Te rpaHUYHbIE YCIOBUS, KOTO-
pble MbI BEIOpPA/U B JaHHOW paboTe, MPUBEIN K TOMY, UTO HAMpPsKEHUS 110 TOPU-
30HTa/M U KacaTe/bHble HanpsbkeHUst paBHEBI 0. [Io3ToMy K BBIOODY TPaHHUUHBIX
YCJIOBHI HAZIO TTOXOAUTb OYeHb OCTOPOKHO.

KoneuHo, paboTa MOJTHOCTBIO ellle He JOKOHYEeHa, T.K. TIpUBe/leHHast B JAaHHOM pabo-
Te 3a/laua SIBJIIeTCs 1o/3aaueli mpobieMsl, ONMcaHHOM B [4]. 1a u ipob6/eMbl, 0OHapy-
>KEHHbIE MPH BBINOJTHEHUU PAabOThI, TPEOYIOT JOTOTHUTENBHBIX UCC/Ie[OBAaHHH.

B manbHediei cBoeli paboTte aBTOPbI CKOHIIEHTPUPYIOT BHUMAHUE Ha MPUMEHEHHH
pa3paboTaHHOrO a/JrOPUTMa PELIeHHs 3a/lau HauaJIbHOTO COCTOSTHUS /IS Peau3aliiu
OCHOBHOM MOJIe/TH, a TaK )Ke Ha PellIeHUH BhIABJIEHHBIX TIPOOJIEM.
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[1] Mopgoscko#i C.[. [Tetpor E.E. B3anmoBnusiHue MexaHUUeCKHAX ¥ TeMIIeparyp-
HBIX T10JIeM B paMKaxX Mofie/i o0pa3oBaHus AByXda3Hou 30HbI MareM. 3aMeTKH
Ar'Y.-1994r.-Tom. 1, Nel. C.45-56.



120

[2] CokonoBckuii B.B. Teopus mnactuuHoctu. M., «Beoicii. mkona», 1969.
[3] Tumowenko C.IL., I'yabep k. Teopus ynpyroctu. M.: «Hayka»,1975

[4] Everstov V.V., Mordovskoy S.D. Two dimensional problem of thermoelasticity
Proceedings of International Conferences on Mathematical Modeling - Yakutsk,
2012 p. 25-31



Second international conference Supercomputer technologies of mathematical modelling,
Yakutsk, Russia, July 8-11, 2013.
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AHHoOTaIUs

Ha ocHoBe meTosia Kabape pa3paboTaHd HOBBIH alrOPUTM UYHC/IEHHOTO PeIlleHHs ypaBHe-
HUM Jiiiepa OnMUChIBAIOIIUX TeUEeHHE W/iea/TbHOTO Ta3a Ha paCUeTHBIX 06/1aCTSIX COCTOs-
1M U3 PABHOCTOPOHHUX TPeYTro/bHUKOB. Ha 6a3e pa3paboTaHHOr0 airopuTMa uMcieH-
HO pellleHbl K/1aCCUUeCKHe TeCTOBbIE 33/laud aKyCTUKU U BUXPEBOW AMHAaMUKU. TTpoBe-
JIeH aHaJT|3 TO/TyYeHHbIX pe3y/IbTaToB.

KoueBbie cioBa: Meto/, Kabape, unc/ieHHbIE METO/IbI, TPEYTOIbHAS CETKA.

BnarogapHocTH: paboTa BhINOHeHa TpyU nogaepskke Poccutickoro doxpa dyHzaa-
MeHTaNbHBIX HcciefnoBaHui (MpoekT PODU Nel2-02-31650).

Beegenue

Perrenue 3a/1au ra30BoOM JUHAMUKH UaCTO COTIPSDKEHO C MpeoziajieHeM Ipob/ieM CBs3aH-
HBIX JIACCUTIATUBHBIMU U JIUCTIEPCHOHHBIMU oliOKamu [[1, 2]. CyiecTByeT HeCKOIBKO
nyTel pelleHus AaHHOM MpobsieMbl. Tak, OHUM U3 BO3MO)KHBIX TTOIXOZI0B SIBJISIETCSI TI0-
BbIllIeHWe TIOPsiiKa arnmpokcuMaliiy cxeM. OCHOBHBIMUM HeZloCTaTKaMH J@aHHOTO T10/[X0-
[la SIBJIAIOTCST UCTIO/b30BaHKe PaCIIMPEHHOTO 11ab/I0Ha /IJ1s alpPOKCUMALUK UCXOAHBIX
ypaBHEHUH, UTO TIPUBO/IUT K MpobieMaM, Kak MpU 3aZlaHuK TPAaHUYHBIX YC/IOBUH, Tak U
TPY anmpoKCUMAaLMy Ha TTPOU3BOJIBHBIX PACUETHBIX CeTKax.

TakKe TIOMYJISAPHBIM TIOAXOJIOM ZIJI1 PEIIeHus TI000HBIX MPO6/IeM SB/SIETCS KIacc
CXeM, 3alTMCaHHbBIX B IUBEPreHTHOU opMe U ¢ IpUMeHeHHeM KOPPeKIUU MOTOKOB. Sp-
KUM TIpe/ICTaBUTE/IEM TAaKOTO KJIacca sB/isieTcsl siBHast cxema Kabape [B, 4], obnajaroiast
BTOPBIM MOPSIAKOM anmnpOKCUMAaLMK AJ1s1 TIPOU3BOJIBHO HEOJHOPOAHBIX CETOK MO Mpo-
CTPaHCTBY U BpeMeHH. HecMOTpsI Ha TIPOCTOTY pean3allii U «HeOO/bINON» TIOPSI0K
anmnpoKCUMaII|U, OHa XOPOIIIO TPOsIBUIIA Ce0st B psifie 3a/jau ra30AMHAaMHUKU U a’3p0aKy-
cTukH [5, 6, 7]. OCHOBHBIMH ITpeUMYyIIle CTBAMU cxeMbl Kabape SIBASIOTCS e€ KOMITAaKTHBIH
BBIUNC/IUTE/TLHBIN 11a0I0H, Ma/IOJUCTIEPCUOHHOCTE U 0e3AUCUTIaTUBHOCTD. [I1s petiie-
HUS 3a/jau HeJIMHEHHOro repeHoca B cxeme Kabape MCIT0/1b3yeTcst MaioAUCCUTIaTUBHBIN
aArOpYUTM HeJTMHEeMHOM KOppeKLMH MOTOKOB Ha OCHOBe MPUHLIMIIA MaKCUMyMa AJis 10-
TOKOBBIX TTlepEMEHHBbIX.

[Tpu Bcex I0CTOMHCTBAX JAHHOM CXEMBbI, ee TIPUMEeHeHHe OrpaHuueH0 HabOpOM BbI-
YHMC/TUTE/TEHBIX IT1a0/I0HOB, 0OBIYHO COCTOSIIIIVM B IBYMEPHOM C/TyYae U3 YeThIPEXyToJib-
HBIX U B TPEXMEPHOM - U3 TeKCaroHabHbIX 3/1IeMeHTOB. I10CKOMBKY pacueTHbIe 00/1aCTH
JUIS1 TIPAKTUYECKH 3HAUYMMBIX 3a/lau YacTO HEBO3MOXKHO pa30UTh Ha YeThIPEXYTO/bHbIE
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Y reKcaroHajbHbIe 3/IeMeHTHI, T 000011eHre MeToiuKN Kabape Ha TpeyronbHbIe CeTKH
TIpe/ICTaB/sieT He TOJIbKO TeOpeTHueCKUid, HO U TTPaKTUUYeCKU UHTepec.

CucreMsl ypaBHeHUH

PaccmoTpuM ypaBHeHUs Diiepa ONKChIBaOL|e TeueHre CKMMaeMOoro hieaabHoro rasa
B BEKTOPHOM BHU/e AJIs1 JBYMEPHOTO CJIy4asi B eKapTOBOI CUCTeMe KOOPAWHaT (X,y)

oU JE (F
ot  odxr 0y M
rze BekTophl U, E, F 3a7a10TCA BoIpaXkeHUSAMA
P é)u pv
U— pU  E= pu”+p . F= p2uv
pU puv pve+p
pE u(pE + p) v(pE + p)
YpaBHeHUe COCTOSIHUS UJlealbHOIo ra3a UMeeT BUJ,
P=pe(y—1).
371ech p - MIOTHOCTb, t — BPEMS], U U V — KOMITIOHEHTBI CKOPOCTH V 110 ocsim OX u OY

COOTBETCTBEHHO, P — faB/ienue, E - yie/bHast ojiHast sHeprus, e=F — - — 72 - yZienbHast
BHYTPEHHsIsSI SHeprus, -y - IoKa3aresb afuabdarsl.

[py npefoN0)KeHUH, UTO B pefiesiax OAHOM ITPOCTPaHCTBEHHO — BpeMEeHHOM sTueli-
KU TeyeHHe y/I0BNeTBOPSeT YCIOBUIO H33HTPONMUUHOCTH, cuctemy ([ll) MoxHo npusectu
K XapaKTepUCTUUeCKOMY BULY

TN G =a

652 _{_)\2%:(]2 2
OFy 4 N\, OF @)
661% 30F:B 1
o TMG =w
1
3necs G = i%? (%) et = % - CKOPOCTb 3BYKa, (5 - HEKOTOpasi [1paBast 4acTh.
AM=u-+c
Ao =uU—c
\s = u 3
)\4 = u,
Fi=u+G - PO-1/2y
Fy=u—G - PO~1/2y
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Bemuunsl I, Fs, F3, Fy OyneM B fanbHelieM Ha3biBaTh JIOKATbHBIMU MHBapUaH-
Tamu PumaHa.

Pa3HocTHana cxeMa

PaccMoTpuM pacueTHyI0 006/1acTh, COCTABJIEHHYIO W3 PABHOCTOPOHHUX TPEYrO/IbHBIX
37eMeHTOB. K 1jeHTpaM Tpeyro/sibHUKOB (TOUKaM TepeceyeHust MejiaH) OyzieM OTHOCHTh
T.H. <KOHCEepPBaTHUBHbBIE» TlepeMeHHbIe: TUIOTHOCTh RO ¢, KommoHeHThI ckopocTt U, Vo
u nionHasi sHeprust ET. K cepegriHaM rpaHeid TPeyrolibHUKOB - T.H. «TIOTOKOBBIE» Tie-
peMeHHBIe: TIJIOTHOCTb p; j, KOMIIOHEHTBI CKOPOCTH U; j, V; j Y IABJICHHE P ;.

3mech u anee [7is1 ONPe/ieIEHHOCTH Oy/IyT UCIIOB30BaThLCA CAeAyolye ob603Haue-
HUS: HIDKHUH UH/IEKC (), 0603HaJdaeT riepeMeHHbIe B IIeHTpax TPeyrolbHUKOB; () irj
- TIepeMeHHBIe B LieHTpaX IpaHeii ¢ BepimMHAMK i # j (cM. Puc. [ll), Bepxuue uHzeKChH!
()", (*)"H/ 2 ()" 0603HauArOT MEpeMeHHbIe Ha TeKyIeM, TPOMEXKYTOUHOM C/I0e C
miaroM A 7/2 ¥ Ha HOBOM CJIO€ T10 BpEMEHH COOTBETCTBEHHO.

3 ¥ 2

Puc. 1: DnemeHT. «Kpyr» — KOHCepBaTUBHbIE TIEPEMEHHbIe, «KPeCT» - [I0OTOKOBBIE.

ITycTb B HEKOTOPBIM MOMEHT BpeMeHH ¢ 13BeCTHBI BCe KaK KOHCepBaTUBHbIE, TaK U
IIOTOKOBbIe IlepeMeHHble. AJITOPUTM BbIYUC/IE€HUSI HOBbIX 3HaUeHUI [1lepeMeHHbIX Ha I10-
C/ieZlyIoIeM BpeMeHHOM CJI0e, IJIsl yA00CTBa U3/10)KeHus], pa300beM Ha TpH (ha3bl: B riep-
BOM (haze, BLIUMC/ISIFOTCS 3HAUEHHsST KOHCEPBATUBHBIX ITePEMEHHBIX Ha TIPOMEXKYTOUHOM
BpeMeHHOM cioe t"+1/2; Bo BTOpOIi (haze — MOTOKOBEIE MepeMeHHbIe Ha HOBOM BPeMeH-
HOM CJI0€; 1 Ha TpeTbel (ha3e — BLIUMCIISIFOTCSI KOHCEPBAaTUBHBIX TlepeMeHHbIe Ha HOBOM
BpPeMEHHOM CJIOe.

BbruucneHue KOHCepeamueHbIX nepemMeHHbIX

7151 pelieHns ypaBHeHU# Diisiepa B IepBoM U TpeTbel (ha3ax MPOMHTErpUPyeM CUCTEMY
ypasrenwii ([) mo nomazy TpeyronbHYKa 1, MCTIOMb3ys CBONCTBO JMBEPreHTHOCTH U
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Teopemy I'aycca — OcTporpazickoro, mepeiifieM, re 3T0 MOXKHO, OT UHTeTpasioB TI0 T/I0-
1ja/iv K MHTerpasam 1o rpaHuiie obmactu

Ia a—fdmdy—k ba o pudy— s, prd=0

e G dudy+ §o, putdy— by puvda+ ., Pdy=0

e %dasdy—i— b puvdy— $, pvldr— ¢y Pdz=0

I ag—falavdgﬂ— ¢ pEudy— ¢, pEvdr+ ¢y Pudy— ¢, Pvde= 0.

I/IHTerafIbI IO rpaHvLiaM arlrmpoOKCUMHUPpYyEM KBa,qpaTypHoﬁ (bopMynoﬁ. TOF,E[EI npo-
L1eCC BbIYMC/IEHH KOHCEPBATHUBHLIX IMe€peMeHHbIE Ha IMTPOMEXYTOYHOM M HOBOM MIarax
T10 BpeMeéHH MOXXHO 3alliCaTh C/1e4yHoInm 06pa30M:

n+1/2 n
Po —¥Pc ny —
n+1 n+1/2

Pc A_r%;g + Flu:v((p"Jrl) —0.
3neck ¢ = (p,u,v, B)T, Flux(p")- noToku uepes pebpa smeMeHTa BbIUMCIHHbIE
Ha mare k , /A 7— I1ar 1o BpeMeHH!.

BbruucaeHue nomokoebix nepemMeHHbIX

PaccMoTpuM OT/IeNTbHO B3SITOE «BHYTpPEHHee» (He rpaHruYHOe pebpo) M [1Ba CMeKHBIX
C HUM 371eMeHTa. [/ HaXOKeH!s] HOBBIX 3HAaYeHWH IMOTOKOBLIX MepeMeHHBIX Ha peb-
pax 3/eMeHTOB 6y/IeM HCII0/Ib30BaTh XapakTepucTudeckyio dopmy (2) npencrapnenus
ypaBHEHHH, 3aMUCaHHYO //11 HOPMa/M K PaCCMaTpUBaeMoMy pedpy.

BBeeM BHYTpeHHIOK HyMepalLMIO KakK I10Ka3aHO Ha PI/IC.E. [To v3BeCTHBIM 3Ha-
YeHHUsIM KOHCEPBAaTUBHBIX U IMOTOKOBBIX ITePEMEeHHBIX Ha TeKYIleM U MPOMEeXXYyTOUHOM
C/I0SIX TIO BpeMeHH, B COOTBeTCTBUM C (M) BHIUMC/IMM 3HAUEHMS IOKA/TBHBIX HHBapH-
anton (Fy) 5, (Fi)3 g, (Fi) g (Fi)i 1o (Fi)f o0 (FR)Es (B %, k= 1,2,3,4. 3ua-
YeHUsI TIOTOKOBBIX [TePeMeHHBIX Ha HOBOM BDEMEHHOM CJIoe Ha peOpe C HOMepaMH y3/10B
4 v 2, MOXKHO OfIHO3HAUHO OTIPE/IeNIUTh, eCJTH HA HOBOM BPEMEHHOM CJioe OyyT U3BeCT-
HBbI JIOKa/IbHble PUMaHOBBI MIHBapUAHTHI (Fk)zgl, k=1,2,3,4.

[Tocko/mbKy BpeMeHHast YBOJTFOLIHS /IOKa/IbHBIX PUMaHOBBIX VHBapUaHTOB OITHChIBa-
eTCsl ypaBHEeHUWsSIMU TepeH0ca, TO 06/1acTb 3aBUCUMOCTH KaXKJ0TO M3 WHBAPUAHTOB Ha
KOHKPETHOM pebpe 3aBHCHUT OT 3HaKa COOTBETCTBYIOIIEr0 COOCTBEHHOTO YHCIa.

Be3 orpannuenys 00LHOCTH oripefie/TiM «iiepeaHio» (F) u «3aguroro» (B) anemen-
TBI KaK M0Ka3aHo Ha Puc.fl, 1 BbIenM HopMarib, HanpaB/IeHHYI0 B CTOPOHY «TlepesHeil
siueikn». Torma

=1
_ 2 2
In = \/(yz—y4) +(z2—24)
Ny, = yzl;yz;
—(z2—24)

ny: .

ln
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4

Prc. 2: Pebpa U CMeXXHbIe 3/IEMEHTHI.

Tak Kak cOGCTBEHHbIE UKC/Ia OMPe/iesieHbI B 1[EHTPax siueek, To 06/1acTb 3aBUCUMO-
CTH TOUKH B cepeiuHe peOpa OyieM orpe/ie/iATh M0 3HaKy WX CPeAHUX 3HAUEHUH

— A A
()\k)472:( ]f)CF—;( k)CB,k': 1,2,374.

Ecimu (Xk) 42 2 0, To 06/1aCTBIO BIUSHUS SBISIETCS «3afHsAs» sSTUetika, B TIPOTHBHOM
C/1yydae — «IepegHss».

BBeziem BcrioMorare/ibHbIe TlepeMeHHbIe Ha 000MX CMEXHBIX 37IeMeHTaX, BBIUHCIS-
eMble Ha paCcCTOSTHUM 2/3 ZJTUHBI MeJIMaHbI OT [IeHTPa UCKOMOT0 pebpa Ha TeKyIIieM Bpe-
MeHHOM ciioe (Ha Puc.(B)) o603naueno kagparom).

PaccmoTpuM ciefytolyto GopMysty s SKCTPAroJisUyd WHBApHAHTOB PruMaHa B
JAHHYIO TOUKY:

(Fi)is+(Fr)5+(Fr)is

(Fi)up=2 3 (Fk)io
n n n ’ ,k: 1,2,3,4 (5)
(Fk-)ZF: (Fk)2,1+(Fk3)1’4+(Fk)4,2_(Fk)Z’Q

[Tocse 3TOrO HOBBIE 3HAUEHHUS JIOKA/IBHBIX MHBapHUAaHTOB (Fk)fgl, k=1,2,3,4 Ha
BbIJIe/IeHHOM peOpe BBIUMC/ISIFOTCSI CO BTOPLIM TTOPSITKOM TOYHOCTH éKCTpanonﬁuMef/’I u3
TIpWIeraroiieil sueiku, IBisAIoLlelcsl 30HOM BANUSHUSA, T.e. C yUeTOM Harpab/ieHHs MpU-
X0/la XapaKTepUCTUKH.

2. (F) b P —(F) g, if A, = 0

(Fp)" = ni1/2 L~
2. (Fk)CF _(Fk)*Fazf)\k:<0

k=1,2,3,4. (6)

OTMeTnM, UTO JaHHbIH BUJ] 3KCTPAIIO/IALN NHBapUaHToB Pumana (F) mpumensiercs
B MeTozie Kabape /17151 OpTOroHa/IbHBIX CETOK, HO U3-3a FeOMeTPHUYeCKUX 0COOEHHOCTEH,
BMeCTO [IOTOJIHUTE/IbHO BBe/IeHHBIX HHBApUaHTOB ([}, 5 U (F};)’ ;» UCIIOMB3YIOTCS T10-
TOKOBBIE TIepeMeHHbIe.
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3areM Mo 3HaueHUSIM JI0KaIbHbIX HMHBAPUdAHTOB (Fk)z—gl Ha HOBOM BpE€MEHHOM CJ10€e

1o (4) BeIuKCIsIeM NIpe/iBapHTebHbIE TOTOKOBBIE [TepeMeHHbIe agl, 172;1, ﬁzgl, s L

Ipoyedypa dononaHumenbHOU KoppeKyuu

711 KOHTPOJISA 32 HEMOHOTOHHOCTBIO pellieHusi, Oblsia UCIO/hb30BaHa CTaHAPTHAs MPo-
1efypa 006aBIeHus] «MCKYCCTBEHHOH BSI3KOCTH»

~n+1l | ~n+1l | ~n+1 | ~n+1
(“1,2 FUy 3 Uz 4 Uy )

n+l_1~n+1,1
Uy =3Usn t3 I
Un-l—lil@n—&-l_"_l(ﬁfz +f’;,3 +1~’§,4 +f’2,1 )
42 T 2742

’ 2 ’ 2 ~n+1 ~n,+14~n+1 ~n+1
”+1flﬁ”+1+l (P1,2 Pz +P34 tP41 )
4,2 T 2/M4,2 2

- 24 -
(P 4+ Py + Py T P
1 .

Pe3y]l]:TaTbI TE€CTOBBIX PACYE€TOB

Amnpobariysi HOBOTO ajaropuTMa TPOBO/U/IACh Ha TECTOBBIX 33jlauaX 00 aKyCTHUECKOM
BO3MyLeHnu U Buxpe [aycca. [Ins1 o6enx 3aau B KauecTBe pacueTHOM obsacty pac-
CMaTpuBascs poM0, 3/1eMEHThI KOTOPOTO ABJIS/ICh PABHOCTOPOHHUMM TPEYTOTbHUKAaMHU.
Ha rpanurjax ObuTH 33/IaHbI YC/IOBUS “HeOTpaXkKeHUs”,

AKycmuueCKoe g8o3mMyujeHue

B noxkosiericst cpefje ¢ HauanbHBIMU AaHHbBIMU Py = 1, pg = 1,vg = 0, 3a7aH aKycTu-
. —B(L)? _ _
yeckuit ummysse 5z = Ae 2% ¢ napamerpamu A = 104, B = In2,79 = 3 - 102,
I7le r — pacCTOsIHUE JI0 LieHTpa UMITy/bCa.

AHanuTHueckoe pelnieHre B LEHTPpe dKyCTHYeCKOT0 UMITy/IbCd UMeeT BU/:

P B B
FO0,0)= -2 qal1—2 [ ZD (/5]
v—1po Ty To

rae D (z) = e~ Iy e~¥*dy - nurerpan JjoycoHa.

Ha Puc.B(a) noxasaH pesy/bTar unc/IeHHOTO pacyeTa B IeHTpe aKyCTHUeCKOTO MM-
nysibca. [ToKa3aHo, 4TO UMC/IeHHOE PellieHke MPAKTUUeCKU COBMA/IAeT C aHAIUTHYE CKUM,
¥ CXOZJUIMOCTb MIMeeT BTOPOH MopsioK TouHocTH (cm. Tabmuryfll). Vimmymsc pacripoctpa-
HSETCA CUMMMETPUYHO OTHOCHUTE/IHHO TOPU30HTA/ILHON U BEPTHKA/ILHOMN JIMHUM TIPOXO0-
JSIIUX Yepe3 L{eHTP MMITY/IbCa, YTO IpOoJeMOHCTpIpoBaHo Ha Puc.B(b).

Buxpb I'aycca

B nokosiiemcs npoctpanctBe Py = 1, pg = 1,vg = 0 3azaH Buxps ['aycca c napamet-
pamu o = 0.204, 8 = 0.3, g = 0.05:
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n —=— gorizontal
Iyical
100018 i :‘:/?('fa 1,000016 i |e vertical
A | m 1100
3 \? n: 1200 : : ;
100008 - A— 1,000008
co m At
oo ‘ : : : 3 3
1000001 - \ rrrrrrrr e —— 1,000000 |- posssssiget A Yo
(W
0s9ss2 L . ; : . 0999992 4 —————— ——
0,00 0,05 0,10 0,15 0,20 00 01 02 03 04 05
t
X
(@) ()

Puc. 3: AKycTiueckuii uMmysbc [a) - KuHetnueckast sHeprus, [b) - 3aBUXpeHHOCTE.

Tabnuija 1: TTopsi[0OK TOUHOCTH B LIEHTPE aKyCTUUECKOr0 UMITY/IbCa.

Ak (1S a 12l 2, a 121, a
1/50 1,79E-05 4,98E-07 2,13E-06

1100 | 4,71E-06 | 1,93 1,11E-07 | 2,16 5,38E-07 | 1,98
17150 | 2,11E-06 | 1,98 4,97E-08 | 1,98 2,40E-07 | 1,99
1200 | 1,19E-06 | 1,99 2,82E-08 | 1,97 1,36E-07 | 1,98

()= e [3- (1-09)]
P=gb (140T) p
$ p=po(1+6T)>-1
oT— — <%g) 1=1a2 26(1-n?)

v 4B
L =7

Ha Puc.4(a) nokasaHa 3aBUCHMOCTb KMHETHUECKOH SHEprvH OT MJIOTHOCTH CETKH.
W3 pucyHKa BHJHO, UTO KMHeTHYeCKasl SHePrusl CO BpeMeHeM IepexoJuT BO BHYTPeH-
HIOHO 3Hepruio, HO NP yBeJleyeHUH IVIOTHOCTU CeTKU [aHHbIN MpoLlecC 3aMe/i/IsieTcsl.
Ha Puc.4(b) npoaemoHcTprpoBaHs! rpadK 3aBUXPEHHOCTH dyepe3 Kaxkzisle 25 060po-
TOB, HAYMHAS C HAUa/IbHOTO I10JIO)KEHUS.

3ak/roueHue

B pabote npuBesieH BapuaHT 006001[eHNsT MeTozla Kabape Ha TpeyrosibHble CEeTKH, KO-
TOPBIM BK/IIOUaeT cebst HOBYIO 3KCTPArIOSAIMOHHY0 (GDOPMY/Y [/ BBIYMCIEHUS TI0TO-
KOB Ha HOBOM BPEMEHHOM CJI0€ M OT/IMYHYIO - OT K/IACCHUECKOro C/ydasi - MPOLeAypy
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x10° —n—06/50
104 ‘ ‘ ‘ . |—e—06/100
| | ; | ; 0,6/200

kin

(a) (b)

Puc. 4: Buxpb ['aycca B 3aBUCHMOCTH OT KOTMuecTBa 060poToB [a) - KuHeTHueckas sHep-
rus, [b) - 3aBUXpeHHOCTS.

MOHOTOHM3ALIMH TT0y4aeMoro peliieHusi. Ha ocHoBe pa3paboTaHHOTO anropyMTMa Obl-
JIa YMCJIeHHO pellleHa 3aziaua 00 akyCTHueCcKoM uMITynbce. IToKa3aHo, UYTo HOBBIH airo-
PUTM MMeeT BTOPOii OPSIIOK anmnpoKCHMalK Ha CeTKe COCTOSLLeN U3 pAaBHOCTOPOHHUX
TPeyro/ibHUKOB. [IpoieMOHCTpUpOBaHa CHMMeTPUYHOCTh PaclIpOCTPaHeH!s UMITyJIbCa.
IIpoBezeHo uncieHHOe MofenMpoBaHue BUXpA ['aycca, HauanbHOe T0I0KeHHe KOTOpPO-
I'0 COOTBETCTBYET CTallMOHAPHOMY pellleHUI0. [TokasaHo, UTO Ha CeTKe C IJIOTHOCTBIO 5
sueeK Ha pajuycC KUHeTHYecKas SHeprys BUXps NajaeT MeHee yeM Ha 15%.

Ha ocHoBe 1o/TyueHHBIX pe3y/IbTaTOB MOXKHO CJle/laTh BbIBOJ, UTO HOBBIM alrOpUT™M
TpeJicTaB/IsieT UHTepeC [JIs JaabHeHIINX MCC/IeJOBaHUH ¢ 1jesbio 060011eHrsT MeToza
Kabape Ha TpeyrosibHbIe CeTKH.
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Abstract

The problems of thermal interaction of gas wells with rocks belong to conjugated
problems of heat transfer. Their models include the equation of heat conduction
describing propagation of heat in rocks with possible thawing and freezing, the equations
of non-isothermal real gas flow in tube with corresponding boundary and initial
conditions instituted by nature of linking of heat flows on a tube wall. The quasi-
stationary mathematical model is used for the problem of formation (dissociation) of
hydrates in gas wells. In this model real gas flow was described in the frame work of tube
hydraulic while dynamics of hydrate formation was formulated as generalized Stefan
problem in which temperature of phase transition ”gas — hydrate” was a function of gas
pressure. The model takes into account the dependence of coefficient of heat transfer
between gas and hydrate layer on free cross section of a tube, that is, it’s changing with
time. Gas production from the fields with essentially different composition of natural gas,
reservoir and geothermal conditions, depths of productive horizon was simulated. Initial
values of a free cross section of a tube and a mass flow rate were varied. It has been shown
that the conjugated model predicts that the time of formation of hydrate plugs essentially
increases in comparison with the model where the temperature of surrounding rocks is
considered a given function of depth.

Keywords: mathematical modeling, imperfect gas, gas hydrate, gas well.

Introduction

Technology of natural gas production in Northern regions substantially depends on such
environmental factors as low climatic temperatures and thick permafrost layers. They
lead to complications which are mainly connected with gas hydrate formation in bottom-
hole zone and in gas wells. The former lowers well productivity, while the latter — to full
its blockage. Today the only means to prevent hydrate formation is pumping methanol
or other inhibitors at the well head. It is not rational because inhibitors go away with gas
flow.
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Heat transfer between flowing gas and surrounding rocks, throttle effect and
adiabatic expansion (compression) lower gas temperature in wells but also change rock
temperature. These changes are interconnected, so to predict temperature regime of gas
wells one has to solve the conjugated problem of simultaneous temperature calculation
in gas well and in surrounding rocks. Thereby mathematical model of the process in
question has to include the equation of heat conduction in rocks taking into account
their possible thawing (freezing), the equations of non-isothermal gas flow in a well
and corresponding initial and boundary conditions which depend on coupling of thermal
fluxes.

Formulation of the problems

Quasi-stationary mathematical model of hydrate formation in producing wells is used
here [[]. It includes the equations of real gas flow and the equation which describes the
dynamics of hydrate layer on tube walls in the frame of a generalized Stefan problem in
which phase transition temperature substantially depends on flowing gas pressure. The
model is based on the conservation of mass and energy laws. It can be reduced to the
following two equations:

dp . T YM?

o _ NVt 1

I pgsin 45755,25" 1)
dr dp  wD«a g .
— —— = T.—T)— = ) 2
dx Edm cpM ( ) Cp s )

where p — gas density, g — gravity acceleration, ¢, — specific heat content of gas; S, D
— tube cross section and diameter; z — coordinate along tube axes, p — pressure, ¢
— inclination angle between tube and horizontal plane, v — coefficient of hydraulic
resistance, T, — rock temperature, 7" — gas temperature, « — total coefficient of heat
transfer, M = pvS — mass flow rate (constant), v — gas velocity; zero low indices means
initial state.

Gas density depends on pressure and temperature via the state equation

P RT? [ 0z
p=hm 2= = () ®
n
where R = 8.314/u — gas constant, i = >, y;u; — molar mass of gas mixture; y;, i; —

volume content and molar mass of ¢ -th g;s 1component; z — compressibility coefficient
of real gas, ¢ — throttle coefficient.

It has been shown [2] that for broad changes of pressure and temperature the
compressibility coefficient can be approximated by the following formulae [B]:
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p

T z
2= (0.17376111 ~ 4 0.73) " ro01l
T. De

Critical pressure and temperature are calculated according to W. B. Kay’s rule [4]:

n n
Pc = Z YiDeis Te = Z Yilei,
i=1 i=1
where p.;, T,; — critical pressure and temperature of ¢ -th component of natural gas.
The equation of tube free cross section S dynamics has the following dimensionless
form:

s _, Te - Th(p)
dr 1—byInS
where b1 = OZ)\ZZO’ by = 0;2)\1})10’ a1 — coefficient of heat transfer between gas and inner
surface of hydrate layer; « — coefficient of heat transfer between outer surface of hydrate
layer and rocks, Ap — heat conductivity of hydrate, 7 = Ph);:?ot — dimensionless time,
pn, — hydrate density, {;, — latent heat of hydrate formation, ¢ — time, 7;,(p) = alnp + b

— equilibrium temperature of hydrate formation. Empirical coefficients a and b can be
found through approximation of an equilibrium curve which is calculated according to
E. D. Sloan [5], the gas mixture content being known.

Initial conditions for equations (fll), () and (4) are:

—b1VS (Th(p) — 1), )

p(0) =po, T(0)=Top, S(0)= So. ©)

Here the equation (M) is modified to take into account the relation between the
coefficient o7 and the time changing tube cross section .S. It can be derived from the
well known semi-empirical formulae of heat transfer coefficient for turbulent flow in
tubes [6]:

Nu = 0.023Pr"*Re%8, (6)
a1 D vDp

where Nu = ——, Pr, Re = —— — Nusselt, Prandtl and Reynolds parameters,
Hg

g
correspondingly; ji5, Ag —dynamical viscosity and conductivity of gas.
Adding to formulae () definition of mass flow rate after some manipulations one
receive:

0.8 0.8
=0.023 P —_— — . 7
S, = 00BN 5o 1) <o )

In those parts of well where the hydrate layer is forming, that is, where dimensionless
cross section S less than 1, heat transfer coefficient in the equation (f)) is calculated
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according to the formulae (7). Simultaneously instead of rock temperature 7, one should
use the equilibrium temperature of hydrate formation 77},.

Equations () and () include rock temperature 7, which can be found from the
solution of heat conductivity equation

~ oT. 10 oT.
C(Te) % = ror (r)\(Te) pe ) , T <T <719, t>0, (8)

~

where \(T.) — heat conductivity, C'(T,) — volume heat content of rocks, both are piece-
wise functions of temperature; r — radial coordinate, 1 — outer radii of well, ro —
coordinate of reservoir boundary.

The equation (8) has been written with the assumption that heat flux in each well
cross section is strictly radial. The connection between cross sections is realized via the
solutions of equation (2) and boundary condition on outer well surface

oT.
or

In rocks around well from the bottom hole to the lower permafrost boundary the
coefficients in the equation () are constants and its solution can be found by standard
procedures. In permafrost region the problem is more complicated because of phase
transition ice — water. Today for numerical solution of the Stefan problem the procedures
based on the approach proposed in the monograph [7] are used. The authors of papers
[8, 9] have developed the fast finite difference scheme with smoothing of discontinuous
coefficients in the equation (g) along temperature in the vicinity of phase transition.
Due to the fact that the phase transition moving boundary is not calculated explicitly
such finite difference schemes are homogenous. At such approach the latent heat W =
lpnprwy is added as lumped heat capacity to the coefficient C (Te). Here lp,, T,y —latent
heat and temperature of phase transition ice — water, p,, — density, w,, — water content of
rocks.

The condition of heat insulation is supposed to be valid on the reservoir boundary:

A(Te)

=a(T.—T), r=r1. €)]

oT.
or

Initial rock temperature is set in the following form:

0, r=ro. (10)

Teo — T, O<ax<L—-—H
T, = (11)

T.., L-H<z<[L’

where T,y — bottom hole temperature, I' — geothermal gradient, 7., — permafrost
temperature, L — well depth, H — permafrost depth.

Algorithm of numerical solution of the problem ([Il) — (fL1) consists of the following
items.
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I. Assign the geometry of the domain and physical parameters as well as initial
conditions (§) and ([L1)).

II. At a given cross section from the equations () — (B) find gas pressure p(x) and
temperature 7'(x) in well using the forth order Runge-Kutta method.

I11. Making a step in time from equations (4) and (f4), find a new cross section bearing
in that coordinate x enters equation (4) as parameter.

IV. Find distribution of rock temperature, that is, solve the problem (§) — (L1).
Because the smoothed coefficients of the equation (8) depend on temperature, the
corresponding difference problem will be non-linear one. For its solution one can use
an iteration procedure together with sweeping algorithm.

Items II - IV are repeated at each time step

The algorithm of calculations takes into account the significant difference of time
scales for flowing gas and heat conduction in rocks: transient processes in a well are
very short and that is why gas temperature follows slow temperature changes in rocks.

Results and Discussion

Calculations were performed for two sets of parameters corresponding to the gas fields
of the Sakha (Yakutiya) Republic:

1) Middle-Viluy a = 5.82 W/(m?-K), D = 0.1 m, ¢ = 90°, ¢ = 0.02, pj, = 920
kg/m3, I, = 510000 J/kg, A\p, = 1.88 W/(m-K), Ag = 0.0307 W/(m-K), ¢, = 2300
Ji(kg-K), Pr = 0.886, ug = 1.3 -107° Pa-s, R = 449.4 J/(kg-K), po = 240 - 10°
Pa, Ty = 323 K, p. = 46.573 - 10° Pa, T. = 205.239 K, a = 7.009 K, b = 178.28
K, L =2550m, H = 500 m, T, = 328 K, I' = 0.0277 K/m, T, = 271.15 K,
Tpn = 273.15 K; I, = 334400 J/kg; gas content (volume fraction, %): C' Hy — 90.34,
CoHg—4.98, CsHg—1.74,iC4 H19—0.22,nCy H10—0.41, C5 H124+ —1.55, CO2—0.28,
Ny —0.48;

2) Otradninskoe R = 438.3 J/(kg-K), D = 0.146 m, pg = 188.35 - 10° Pa, Ty =
286.35K, p. = 44.71-10° Pa, T, = 195.376 K, a = 6.635 K, b = 182.951 K, L = 2480
m, H = 680 m, T,g = 286.48 K, I' = 0.0085 K/m; gas content (volume fraction, %):
CH,;—83.15,CoHg—4.16,C3Hg—1.48,iC4H19—0.17,nC4 H10—0.50,iCs H12—0.12,
HC5H12 — 0.17, CGH14 — 0.17, C7H16+ - 0.28, COQ — 0.07, NQ — 9.50; H2 — 0.02,
He — 0.21; the rest of the parameters as in the first set.

One can see that the fields are characterized by essentially different gas contents, by
reservoir and geometrical conditions with approximately equal reservoir depth. Rock
properties were supposed the same for both fields (Table fil , where lower indices
correspond to: th — thawed, f — frozen).

Initially an optimal mass flow rate which corresponds to minimal heat loses in well
without hydrate layer was calculated. For the Middle-Viluy gas field it was equal to 9
kg/s, for the Otradninskoe gas field - to free mass flow rate (the highest limit), so it was
decided to put it equal to 2.86 kg/s, that is 187000 m>/day which corresponds to the real
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Table 1: Physical properties of rocks

Depth Prs W, Aths Af, Cin, Cy,
intervals, m | kg/m?® | % | W/(m-K) | W/(m-K) | kJ/(m>K) | kJ/(m?-K)
0-86 2000 | 12.0 | 1.69 1.93 2570 2310
86— H 2000 | 12.0 | 1.62 1.86 2680 2420
H —980 2300 | 6.0 2.00 - 2440 -
9801831 | 2350 | 5.5 2.27 - 2420 -
18312561 | 2380 | 5.3 2.38 - 2420 -
2561 — L 2330 | 5.7 2.10 - 2440 -

case. The following numerical experiment was performed for different values of initial
cross section and mass flow rate.

I.K a p.MPa b
340 25

x.m x.m
0 510 1020 1530 2040 2550 0 510 1020 1530 2040 2550

260

Fig. 1: Gas temperature (a) and pressure (b) vs. well depth for Middle-Viluy gas field at
M =9kg/s:1—-t=0.34h,2—-¢t =251.6h, 3-1 = 423.6 h (conjugated model), 4 —
equilibrium temperature of hydrate formation, 5 — initial temperature of rocks

More interesting results were received for the Middle-Viluy gas field (see Figures
— ). First of all mention that in a mass flow rate is optimal, hydrate plug is formed
near well head and its lover boundary is much higher than permafrost bottom, which is
clearly seen at Fig. fla where point of intersection of gas temperature curves (curves 2
and 3) with hydrate formation curve 4 corresponds to the depth of 2550 — 2504 = 46
m. It means that at this interval gas temperature is lower than equilibrium temperature
of hydrate formation. Reduction of tube cross section is accompanied by sharp decrease
of gas pressure near well head (Fig. [Ilb). Gas temperature and pressure in the upper part
of well are higher and the lower depth of hydrate plug is a little less (34 m) if calculated
via conjugated model than when rock temperature does not changed in time (simplified
mode) (curves 3 at Fig. fla and Fig. [Ib).

Fig. P shows the dynamics of free cross section along the well for two mass flow
rates when initially it is free from hydrate, that is when S(0) = 1. It is seen that for
the conjugated model the duration of plug formation is much longer (see surface 2) than
for the simplified one (see surface 1). The higher mass flow rate the longer duration of
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Fig. 2: Dimensionless free cross section vs. depth and time at S(0) = 1 for Middle-Viluy
gas field: a) M = 9 kg/s; b) M = 2 kg/s; 1 — non-conjugated model, 2 — conjugated
model

Tph. M Tpp.m
413 a2y L

~}097 0214

to6s 014

t032 0074

—  282.4
2550 423.6

Fig. 3: Dynamics of thawing zone around gas well for Middle-Viluy gas field at S(0) = 1:
a) M = 9kg/s; b) M = 2 kg/s

plug formation: for the optimal value it takes about 424 hours for the conjugated model
and 252 hours for the simplified one, for lower mass flow rate (2 kg/s) - 17 hours and
10 hours, correspondingly. During plug formation the highest permafrost thawing takes
place near its lower boundary, which is due to comparatively high gas temperature. The
radius of thawing zone is approximately proportional to mass flow rate (compare Fig. Ba
and Fig. @b).
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141.9
2131 th

Fig. 4: Dimensionless free cross section vs. depth and time at S(0) = 0.5 for Middle-
Viluy gas field: a) M = 4.8 kg/s; b) M = 2 kg/s; 1 — non-conjugated model, 2 —
conjugated model

Tphm
0914+

R

0454

1419 ),
213.1 t.h

Fig. 5: Dynamics of thawing zone around gas well for Middle-Viluy gas field at S(0) =
0.5:a) M = 4.8 kg/s; b) M = 2 kg/s

Fig. 6: Dimensionless free cross section vs. depth and time (a) and thawing zone around
gas well (b) for Otradninskoe gas field at S(0) = 1 and M = 2.86 kg/s

The situation becomes less predictable if initially a well is partially blocked by
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hydrates, for example, if S(0) = 0.5 (Figures [ and B). In this case an optimal mass
flow rate is 4.8 kg/s. Here a well will be plugged near well head after 173 hours (Fig. Ha,
surface 2) for conjugated model and after 90 hours (Fig. da, surface 1) for non-conjugated
model. The lower plug boundary is at the depth of 105 m. For mass flow rate 2 kg/s at
the lower part of a well, from bottom hole to the depth of about 1300 m free cross section
increases with time and finally hydrate layer disappears completely. In the higher part of
a well thickness of the layer increases forming a plug near well head after 213 hours for
conjugated model and after 11 hours for non-conjugated model (Fig. db). In this case the
radius of thawed zone is less than in the previous example and for both mass flow rates
does not exceed 1 m (Fig. Ba and Fig. Bb).

Now turn to the Otradninskoe gas field which has much lower (close to hydrate
equilibrium temperature) reservoir temperature than the Middle-Viluy gas field. The
calculations show that if initially a well was free from hydrate than at mass flow rate
2.86 kg/s it will be completely plugged in 4.5 hours (Fig. Ba). The radius of thawed zone
will reach approximately 0.15 m (Fig. Bb).

Conclusions

The results of the numerical experiment lead to the following conclusions. 1) The
problems of temperature regime and hydrate formation in gas wells are in general
conjugated ones. Simplified models where rock temperature does not change with time
lead to substantial underestimation such key parameter as duration of plug formation. It
has been shown that for deep wells with reservoir temperature considerably higher than
hydrate formation one this underestimation may be multiple. 2) Radius of thawed zone
around wells indirectly depends on mass flow rate because the latter causes the duration
of thermal interaction between flowing gas and surrounding rocks. 3) Deep wells with
reservoir temperature approximately equal to hydrate formation one may be plugged in
4-5 hours. It means that the duration of thermal interaction of gas with rocks is relatively
short and, therefore all technological parameters of gas production can be calculated in
a framework of non-conjugated model.
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Abstract

In paper fundamental problems of internal gravity waves dynamics are considered.
The solution of this problem is expressed in terms of the Green’s function and the
asymptotic representations of the solutions are considered. The uniform asymptotic
forms of the internal gravity waves in horizontally inhomogeneous and non-stationary
stratified ocean are obtained. A modified spatio-temporal ray method is proposed, which
belongs to the class of geometrical optics methods (WKBJ method). Analytical and
numerical algorithms of internal gravity wave calculations for the real ocean parameters
are presented. Some results of internal gravity waves measurements in ocean ant it’s
interpretations are discussed.
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Introduction

Now in connection with the new problems arising in geophysics, oceanology, physics
of atmosphere, usage of the cryogenic fluid in the engineering sphere, as well as the
problems of protection and study of the medium, operation of the complex hydraulic
engineering facilities, including the marine oil producing complexes, and a number of
other actual problems facing the science and engineering we can observe the growth
of interest to the research of the wave dynamics of the different inhomogeneous fluids
and, in particular, the natural stratified medium. This interest is caused not only by
the practical needs, but also by the need to have the solid theoretical base to solve the
arising problems. It is necessary to note, that solution of the problems of the mechanics
of continua and hydrodynamics always served as the stimulus of new directions in
mathematics and mathematical physics. As the illustration to the above may serve the
stream of the new ideas in the theory of the nonlinear differential equations, and also
the discovery of the startling dependencies between the can be appearing the different
branches of mathematics, that has followed after exploration of Cartevega de Vriza
equation for the waves on the shallow water.
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Certainly, for the detailed description of the big amount of the natural phenomena
connected with the dynamics of the stratified non-uniform in the horizontal direction
and the non-stationary mediums, it is necessary to use the sufficiently developed
mathematical models, which as a rule are the rather complex nonlinear multi-parametric
mathematical models and for their full-size research only the numerical methods are
effective. However in some cases the initial qualitative idea of the amount of the
studied phenomena one can receive on the basis of use of the more simple asymptotical
models and the analytical methods of their research. It becomes evident, that in this
respect the problems of the dynamics of the internal gravity waves in the non-uniform
mediums are rather indicative. Even at the use of the linear models their solutions are
rather specific and determine the independent mathematical interest alongside with the
nontrivial physical corollaries.

Main results

The main fundamental problems of wave dynamics considered in the present paper were
the following:

- construction of the exact and asymptotic solutions of the problem concerning the
internal gravity waves excited by the non-local disturbing sources in the non-uniform
stratified mediums, as well as development of the numerical algorithms for analysis of
the corresponding spectral problems and for calculation of the wave disturbances for the
real parameters of the vertically stratified mediums;

- research by means of the modified version of the space-time ray-tracing method
(WKBJ method), evolution of the non-harmonic wave-trains of the internal gravity waves
in the supposition of the slowness of variation of the parameters of the vertically stratified
medium in the horizontal direction and in a time;

- the asymptotic analysis of the critical modes of generation and propagation of the
internal gravity waves in the stratified mediums, including the study of the effects of the
space-frequency screening;

- development of non-spectral methods of analysis of the in-situ measurements
of the internal gravity waves for the purpose of the possible distant definition of the
characteristics of the broad-band wave-trains, composing the measured hydrophysical
fields, as well as the parameters of the ocean along a line of propagation of these wave-
trains.

The paper presented methods and approaches of research of the internal gravity
waves dynamics combine the comparative simplicity and computational capability
to gain the analytical results, the possibility of their qualitative analysis and the
accuracy of the numerical results. Besides that there is a possibility of inspection of the
trustworthiness of the used hypotheses and approximations on the basis of analysis of
the real oceanological data, while the exact analytical solutions for the model problems
do not allow to apply the gained outcomes, for example, for analysis of the problem with
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the real parameters of the medium, and the exact numeric calculation for one particular
real medium does not give the possibility of the qualitative analysis of the medium with
other real parameters. The results presented by the paper on the research of the dynamics
of the non-harmonic wave-trains of the internal waves in the stratified mediums with the
varying parameters enable analytically and numerically to examine effects of the special
blocking, and also the excitation and failure of the separate frequency components of the
propagating wave-trains.

It is necessary to mark once again, that in comparison with the majority of the
researches devoted to study of the dynamics of the internal gravity waves, the methods
of decomposing of the fields of the internal gravity waves into the certain benchmark
functions enable to describe the main peculiarities of formation of the critical modes
of generation and propagation of the non-harmonic wave-trains. It is expedient also to
emphasize, that the built asymptotic representations in the form of the applicable model
functions can be used also for study of any other wave processes (acoustical and seismic
waves, SHF-irradiation, the tsunami waves, etc.) in the real mediums with a complex
structure. All fundamental results of the paper are gained for the arbitrary distributions
of the density and other parameters of the non-uniform media, and besides the main
physical mechanisms of formation of the studied phenomena of the dynamics of the
internal gravity waves in the non-uniform stratified mediums were considered in the
context of the available data of the in-situ measurements.

The next step in the asymptotic study of the internal gravity waves should be study
of the linear interaction of the wave-trains at their propagation as we used approximation
of adiabatic, that is the independence of wave modes from each other. However,
generally, the linear interaction (the linear conversion) of the waver modes is present.
The phenomenon of the linear conversion of the internal gravity waves consists, that at
the wave-trains passing through the non-uniform sections of the medium the amplitudes
of the waves can vary non-adiabatically, that is the real amplitude-phase characteristics
of the fields are varying differently, than it follows from the fundamental approximations
of the geometrical optics used in this paper. The detailed study of these problems will be
the subject of further researches.

Discussion and applications

The universal nature of the he asymptotic methods of research of the internal gravity
waves offered in this paper is added with the universal heuristic requirements of the
applicability of these methods. These criteria ensure the internal control of applicability
of the used methods, and in some cases on the basis of the formulated criteria it is possible
to evaluate the wave fields in the place, where the given methods are inapplicable. Thus
there are the wide opportunities of analysis of the wave patterns as a whole, that is relevant
both for the correct formulation of the analytical investigations, and for realization of
estimate calculations at the in-situ measurements of the wave fields.
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The special role of proposed methods is caused by that the parameters of the natural
stratified mediums, as a rule, are known approximately, and efforts of the exact numerical
solution of initial equations with usage of such parameters can lead to the overstatement
of accuracy. Also popularity of the used approaches of analysis of dynamics of the
internal gravity waves can be promoted just by the existence of the lot of the interesting
physical problems quite adequately described by these approaches and can promote
the interest to the multiplicity of problems bound to a diversification of the non-
uniform stratified mediums. The value of such methods of analysis of the wave fields
is determined not only by their obviousness, scalability and effectiveness at the solution
of the different problems, but also that they can be some semi-empirical basis for other
approximate methods in theory of propagation of the internal gravity waves.

Special interest to research of internal gravity waves is connected with also intensive
exploitation of Arctic and its natural wealth. Internal gravity waves in Arctic are poorly
studied as they move under ice and practically invisible from above, but accessible
information about underwater objects movement show their existence. Sometimes there
are exclusions when internal gravity waves reach ice and uplift and lower it with definite
periodicity which can be fixed with the help of radiolocation sounding. Influence of all
kinds of waves can be the reason of the ice cover split in the Arctic. Internal waves
make for the movement of icebergs and different kinds of pollution. So, the research of
wave dynamics in the region of the Arctic shelf is an important fundamental scientific
and practical problem aimed at ensuring security while. Actual scientific problem is the
study of the interaction of waves and ice cover in Arctic basin.

The obtained results relates to focuses described in American scientific
environments. Office of Naval Research of U.S. Navy (ONR) has a renewed interest
in understanding and predicting the environment in the Arctic, and the recent call
“Emerging Dynamics of the Marginal Ice Zone” is a new research initiative with funds
that has started from October 2011 and will last for five years. In particular the ONR
has posed actual scientific fundamental questions: generation of internal gravity waves
by the barotropic tide in Arctic basin; influence of the ice cover and its thickness on the
generation and characteristics of internal gravity waves in the shelf zone; development
of the theory of internal gravity waves to elaborate a reference wave in the Arctic
basin needed to estimate the influence of waves on engineering constructions and oil
platforms; transformation of intense internal waves in the Arctic basin with the account
for the bottom topography and horizontal variability of the mean ocean state; estimates
of the dynamics of bottom sediment transport influence by internal waves; modeling of
lee waves in supercritical latitudes and internal waves in subcritical latitudes; conditions
for existence of solitons (non-linear internal gravity waves) and their modeling in the
Arctic basin; reflection of internal gravity waves from the shelf and verification of
the solutions in the laboratory experiments; modeling of packets of internal waves in
the conditions of the Arctic basin for remote study of the ocean properties; laboratory
investigations of ice cover deformations induced by internal gravity waves of different
origin; analysis of temperature and current measurements on the long-term moorings in
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the Arctic basin over steep and flat topography.

Industrial activities on the continental and Arctic shelf connected with oil, gas, and
other minerals extraction became one of the important reasons to begin researches of
dynamic internal gravity waves. Ships and platforms busy with drilling and construction
at the depth use long tubes joining them with the sea bottom. Builders of underwater
constructions in equatorial districts experienced the influence of huge underwater internal
waves and strong surface flows which can have the form of steep waterfalls. Some
time ago when the phenomenon of internal waves and their strength were not known
it happened that the builders lost their equipment. Such expensive losses made them
think that security of underwater equipment and the influence of internal gravity waves
should be controlled. The internal waves characteristics are used for appreciation of their
influence on the environment and underwater platforms of oil and gas deposits at the shelf
(Arctic basin, China and Yellow Seas, etc). Stationary tubes for oil and gas transportation
stretch along the ocean shelf slope.

Internal waves play the role of transport moving biomass and nutrient matters from
place to place. Gliding upwards along the shelf they bring nutrient matters from the depth
to more salted shoal, where conditions for life of fries and larvae are ideal. The internal
waves movement in this case can be compared with the work of a pump. There is an
interesting connection between internal waves and the sea life. In slow and long vertical
stream formed by these waves plankton and small sea organisms can live. Experiments
show that sea organisms use such vertical streams. They can swim vertically against
the current and grow and propagate at the same time. Such processes take place just
along the vertical stream while moving of the wave and they are observed with the
help of satellite. The results of this work represent a significant interest for physics,
mathematics and engineers. Besides that interest analytical, asymptotic and numerical
solutions, which were obtained in this paper, can present significant importance for
engineering applications, since presented method which were to calculate the internal
gravity waves field, make it possible to calculate different wave fields in the rather big
class of another problems.

REFERENCES

[1] Bulatov V.V,, Vladimirov Yu.V. Internal gravity waves: theory and applications.
Moscow: Nauka Publishers, 2007.

[2] Bulatov V.V,, Vladimirov Yu.V. Wave dynamics of stratified mediums. Moscow:
Nauka Publishers, 2012.

[3] Bulatov V.V,, Vladimirov Yu.V. Fundamental problems of internal gravity waves
dynamics in ocean. J. Basic & Applied Sciences, V. 9, P. 69-81, 2013.

[4] Bulatov V.V., Vladimirov Yu.V. The dynamics of internal gravity waves in the
ocean: theory and applications, 2013. http://arxiv.org/abs/1308.3718



Second international conference Supercomputer technologies of mathematical modelling,
Yakutsk, Russia, July 8-11, 2013.

Pre- and Post-Processing for Effective Finite Element Error
Control in the Poisson and the Obstacle Problem

C. Carstensen’, C. Merdon?

1 Humboldt-Universitat zu Berlin, Berlin, Germany;
cc@math.hu-berlin.de
2Weierstrass-Institut, Berlin, Germany;
Christian.Merdon@wias-berlin.de

Abstract

Guaranteed error control is an eminent must whenever numerical algorithms are
employed for a reliable computational forecast. The discretisation error control is of
particular importance in computational PDEs for it cannot be avoided and its control
is much more involved than any other algorithmical error source once the mathematical
model and the coefficients are fixed. The typical discretization of the weak form of a
well-posed boundary value problem with an elliptic PDE leads to computable residuals
and their dual norms (i.e. in operator norm). This residual norm is equivalent to the
error in some Sobolev norm but involves some maximization problem which needs to
be evaluated with small computational costs. The equilibration techniques of Braess or
Luce-Wohlmuth have recently be post-processed in [Carstensen-Merdon, Numer. Math.,
2013, pp. 425-459]. This work describes this optimal post-processing and adds some
pre-processing to reduce the data oscillation terms significantly and thereby leads to the
best-known efficiency indices for a Poisson model problem and some obstacle problem
as small as 1.03 and 1.14.

Keywords: adaptive finite element methods, a posteriori error estimators, guaranteed
upper error bounds, equilibration error estimators, obstacle problems

Introduction

The first attempts in the a posteriori error control have led to the books [, 2, 17, 23]
and the older computational survey papers [B, [14, [L5]. The a posteriori error control for
second-order elliptic boundary value problems involves residuals of the form

Res(v) = /(fv —op,-Vo)de forveV = H}R) 1
Q

with some given Lebesgue integrable function f and some given discrete flux oy, [[7, 8].
For instance, in the scenario of a finite element best approximation u;, € V(7) < V for
the exact solution of the Poisson model problem, v € V with f + Au = 0, the discrete
stress o, = Vuy, satisfies Res(V (7)) = 0.
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The dual norm of the residual with respect to some energy norm ||-|[, e.g. ||-[| =
IV+[| () for the Poisson model problem reads

IRes]], = sup Res(v)/[Jo].
veV\{0}

In the Poisson model problem, it holds ||Res||, = ||« — uy,||. Hence, guaranteed upper
bounds for [|Res||, imply guaranteed error bounds, or error majorants in the sense of
Repin [23], for the energy error ||u — wy,||. Similar scenarios with two residuals arise for
nonconforming finite element approximations [9, 12]. The guaranteed error control for
obstacle problems after [4] also involves the residual of an auxiliary Poisson problem
and its dual norm, see Section for details.

Section summarises techniques and recent advances from the numerical surveys [B,
14, 10] to compute such guaranteed upper bounds via the design of equilibrated quantities
q € H(div, Q) such that, by a triangle inequality,

IRes|[, < [[f +divgll, + [[div(g — on)]l, -

The second term is often estimated suboptimally as ||div(¢ — o) |l, < ll¢ — onllz2(q),
while a new generation of equilibration error estimators approximates
ldivig o)l = min g — o, — Curl vl ooy
The novel post-processing from [[10] explained in Section computes some discrete
Curl v;, and improves the efficiency at almost no extra costs. The term || f + div ¢||, leads
to oscillations or other higher-order terms, but may have a large impact on coarse grids
with rough data. A new pre-processing (called step 1 in Section ) heals this shortcoming.
Section reports on the superiority of those error estimates with an application to the
lowest-order conforming finite element method for the Poisson model problem. Section
applies the post-processing to equilibration error estimators for energy error control for
conforming obstacle problems.

Equilibration Error Estimators

Let 7 denote a regular triangulation of the bounded simply-connected polygonal
Lipschitz domain < R? into triangles with nodes N and nodal basis functions ¢,
for every z € N. The intersection V(7") := Pi(T) n V between the piecewise linear
polynomials P;(7") and V' denotes the space of discrete test functions and is spanned by
the nodal basis functions ¢, of the free nodes z € N'(Q).

Consider some residual of the form (fl) with source function f € L?*(Q) and a
piecewise constant discrete flux o, € Py(7;R?) such that Res(¢,) = 0 for all
z € N(Q). Equilibration error estimators design some quantity ¢ € H(div,2) such
that || f + div ¢||, is of higher order and

IRes|[, < [[f +divgll, + [[div(on — g)]l, -
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Two examples for such a design are given through the Braess equilibration error
estimator [0, 5] and the Luce-Wohlmuth error estimator [20, 10] which solve at most
one-dimensional linear systems of equations around each node z € N and design some
Raviart-Thomas function ¢gg € RTy(7) and grw € RTo(7*) on the dual triangulation
T*. The dual mesh 7™* divides every triangle 7" € 7 into six subtriangles of same area
by connection of the center of inertia mid(7") with the three vertices and the three edge
midpoints of 7". This results in the two guaranteed upper bounds

e = |hr(f = F)ll 2 /11 + lon — a8ll o) - 2)
mw = lh7(f = )2 /i1 + llon — awwll 2 (o) )

for the piecewise integral mean fr € Py(T), ie, frir = f, fdx for T € T and
f* e Py(T*) with f*|7+ == 3 f; fo. dz on the two subtriangles T* € T*(z) of T' €
T (z). The function f* is our preferred approximation of f in the Luce-Wohlmuth design
[10, 16] that allows this very easy estimation of || f — f*||,. The number j; ; > 3.8317
is the first positive root of the first Bessel function .J; from the Poincaré constant [[19].

Post-processing

The post-processing of gg or gpw consists of two steps [21], 10] and involves a refined
triangulation 7 == red(7) or 7 = red?(T) for ng and 7 = T* for nLw. A red-
refinement red(7") of 7 connects the three edge midpoints in every triangle and so divides
it into four triangles with same area.

The first step of the post-processing projects gg € RTo(7) or gLw € RTo(7*) onto

A~

q € RTo(T) with divg + f5 to allow the better estimate
If -+ divll, < [[h5(F = £ oy Jna = osc(F. T dra < ose(£. T)/iv.

This projection is performed locally on every subtriangulation ’f(T) of T' € T through

(¢ — q) - vr = 0 along 0T The first step is optional and if it is performed, the letter ‘m*

is added to the label of the refined error estimator; further details on this step are in [21]].
The second step from [[L0] employs the identity

ldiv@—on)ll. = min 17— n = Curl 3]l

and designs some piecewise affine ~;, € P1(7A’) n C(Q) that is cheap to compute and
leads to sharper estimates. The computation runs some simple pre-conditioned conjugate
gradient (pcg) scheme with £ iterations and Jacobi pre-conditioner. The case k = oo
denotes an exact solve and leads to the best possible v, € Py (T ) ~ C(S2). Further details
on the second step are in [[10].

In the numerical examples below, the number of cg iterations of the post-processing

is added to the label in brackets. Every additional ‘r‘ in front of this number is related
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Fig. 1: History of efficiency indices 7yy,/ ||u — up|| of various error estimators 7y,
labelled zyz as functions of the number of degrees of freedom on uniform meshes.

to one red-refinement. For example, the error estimator 7gm(3) is the post-processed 7p
on two red-refinements with 3 pcg iterations, including the projection of the first post-
processing step as indicated by ‘m°.

Numerical Example

Consider the square domain €2 := (0, 1)? with the exact solution
u(z,y) = z(x — 1)y(y — 1) exp (—100(z — 1/2)? — 100(y — 117/1000)%) € Hg ()

of the Poisson model problem for the right-hand side f = —Aw with homogeneous
boundary conditions. The source term causes big oscillations osc(f,7) on coarse
triangulations and demonstrates the relevance of the first step of the post-processing.

Figures [l and P display the efficiency indices for uniform and adaptive mesh
refinement. On coarse meshes, the oscillations dominate the guaranteed upper bounds
and cause large efficiency indices above 2.5 for the equilibration error estimators 7p
and 7z but also for all post-processed error estimators without divergence correction.
In contrast to this, the post-processed error estimators with the coupled divergence
correction 7)z,,,(1) and Ny (1) are less affected and 1., (3) leads to efficiency indices
below 1.5 even on the very coarse initial triangulation. On the finer meshes, the second
step of the post-processing becomes more effective. While the not post-processed error
estimators 77p and 1, W assume efficiency indices around 1.3, their post-processed
companions are significantly sharper error estimators. The asymptotic efficiency indices
of 7By (3) are indeed as small as 1.03.

The adaptive meshes were generated by red-green-blue refinement and Dorfler
marking with bulk parameter § = 1/2 after [13] based on the explicit refinement
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Fig. 2: History of efficiency indices 7yy,/ ||u — up|| of various error estimators 7y,
labelled zyz as functions of the number of degrees of freedom on adaptive meshes.

indicators n(7)? := |T)| HfH%z(T) + T1Y? || [o - Z/T]||%2(5T). The adaptive mesh
refinement leads to a smaller pre-asymptotic range and to optimal convergence rates [24].
The uniform meshes are consecutive red-refinements of an initial triangulation 7. Since
in this example the exact solution is known, the exact error can be computed exactly
(up to quadrature errors). However, in other benchmark examples, also with unknown
exact solutions, the results concerning efficiency indices and convergence rates are just
as pleasant [[10, 12].

Conforming Obstacle Problems
This section deals with energy error control for obstacle problems.

Mathematical Model

The unique exact weak solution u € K of the obstacle problem with obstacle x € H?(2)
with x < 0 inside the closed and convex set of admissible functions

K:={veH'(Q)|v=00n0Qand x <vae.inQ} # 2,
is the unique solution u € K of the variational inequality

/Vu-V(u—v)dazé/f(u—v)da:forallveK. (€)]
Q Q

The existence and uniqueness as well as the higher regularity can be found in [[18].
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Error Control via Auxiliary Residual

After [4] and with a particular choice of the discrete Lagrange multiplier A, of [[11] and
the nodal interpolation xy, of x, the discrete solution of the obstacle problem wy, in

K(T) = {’Uh € Pl(T) N C(Q)‘Uh =0onI'pand xp, < vy in Q}

also solves the discrete version of the auxiliary Poisson problem for w € V' with

/Vw-Vvdx:/(f—Ah)vd:c forallve V. (5)
Q Q
The associated residual reads
Resaux(v) = / (f —Ap)vdr — / Vuy - Vodr forallve H(Q).
Q Q

The energy norm difference [|w — up|| = ||Resaux||, between wuy, and the exact solution
w of the Poisson problem (B) can be estimated by any known a posteriori error estimator
7. In the conforming case x < x4, [[L1] leads to the guaranteed global upper bound

llell < GUB(n) := (n+ lAn — JAR[L,) /2+

+\//Q(X —up)JJApdz 4 (0 + [[An — JAR],)%

1/2
The patchwise oscillations osc(Ap, N) := (Zze v h2ming cg |Ay — £ 132 (wz)) are
a computable bound for

AL — JA|l, :== sup /(Ah — JAp)vda/ |[v]| < Cosc(Ap, N).
veV\{0} /Q

The constant C' = /3 max ¢ ~ Cp(w;) involves the Poincaré constant on w, [21].

Numerical Example

The benchmark from [22] involves the constant obstacle Y = x; = 0 on the square
domain 2 = (—1, 1) with smooth inhomogeneous Dirichlet data up (7, ) = r? — 0.49
(in terms of polar coordinates (r, ¢) at 0) and right-hand side

o) = —1612 + 3.92 forr > 0.7,
)T 58408+ 3.9202 forr < 0.7,

The exact solution

u(r, ) = max{0, 7% — 0.49}>
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Fig. 3: History of efficiency indices 7yy,/ ||u — || of various error estimators 7y,
labelled zyz as functions of the number of degrees of freedom on uniform meshes.

touches the obstacle outside the circle with radius 0.7. Due to the inhomogeneous
boundary data, the additional term 0.498 Hhi«/ 202y p/0s? HL2(aQ) enters the guaranteed

upper bound GUB(1)y,y) where hg denotes the local edge-length of the edges along the
Dirichlet boundary [[L1, 21]. Since the exact solution is known, the exact energy error can
be computed exactly (up to quadrature errors).

Figures § and {| compare the efficiency indices GUB(7y,y)/ || ]| of the global upper
bounds GUB(1)y,y ). The efficiency indices start between 2.4 and 3.5 on coarse meshes
but decrease slowly to values between 1.0 and 1.5 on the finer meshes. This is due
to the decrease of the extra terms and increasing influence of 7yy,. As a consequence,
there is a significant impact of the accuracy of 7y, on the efficiency of the global upper
bound GUB(7zy). Also in this example the best error estimator is 7,,,,.,.(3)], that attains
efficiency indices below 1.14 on the finest uniform mesh and also yields better efficiency
indices on coarse meshes due to the mean correction and the post-processing.

The adaptive meshes were generated by red-green-blue refinement and Dérfler
marking with bulk parameter § = 1/2 after [[13] based on the refinement indicator

(1) = |T||Lf = AulTaery + TV Non - vrll7zgor) + /T(X — up)JAp dz

2
+ Z oz (An = (An)w. )l p2(o,) /3 +0.248 Hhﬁﬂa%D/asZ‘
2eN(T)

L2(0TAOQ)

The uniform meshes are consecutive red-refinements of an initial triangulation 7.
The adaptive mesh refinement leads to seemingly optimal convergence rates. Other
examples benchmark examples with affine obstacles in [[11]] show similar results. The
same reference also discusses problems with non-affine obstacle where GUB(7)y,y) is
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Fig. 4: History of efficiency indices 7yy,/ ||u — up|| of various error estimators 7y,
labelled zyz as functions of the number of degrees of freedom on adaptive meshes.

still a reliable guaranteed upper bound, but not as efficient as in the affine examples.
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Abstract

Many natural phenomena, such as seasonal soil frost penetrating into underground, are
commonly modeled by PDEs with specific moving boundary conditions. For solving
this type of PDE, the moving boundary conditions have to be treated overall the
computing process. This paper focused on validating the couple-heat-water-transfer
model using the experimental data determined in situ. Moreover, we proposed that soil
freezing characteristic curve (SFCC) acted as the moving boundary condition and a novel
dielectric sensor for determining the SFCC was used. The experiment was conducted at
two fields (silt-loam and sand) in Jilin Province, the northeast of China. The SFCCs were
determined at the depths of 10, 20, 30, 40, 50 and 60 cm, respectively. The good results
confirmed that the in situ determined SFCCs can greatly benefit to the validations of the
PDE models for characterizing soil freezing dynamics.

Keywords: soil freezing-thawing process, PDE model, soil freezing characteristic
curve, Experimental evaluation.
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Introduction

The soil freezing-thawing process has attracted increasing concerns in agriculture,
climate and hydrologic systems. To store more water in soils for crop growth, field
irrigation in early winter should be conducted appropriately before the soil starts freezing.
This is because the earlier irrigating would result in excessive infiltration to subsoil
while the later would lead to surface runoff. Considering the conservations of mass and
energy, accurate prediction of soil freezing-thawing process under different conditions
(microclimates, soil properties and crop managements) will facilitate economical,
ecological and effective practices aimed at sustainable development.
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Soil is a three-phase material which is comprised of soil particles, liquid water and
air. Different from the freezing and thawing processes in pure material, those in soil are
accompanied with heat transfer, water flow and phase changes [1]. In recent decades,
some researchers found that the soil freezing-thawing problem concerned with phase
transition could be characterized by the moving boundary problem (Stefan problem)
which occurred in many physical processes for describing heat transfer in a material
with phase-change interface. With this intension, the traces of the frozen and thawed
depth of soil were reduced to the Stefan problem [2, 3]. However, the classic Stefan
problem can only be used in modeling the processes of crystallization of pure substances,
which referred to a two-phase transition interface when using thermal diffusion model.
On the other hand, soil is a three-phase material and presents a definite phase-change
zone that water and ice coexist without temperature changing [4,5]. Moreover, in frozen
region, even if the soil temperature is below the freezing point, liquid water, ice and
soil matrices are in an equilibrium state. Meanwhile, the decrease of the amount of
liquid water in frozen soil creates a water potential gradient in unfrozen soil favoring
water movement toward the freezing front, when several critical parameters of soil,
such as hydrological conductivity, thermal conductivity and latent heat, would vary
accordingly as the liquid water content or temperature of soil changed [6-9]. For this,
the soil freezing characteristic curve (SFCC) which reflects the change of soil physical
properties in frozen soil is particularly important for validating the model. In this study,
several experiments under different field conditions were conducted using a multi-sensor
system for accurately acquiring liquid water content and temperature of soil profiles [10].
By means of the data recorded from sensors, the objectives of this study were (i) to
estimate the soil physical parameters in frozen soil through the determined SFC under
field condition; (ii) to validate the practical model for the prediction of soil freezing-
thawing process in field management.

Materials and Method

Model Description

Generalized from the classic Stefan problem, the freezing-thawing PDE model in soil
can be described as:
In frozen soil zone

oT 0 oT ) .
Cfﬁ =3, ()\faz> Fdi(t) < z<Tdi(t) (1)
In unfrozen soil zone
oT 0 oT ) )
C"&t_ﬁz()\u&z> —L<z<Fdi(t), Tdi(t)<z<0 ()
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where t is time and z is the depth of the soil (positive upwards); Fdi(t) and Tdi(t) are
the frost and thaw depths, respectively; Cy and C', are volumetric soil heat capacities
of frozen and unfrozen soils, respectively; A; and ), are soil thermal conductivities of
frozen and unfrozen soils, respectively; T is soil temperature.

Based on the mass and energy balance equations and temperature continuity on
both phase transition interfaces, the moving-boundary condition can be expressed as the
following equations:

3

dFdi(t) _ \ oT oT

{ Qd [ZIZE; = )‘fﬁ‘z:mi(m - A“%?‘z:Fdi(t)’
Tdi(t) _ y oT T

Q di =A% _)‘uﬁ‘mmi(t)—

0z lz=Tdi(t)"

The SFCC was used to describe the LSWC-T relation between F'di(t)™ (T'di(t)™)
and F'di(t)~ (T'di(t)”), and can be expressed as:

0(T)=a(-T)" 4

Where a and b are estimated through regression of determined SFCC. The initial
conditions are as follows:

Tlerasyt = Tlemraiy =0 Tleraiayt = Tl=raiy- =0 )

Multi-sensor system

The proposed multi-sensor system consists of a frequency domain (FD) sensor and a
temperature sensor array. The FD probe lowered in PVC tubes was used for measuring
LSWC of soil profiles. For each plot, five PVC access tubes (length: 200 cm) were
inserted into the soil with 20 cm height above the ground. Considering the bottom of
each tube which was sealed with a rubber stopper, the maximum observation depth was
160 cm. Thus, the FD probe can measure the LSWC of soil profile with an interval of 10
cm from 10 to 160 cm. Near to each tube, a sensor array with sixteen temperature sensors
(DS18B20, accuracy: 0.5°C") was placed vertically in the soil profile in accordance with
the measuring position of FD probe. There was a weather station providing local climate
information for each plot.

Field experiment

The experiment was conducted at three agricultural fields in Lishu, Siping, Jilin Province,
China. In this area, the long-term average of precipitation is 577.2 mm yr—! and the
annual average of temperature is 5.8°C. Two plots on the edge of three arable fields
were chosen for observing LSWC and soil temperature. The soil textural compositions
of the two plots are different as shown in Table 1. The spatial variability of soil textures at
different plots and layers could extend the applicability of soil freezing-thawing model.
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Table 1: The soil textural compositions of the two plots

Plot Depth Sandy Silt Clay Classification
plot-1 0780 cm | 0.22 0.64 0.14 Silt loam
plot-2 07110 0.96 0.04 0 Sand

cm

A series of data were collected over the winter of 2011-2012. The data at the freezing
period were used to determine the SFCC.

Results and discussion

Field determination of SFCCs

Fig. 1 shows the SFC curves determined at two plots during freezing period in the winter
of 2011-2012. The SFC curves at plot-1 (Fig. 1a) have a transitional curve from 10 cm to
40 cm. This is due to the variations of bulk density of soil profile where the bulk density
gradually increases from topsoil to subsoil. In comparison, the effect of bulk density is
not significant at plot-2 (Fig. 1b). Based on the determined SFC and Eq. 4, the parameters
can be estimated optimally and thus the predicted accuracy will be improved.

Model evaluation at two agricultural fields

Fig. 2 shows the upper-boundary conditions of soil temperature measured at the depth of
5 cm for each plot. It can be seen that the conditions of two plots were similar. Fig. 3 and
Fig.4 show the soil temperature determined and predicted using model simulation at the
depth of 20, 40 and 60 cm for two plots. It can be seen that the simulated data are mostly
in good agreement with the measured results. The freezing process can achieve better
accuracy because the SFC was included in this process as a predetermined condition.
The slight variation at each depth was due to the fitting error of SFC when using Eq. 4 to
acquire a general curve. For the overestimate of simulated results in Fig. 3 after the soil
was completely thawed, it could be originated from the fact that the water in soil moves
from high to low water potential. After suffering a freezing-thawing process, the water
can migrate from unfrozen soil to the frozen soil, which varies the soil properties such as
thermal conductivity, heat capacity and water conductivity. In seasonal frozen soil zone,
the water from deep soil migrates upward to the top soil, inducing the increase of heat
capacity and water conductivity and the decline of thermal conductivity, which results in
the overestimate of simulated data.
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Fig. 1: SFC curves determined at two plots during freezing period
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Fig. 3: The comparison between the soil temperature determined and predicted using
model simulation at plot-1
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Conclusion

Our study demonstrated that the estimation of soil physical parameters using SFC curves
was proved to be practical in the field. The numerical simulation of the tested model
conforms to the measured data, indicating that the soil freezing-thawing model proposed
in this study has relatively wide applicability under different field conditions. Moreover,
if considering the effect of the water movement in the model, the accuracy will be
improved. So far numerous models have been developed for describing the soil freezing-
thawing process, methods to estimate more soil physical parameters in situ are also
needed.
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Abstract

By constructing mathematical and numerical models in order to describe some real-
life problem, we require that these models have different qualitative properties, which
typically arise from some basic principles of the modelled phenomena. In this paper we
investigate this question for continuous and discrete models. We give the conditions for
the discretization parameters under which the qualitative properties are preserved.
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Introduction

When we construct mathematical and/or numerical models in order to model or
solve a real-life problem, these models should have different qualitative properties,
which typically arise from some basic principles of the modelled phenomena. E.g.,
many processes, varying in time, have such properties as monotonicity, non-negativity
preservation and maximum principles. The discretization can qualitatively deform
the mathematical models: certain qualitative properties which are inherent in the
original real-life process are not preserved. Therefore, our goal is to guarantee quality
preservation. It is almost obvious that the complexity of a model defines its tractableness:
for structurally simple models, usually, it is easier to give qualitative characterization
and/or define its solution. (For complex problems, in general, it is even impossible.)
We note that the operator splitting method is a powerful tool to decompose a complex
time-dependent problem into a sequence of simpler sub-problems, for which the required
qualitative properties could be checked easier.
For some details and proofs we refer to the references [2] - [5].

Qualitative properties of the linear operators for the continuous models

Let  denote a bounded, simply connected domain in R¢ (d € INT) with a Lipschitz-
continuous boundary 0¢2. We introduce the sets

Qr = 0x(0,7), Qr=0x[0,7], Qr=Qx(0,7], T',=(00x[0,7])u(Q2x{0})
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for any arbitrary positive number 7. The set I'- is usually called parabolic boundary. For
some fixed number 7" > 0, we consider the linear partial differential operator

I 0 olsl 0 De
=— — g7 = = — a 1
DI v vl DI M
0<|¢|<6 0<|¢|<é
where § is the order of the operator, <1, . . . , g denote non-negative integers, |<| is defined
as [¢| =<1 + - -+ + ¢4 for the multi-index ¢ = (<1, ..., <q), and the coefficient functions

ac : Qr — R are bounded and sufficiently smooth in the set Q.

Typically the function v € dom L describes the values of a physical quantity in
the domain )7, that is, the dependence of the quantity on place and time. The above
mentioned physical property can be connected by the following definition.

Definition. Operator (fl}) is said to be monotone if for all t* € (0,T) and vy, vy €
dom L such that vi|p,. > vo|r,. and (Lvi)|g,. = (Lv2)|q;., the relation vi|g,. >
v2|@;. holds.

Definition. The operator L is called non-negativity preserving (NP) when for any
v e dom L and ¢t* € (0,7") such that v|r,, > 0 and (Lv)|q,. = 0, the relation v|g,, >0
holds.

Clearly, these properties of the linear operator (fl}) are equivalent.

Often we may need only certain characterization of v, which does not require the
knowledge of v in the whole domain. From a practical point of view, only such estimates
are suitable which include only the known input data. This kind of estimations is called
maximum-minimum principles.

For the operators various maximum-minimum principles are defined and used in the
literature, because they well characterize the operator L itself (cf. [I]] and references
therein). Now we list four possible variants of them.

We say that the operator L satisfies the weak maximum-minimum principle (WMP)
if for any function v € dom L and any ¢* € (0, T) the inequalities

min{0, rPin v} + t* min{0, anf Lv} < v(z,t) < max{0, max v} + t* max{0, sup Lv}
t* t* t* F*

are valid for all (x,t) € Qy+. The operator L satisfies the strong maximum-minimum
principle (SMP) if the inequalities

minv + ¢* - min{0, inf Lv} < minv < maxv < maxwv + ¢t* - max{0, sup Lv}
t* Qpx Q* Q* Dy Qpx

are satisfied.
When the sign of Lv is known, then it is possible that the estimates involve only
the known values of v on the parabolic boundary. These types of maximum-minimum
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principles are called boundary maximum-minimum principles, which are frequently used
in proofs of the uniqueness theorems. We say that the operator L satisfies the weak
boundary maximum-minimum principle (WBMP) if the inequalities min{0, Ilglin v} <
t*
minv < maxv < max{0, r?ax v} hold. We say that the strong boundary maximum-
Qp Qp t*
minimum principle (SBMP) is true if for any function v € dom L and any ¢t* € (0,7)
such that Lv|Qt_* > 0, the relations min v = minv < max v = max v hold.
Dix Qu Qp Dy

The implications between the different qualitative properties are shown in Figure
fl. (Here call denotes the constant 1 function, and the solid arrows mean unconditional
implications while the dashed ones are true only under the indicated assumptions.) As
one can easily observe, for ag = 0 the non-negativity property (NP) implies all the other
properties.

/ k VII S, L1200
SMP WBMP=——= NP :::::::::z: MNC
S/ v v
’{:.{\ )
. SBMP
VIl e, 1120

feeniant®

Fig. 1: Implications between the qualitative properties.

Discrete analogues of the qualitative properties - reliable discrete models

In this part we present the natural discrete analogs of the qualitative properties formulated
in the the previous section for the continuous models.

First, we introduce some notations.

Let us assume that the sets P = {xy,...,xy}and Ps = {Xy1,...,XN{N,} consist
of different vertices in 2 and on 0€2, respectively. Weset N = N + Nyand P = P U P,.
Let T and At < T be two arbitrary positive numbers. Moreover, let us suppose that
the integer M satisfies the condition M At < T < (M + 1)At and introduce the set
R = {t, = nAt|n =0,1,..., M}. For any values 7 from the set R we introduce the
notations

R,={teR|0<t<7}, Re={teR|0<t<7}, RI={teR|0<t<T}
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and the sets
Q =PxR;, Q=PxRy Q:=PxRs Gr=(PoxRIU(Px{0}).

Linear mappings that map from the space of real-valued functions defined on Q,, to
the space of real-valued functions defined on Q;,, are called discrete (linear) mesh
operators. We define the qualitative properties of the discrete mesh operators in an
analogous way to those in the linear partial differential operator case. For simplicity, we
will formulate only one of them, which plays central role in our further investigations.
(The ordering relations for vectors and matrices in the sequel are always meant
elementwise.)

Definition. We say that the discrete mesh operator £ is discrete non-negativity
preserving (DNP) if for any v € dom £ and any t* € Ry,, such that ming, v > 0
and Lv|g;, = 0, the relation v|g,, > 0 holds.

Let us introduce two special mesh functions, 1 and #, defined on 9, » Wwith the
following equalities: 1(x;,t,) = 1, #(x;,t,) = nAt for all (x;,t,) € Q,,. (These
mesh functions are the discrete analogue of the continuous functions v(x,¢) = 1 and
v(x,t) = t, respectively, associated with the mesh O;,,.) We will also use the notation
m for the mesh function (m)! = n. The implications between the different discrete
qualitative properties are shown in Figure P.

DWMP::.., £1>0, #it>1

FE UL Voo VI
\ % i
. DSBMP
VIIT .

ce,,

21=0, 21t >
Fig. 2: Implications between the discrete qualitative properties.

From the illustrated implications we can directly observe the validity of the following
statement.

Theorem 1. Under the conditions £1l = 0 and L# = 1 the discrete non-negativity
property (DNP) implies all the other properties.
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Two-level discrete mesh operators

In the sequel, the values v(x;, nAt) of the function v defined in Q;,, will be denoted by
v;*. Similar notation is applied to the function Lv. We introduce the vectors

V=t vl vy =N v = VN - VR
In many numerical methods, the discrete mesh operators have a special form, namely,
they are defined as

1 .

(Lv)} = (Xgn)l/” — Xgn)l/” )i, i=1,...,N, n=1,..., M, (@)
where X{" X" ¢ RV*N are some given matrices. The term ”two-level method” refers
to the fact that two discrete time levels are involved into the definition of the mesh
operator. Sometimes such a method is also called ”one-step method”. In order to give
the connections between the qualitative properties of such a type of mesh operators, we
reformulate the conditions in Theorem 1, see also Figure Bl. We have already introduced
the notation e = [1,...,1] € R". The N-element and the (N — N)-element version of
this vector will be denoted by e( and ey, respectively, i.e., e = [ey| e5]. Then the condition
L1 = 0O reads as

(X{" - X{")e =0

while the condition £# > 1 means that

XM (Atne) — X (At(n — 1)e) = At((X — X[M)e + X(Ve) > e.

if (X{ — X{")e = 0 (n = 1,..., M), then the above condition reduces to AtX{"e >
e(. Since Xén)e = Xgn)e, we have
Theorem 2. If a non-negativity preserving discrete mesh operator of type (B) has the

proper ties
(X(]n) - XQ(n)) e=10 AtX(n) e= ey OI AIEXQ(n) e €p (3)
) 1 = = )

then the operator possesses all the discrete qualitative properties.
How to guarantee the DNP property? To this aim, we introduce the following

convenient partition of the matrices xﬁ”) and Xé”):
X = X1 X1 X4 = K X @

where X%) and ng) are square matrices from R >V, and X%), X%) e RV*No,

Then the following statement is valid.

Theorem 3. Let us suppose that the matrices X%) (n =1,..., M) of the discrete
mesh operator £ defined in (f) are regular. Then £ possesses the discrete non-negativity
preservation property if and only if the following relations hold foralln = 1,..., M,
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(1) (Xjg) " >0,

®2) ~(X ”)>—1X§;” >0,

®3) (X{f) x5 > o.

Hence, surnrnarlzmg the results, we have

Theorem 4. Under the conditions () and (P1)-(P3) the mesh operator of type (2) has
all discrete qualitative properties.

Qualitative properties of the discrete heat conduction mesh operator in the 1D

In this section we consider the one-dimensional heat conduction operator with a constant

coefficient, which is assumed, for simplicity, to be equal to one, i.e.,
&2

ox?’

0
L= - ©)

On a fixed uniform mesh we consider the one-step discrete mesh operator £ , obtained
by finite difference method and having the form (P))-() with Ny = 2, N = N + 2 and

1 0 0

() . 0 NxN
XlO —trldlag l:_h/27At+2hz7_hQ:| e R 5

Xéo)—trldlag[l_e ! 21_9 1_Q}EIRNXN,

h2 At T B2 R2

T
my 0 my 1—10 (10 ... 00 Nx2
Xla = h2E Xza —TE, where E = 00 .. 0 1 eR x .

Let us apply Theorem 4. By direct calculation we get that for this discrete mesh
operator the conditions in (B) are satisfied. (In the second inequality we verify the

condition Xg”) e > eg.) Since X%) is an M-matrix, therefore its inverse is nonnegative.
Therefore, the validity of (P1) and (P2) is straightforward. Since (P3) can be written as

(Xi5) X = (X)) xR, X5) = (X{5) XY + (x(5) X = 0,

due to the obvious relation (X%))_lX%) > 0, we get the following statement.

Theorem 5. The finite difference discrete mesh operator has all the discrete
qualitative properties if the condition

(X)X > 0 ©®

is satisfied.
Clearly, to satisfy () the condition ngo) > 0 is sufficient. Hence, we get
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Theorem 6. Under the condition At/h? < 0.5 the finite difference discrete mesh
operator has all the discrete qualitative properties.

However, the necessity of this condition is not clear. Due to the special structure of
these matrices (they are uniformly continuant, symmetrical tridiagonal matrices), they
have some special qualitative properties, which will be considered in the sequel.

Hereafter we investigate the real, uniformly continuant, symmetrical tridiagonal
matrices

Xi9 = tridiag[—z, 2w, —Z]; Xoo = tridiag[s,ﬁ, S]. (7)

We assume that z > 0 and s > 0. Then, we can consider the equivalent form of the
matrices,
Xigo=2" tridiag[—l, 2w, —1]; Xog =5+ tridiag[l,p, 1], (8)

where w = w/z and p = p/s. The inverse of such a matrix can be defined directly, with
the aid of the one-pair matrix G = (G};), depending on the parameter w as

I e (RS ANy
Gij = { Vii, it < ©)
sh(i¥)sh(N + 1 — 5)9

shysh(N + 1)0
the relation X;, = (1/2)G, thus, for the matrix X,,, = X5 Xo9 a direct computation
verifies the validity of the relation

and forw > 1 wehave~; ; = with ¥} = arch(w). Hence we have

Xpr = = [(2w + p)G — I, (10)

N | ®»

where Iy € RV*" denotes the unit matrix. Using ({L0), we obtain the following statement.

Theorem 7. Let us suppose that w > 1. Then X, € RV > is non-negative for an
arbitrary fixed NV if and only if the conditions

1

2 > 0, i =
w+p Vi 2w + p

. i=1,2,....N (11)

are fulfilled.
For the diagonal elements of the matrix X,,, the relation

min{’mi, 7= 1,2,...,N} :"}/171 :7N,N

holds. Hence we get that X,,, € RY*¥ is non-negative for an arbitrary fixed NV if and
only if the conditions ([L1}) and

sh(NV) - 1
sh((N +1)9) ~ 2w+p

(12)
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are satisfied. Obvously the following relations are true:

up {Sh(?l]]\(f%’ N e ]N} = ch(¥) — sh(¥) = exp(—9),

exp(—1) = exp(—arch(w)) = exp (ln {w +Vw? — 1} _1) = [w +Vw? — 1] _1.

Therefore, from some sufficiently large Ny € IN the relation X,,, > 0 may be true only
—1
if the condition {w +Vw? — 1} >

, i.e., the condition
2w+p

p>—w+Vw?—1 (13)

is fulfilled. This proves the following

Theorem 8. Assume that z > 0, s > 0 and w > 1. If, for some number Nj € N, the
conditions ([L1) and ({L2) are satisfied, then all matrices X,,. €¢ RV*" with N > N are
non-negative. Moreover, there exists such a number Ny if and only if the condition ([L1])

(13) holds.

Let us analyze the conditions for different values of Ng. When Ny = 1, then due to

h 1 1
the relation shs 20) = 5ehd — 2w’ (12) results in the condition
p=0. (14)
h(29 2ch (v 2
Since zhg?) 19§ = 4ch2c (;) )_ . = 4w2w_ T for Ny = 2 the condition ([LZ) results in the
assumption
1
pP=—5. (15)
2w

Let us apply the above results to the finite difference discrete mesh operator, by using
the notation ¢ = At/h%. In case § = 0 we have X,,, = tridiag[q, 1 — 2¢, g, hence the
condition is ¢ < 0.5. In case § = 1 we have X,,, = (tridiag[—q, 1 + 2¢, —q])_l. Since
tridiag[—q, 1 + 2¢, —q] is an M-matrix, hence for this case we do not have any condition
for the choice of g. Let us assume that 6 € (0, 1).

Then we can use the form (f) with the choice

0q (1—-0)q 1+ 260q 1—-2(1—-0)q
_ s W — _

(16)

TAr T A 20q P (1—10)q
Since for the considered # we have z > 0, s > and w > 1, Theorem 7 and its
consequences are applicable.

Using ([14), we directly get that the condition of the non-negativity preservation for all
N =1,2,... is the condition
1

00 17)

q<
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| 0 [IN=1|N=2]| N=ow |
0 0.5 0.5 0.5
0.5—(12¢)~! | 0.8333 | 0.9574 | 0.9661
0.5 1 24/3/3 | 2(2 —V/2)
1 0 0 0

Table 1: Non-negativity providing upper bounds for ¢ in the different finite difference
mesh operators.

However, the non-negativity preservation for all N = 2,3, ... should be guaranteed by
the weaker condition ({L5), which, in our case, yields the upper bound

g < T2 T-00-6) -

30(1—0)

Our aim is to get the largest value for ¢ under which the non-negativity preservation for
sufficiently large values NV still holds. The necessary condition ([L3) results in the bound

1—+1-0

1S 500 (£

We can summarize our results as follows.

Theorem 9. The finite difference discrete mesh operator £ is non-negativity
preserving (and hence, it has all discrete qualitative properties) for each N > 1 if and
only if the condition ([L7) holds. It is non-negativity preserving for each N > 2 only
under the condition ([Lg). There exists a number Ny € IN such that £ is non-negativity
preserving for each N > N, if and only if the weaker condition ([L9) is satisfied.

We demonstrate our results on some special choices of §. The results are shown in
Table fil.
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Abstract

A problem on linear stability of stationary plane-parallel shearing flows in a continuous
stratified in density inviscid incompressible fluid in a gravity field between two
immovable impermeable solid parallel infinite plates is studied. With the use of the direct
Lyapunov method it is proved that this flows from the theoretical consideration absolutely
unstable with respect to small plane perturbations. Namely, a priory lower estimate
is constructed; the estimate displays exponential in time growth of the considered
perturbations. At that increment contained in it exhibitors is any positive constant. The
domain of applicability of the known necessary condition of linear instability of the
steady-state plane-parallel shearing flows of the ideal incompressible liquid stratified
on density in the field of the gravity (the Miles theorem) is strictly described. Also with
the use of the direct Lyapunov method constructive sufficient conditions of practical (on
finite temporal intervals) instability if this flows with respect to small plane perturbations
are found. This constructive sufficient conditions the linear instability can provide with
a foundation for the creation of effective methods of managing the stationary currents in
the real-time mode or various software products/numerical algorithm.

Keywords: an ideal stratified fluid, stationary plane-parallel flows, of the direct
Lyapunov method, an absolutely theoretical instability, a priory lower estimate,
conditions of practical instability.
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Introduction

The stability problem of steady-state plane-parallel shear flows of a continuously
stratified in density inviscid incompressible fluid in the gravity field with respect to small
plane perturbations is one of fundamental problems in hydrodynamics, meteorology,
oceanography and other related fields of science [1], has not lost its urgency in our time
too.
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Basic results on stability studying of steady-state plane-parallel shear flows of
a continuously stratified in density inviscid incompressible fluid in the gravity field
between two immovable impermeable solid parallel planes with respect to small
plane perturbations are found by spectral method with use of integral relations [2-
4]. Unfortunately, these results are correct just for perturbations as normal modes
[1, 4]. Moreover, the consequence of integral ratios application is that all admissible
perturbations as normal modes are not really taken into account, but only those that satisfy
the additional require me nt to Taylor-Goldstein differential operator [2-4].

The absolute instability of the studied steady-state plane-parallel shear flows in
theoretical sense can be verified by the direct Lyapunov method [5-7] the most powerful
analytical method of the mathematical theory of hydrodynamic stability.

Formulation of the problem

Unsteady-state plane flows of an ideal heterogeneous in density incompressible fluid
in the gravity field between two immovable impermeable solid parallel planes are
considered.

These flows are described by evolutionary solutions to the initial-boundary value
problem [1, 3]

pDu = —pa, pDv = —py + pg, Dp =0, g +uy = 0in 73 M

v =0 on (97'; U(I‘,y,O) = ug(:c,y), U(%%O) = ’U()(J?,?J),

where p is a density of fluid, u(z,y,t), v(x,y,t) are component of the fluid velocity
field; p(x,y,t) is the pressure field perturbations; the potential field of gravity V& =
(0,—g),g = const; D = 0/0t + ud/dx + vd/dy is a differential operator; z,y are
Cartesian coordinates; 7 = {z,y) : —0 < & < 40,0 < y < H} is the domain of
fluid flow; 07 = {(x,y) : —0 < = < 400,y = 0, H} its boundary; ug, vy are the
initial components of the fluid velocity; ¢ is the time; H - the width of the gap between
the walls.
The mixed problem (1) has exact stationary solutions of the form

dd

)
p=poly), u=Uly), v="0, p= Ply) = po — /0 ) Godn @

(here pg, U are an arbitrary functions in independent variable, pg is an additive constant,
is a y; integration variable). These solutions correspond to the steady-state plane-parallel
shear flows of a continuously stratified in density inviscid incompressible fluid in the
gravity field between two immovable impermeable solid parallel planes.

Further consideration is aimed to answer the question if the stationary solutions (2)
can be stable ones with respect to small plane perturbations.
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The Lyapunov functional

For a start the problem (1) is linearized in about an exact stationary solutions (2). Then
perturbations is sought in such subclass of plane flows that its small plane perturbations
are deviations of fluid particles motion paths from the corresponding stream lines of
steady-state flows (2). The description for these perturbations can be obtained with the
use of the Lagrangian displacements &(z,y,t) = (&1, &2):

it = u' — Uiy + &dU [dy, & = V' — Uay, 3

where u/(z,y,t),v'(x,y,t) are small plane perturbations of velocity.
In this subclass linear analogue of energy integral are represented by next form

Lot i 2 2 2¢2 2¢2 dpo .o
= / / [po(&1 + &5 — U%EL, — U%Es,) — ——g&5]dyda. 4)
2/_» Jo dy

The integrand expression (4) has the constant-sign property only on states of rest and only
when the following condition on density distribution of considered fluid dpy/dy < 0 is
satisfied. Superimposing arbitrarily weak speed shift destabilizes rest states in the sense
that the constant-sign of integrand expression (4) is broken. As a result, the stability
condition for steady-state flows (2) with respect to small plane perturbations (3) doesn’t
exist. It is significant that local Richardson number Ri = —(g/po)(dpo/dy)(dU /dy) 2
doesn’t appear in coefficients of integrand expression (4). This fact maintains that local
Richardson number doesn’t arise as the stability condition from energetic reasoning.
To further study, it is convenient to introduce an auxiliary functional in form

+0o0 H
M= [ i+ yis ©)

Actually, if we differentiate the integral M (5) by its argument t twice along solutions
of the linearized initial-boundary problem, transform the result with the use of relations,
it is not hard to arrive at the so-called virial equality

d*M dM

— 22— +2(\2 M >0, 6
d2t dt + ( + a) ( )
where A is an arbitrary constant value, o = 9, m | plo ddLyO |

Now, if constant value A\ is satisfied to the requ1rernent A > 0 and add to differential
equation (6) supplemental conditions in the form

M(mn/24/ ? 4+ 2a) > 0,n=0,1,2, ...,
7m/2\/)\2+20¢ 20\ + a/XN) M (mn/24/ A% + 2a);
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M(mn/24/ X2 4+ 2a) = M (0)exp(mnA/24/ A2 + 2a), 7

%(WH/Q\/M) = dd—]\f(O)exp(wn)\/2\/)\2+72a);

M(0) > 0; %(0) > 2(A 4+ a/A)M(0)

under these conditions, the desired a priori exponential on the time lower estimate [5]
M (t) = Cexp(At) (8)

will arise with the need (here C'is the known positive constant).

So, we proved absolute linear theoretical instability of considered currents. While for
small plane perturbations (3) inequalities of relations system (7) are sufficient conditions
for practical linear instability of parallel shear flows (2) of inviscid stratified fluid, but
for small plane perturbations (3) in the form of normal waves - necessary and sufficient
(thanks to the fact that the positive constant A is arbitrary one as for the rest).

It is also important that these conditions for practical linear instability are
characterized by constructiveness, allowing their use for the purposes of testing and
control during physical experiments and numerical calculations. Indeed, let, for example,
we need to develop a technological process, which is based on the use of becoming
steady-state flows on finite time space [0, 7], so by a choice in this space of reference
temporal points t, = 7n/2v/A%2 4 2a(n = 0,1,2,...) and by detecting falsity of
the inequalities from the relations system (7) it is possible to state that the numerical
solution of an interesting initial and boundary problem is carried out in a steady mode:
the spontaneous rise and development of the perturbations tending to unlimited (at least,
exponential) to growth on time up to infinity, is excluded. If this inequalities are true,
it is necessary to correct calculation procedure so that they became false. It can be
similarly offered and algorithm of experimental application of sufficient conditions of
practical linear instability. Therefore, there are bases to hope for mastering of conscious
management of the natural phenomena, target improvement of industrial technologies,
etc. [5].

Received by Lyapunov’s direct method results push to the strict description of
application area of a known sufficient condition of linear stability of steady-state plane-
parallel shear flows of a continuously stratified in density inviscid incompressible fluid
in the gravity field, which was obtained earlier by the integral relations method for the
small plane perturbations in the form of normal waves - the Miles theorem [3, 4].

The Miles theorem

Evolutionary solutions of the form

51(x7y7t) = fl(y) EXp(Zki(LU - Ct))v g?(xa Y, t) = f2(y) EXp(lk(ﬂZ - Ct)) (9)
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P (z,y,t) = f3(y) exp(ik(z — ct))

(here f1, fa, f5 are arbitrary functions of its argument; ¢ is the imaginary unit; ¢ = ¢, +ic;
- an arbitrary complex constant, k, c,, ¢; are arbitrary real constants) are considered.

Substituting the relations (9) into the motion equations and the boundary condition,
we conclude that the functions fi, fs, f3 are solutions to the system of ordinary
differential equations

polc—U)?kf1 =ifs, (10)
dfs  dpo , . dfa
po(c —U)’k" fa dy g dy fa,ikf1 + dy 0

supplemented by boundary conditions
fo=0o0ny=0,H. (11)

By excluding from system (10) functions f; and f> one defining equation for function
f(y) = (¢ — U) fa - the type equation Taylor-Goldstein [3, 4] also can be received

d, df. ,d, dU,. 1

9 dpo g _
@(pody) + (@(pO@)c — PR - e =0 (12)

dy (c—U)?

f=0ony=0,H.

Following Miles, we need to make yet another substitution of the sought function
f(y) = (U(y) — ¢)"/?h(y), and the received after this substitution relation to multiply
by the complex-conjugate function ~* and to separate its imaginary part :

dh oo B2 po,dU,  dpg d dh
(—po | — 2 —pok? | b | +——— (B2(55)249722)) = Im[— —c)h*=—)].
(13)

The equality (13) integration over the layer cross-section between two immovable
impermeable solid parallel planes with the use of boundary conditions (10) gives the
relation in the form

B Ih> podU.,  dpo H g
(B gy = ¢ dhoe e v s o,

From this relation it follows that the exponentially growing (¢; > 0) small plane
perturbations (3) in the form of normal waves (9) are able to convert it into an identity if
and only if Ri < 1/4 at least at one point within the domain of the fluid flow.

In the end, it is established the Miles sufficient condition [3, 4]

Ri>1/4 (15)

of the exact stationary solutions (2) to the mixed problem (1) with respect to small plane
perturbations (3) in the form of normal waves (9).
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However, as it is demonstrated below, the ratio (14) follows from equation (13) not
for all functions h, U, pg € C?[0, H].

In fact, if the integral of the right-hand part of the equality (13) is rewritten in the
form

H 4 L dh H . _
[ (v = Gy =t [ dlp — ” ) =

—c)h* 16
tm{po () (U (H) — )" (H) lim S0 (16)
h(y) —h
po(U(0) — c)h*(0) tim 1)L =1M0),
y— y—0
then the latter implies that the situation is possible that
h(y) — h(H
Im[po(H)(U(H) — ¢)h*(H) lim M] — 0 - 00 and/or
vty = H 17)

Imlpo(U(0) — &) (0)) tim " —(0)

— 0.
y—0 y—O ]

for the reason that the function dh /dy consists of a countable set of branches. Examples of
these functions dh/dy represent logarithmic, inverse trigonometric and other functions.

Specifically, as the function df /dy is not contained in the formulation of the boundary
value problem (12), then there is no way to select one or the other branch of functions
dh/dy uniquely. Thus, function dh/dy can have a countable set of branches and for
already found solution of a boundary problem (12). As a result, neither the relations
(14) nor a Miles sufficient condition of stability (15) won’t arise from the equations
(13). Therefore, when function dh/dy consists of a countable set of branches, there can
be exponential arising small plane perturbations (3) in the form of normal waves (9)
in case Miles sufficient condition (15) of linear stability is true because these growing
perturbations don’t fall under its action.

As aresult, the Miles theorem is right not for all functions A (y) (13), but only for their
subclass with derivatives dh/dy , which consist of a finite number of branches. That’s
what says for the fact that the condition (15) of theoretical linear stability is not only
sufficient but also necessary in nature, and besides with respect to the adjective partial
class of small plane perturbations (3) in the form of normal waves (3), (9), (14).

Further the example of exact stationary flows (2) and imposed on them small plane
perturbations (2), (9) on which action sufficient stability conditions of Miles doesn’t
extend is constructed.

Example

Let’s consider the ideal stratified liquid with an exponential profile of density and a linear
profile of speed:
po=be ", U=by+by; b, by >0.
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Then Richardson’s number becomes Ri = mg/b® and the boundary problem (12)
for the equation of Taylor-Goldstein type will become:

—mb

7—1{52 24
c+by—b (k™ m7/4) +

Foy + ( T _yr=o; (18)

(c+by —b)?
f=0ony=0,H.
Without community restriction the equation (18) can be rewritten in form
(c+by —b1)2 fyy+ (—mb(c+by —b1) — (k* +m?/4)(c+ by —b1)* +mg) f = 0. (19)
The general solution of the last equation looks like:

fly) = C1M_ .

( Wv'j)

(—2k*(c+by —b1)) + CoW,

( W7y)(—2k*(c+by—b1)), (20)

where C 5 are constant; vy 5 = +4/1/4 — Ri; m* = m/b, k* = \/m?2/b2 + 4k2 /b?

and M (m* (y), W(i mt (y) are Whittaker’s transcendental functions [8].
2k 2k

In order to the found general solution of the equation (19) was also the solution of a
boundary problem (18) for the equation like Taylor-Goldstein on search of eigen values

and eigen functions, the performing dispersion relation is required in form
M m¥* (—2]43*(6 - bl))W m¥ (—2]43*(6 + bH — bl)) =
(7W7V) (7W7V)

M, e (=2k*(c+bH —b))W, s . (—2k*(c— by)).
(7W7V) (7W7V)

(1)

Unfortunately, this dispersion relation is too difficult that its roots could be found
in an explicit form by analytical methods. But it is necessary to notice that Whittaker’s
functions (20) have a countable set of branches such that there is a situation (17). Thus,
perturbations (9), (18)-(21) don’t fall under action of the theorem of Miles and can grow
over time regardless of that, the sufficient condition of stability of Myles (15) is satisfied
orisn’t.

Conclusions

In this article the problem on linear stability of stationary plane-parallel shearing flows
(2) in a continuously stratified in density inviscid incompressible fluid in a gravity field
between two immovable impermeable solid parallel infinite plates is considered.

By the direct Lyapunov method, it is proved that this flow is absolutely unstable in
the theoretical sense with respect to small plane perturbations (3). Constructive sufficient
conditions (see on the inequality of the system of equations (7)) the linear instability is
deduced. A priory lower estimate (8) is constructed that displays exponential in time
growth of the considered small perturbations. Strictly describes the application field of
the Miles theorem (15), (17) and found that, by its nature, this theorem is a sufficient and
the necessary statement but for dependent special class of perturbations.
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Finally, with regard to the question of how adequately whether the mathematical
model (1) ideal continuously stratified fluid describes the stationary plane-parallel shear
flows (2) in the gravity field, it should be said, that is not adequate, since this model
does not have the theoretically stable solutions of (2), which would correspond to the
established plane-parallel shear flows, although this kind of flow, and in nature are
observed, and in the application are being realized. However, if the conditions failure
(refer to the inequality of the system of equations (7)) the linear instability of the
stationary solutions (2) mixed problem (1) will be stable with respect to small plane
perturbations (3) in the form of normal waves (9) on those or any other finite time
intervals.

It follows that the mathematical model (1) does not adequately characterizes the
steady-state plane-parallel shear flow (2) in the theoretical sense (at the semi-infinite
intervals of time), but adequately, in a practical (at the end of time).

In the end, constructive sufficient conditions (see on the inequality of the equations
system (7)) the linear instability can provide with a foundation for the creation of effective
methods of managing the stationary currents (2) in the real-time mode.
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Introduction

Exponential convergence of approximations to differential equations with unbounded
operator coefficients plays a crucial role to obtain algorithms of optimal or near optimal
complexity [8, 14, 10, 11, 12, 16]. One can obtain such approximations by apropriate
approximation of the so called solution operator .S of the problem, i.e. of the operator
which maps the input data into the solution of the problem. For example, in the case of
the solvable operator equation

Au=f D

with an invertable linear operator A the solution operator is S = S(A) = A~!. In the
case of the initial value problem

' (t) + Au = 0, u(0) = ug 2

with an operator coefficient A in a Banach space and the input data ug the solution
operator is the operator exponential S = S(t) = e~4?. The abstract equation of the
Schrédinger type

W' (t) = iBu(t), u(0) = ug 3)

plays an important role in many applications. The solution operator of this problem is the
operator family (the so called Schrodinger operator exponential) S(t) = S(t; B) = 5t
such that the solution of the IVP is given by u(t) = S(¢)uo.
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There are several general ideas leading to exponentially convergent approximations.
In the present paper we will shortly discuss three of them: the use of the Cayley transform
together with an apropriate interpolation formula, the Dunford-Cauchy representation of
the solution operator together with an apropriate quadrature rule and the homotopy idea.

The Cayley transform

The Cayley transform of unbounded operators allows one to switch from the study of
solution operator as a function of an unbounded operator to a function of a bounded
operator and then use an apropriate approximation (e.g. an interpolation formula, a
quadrature rule etc.) with the exponential accuracy. This idea can be also used to
“separate the variables” and on this way to obtain algorithms of low complexity. In the
case when the “spatial” operator involved is of the form B = By + By + - - - + B, one
can separate the “spatial” operators B1, Ba, ..., By via the tensor product and so arrive
at a fully separated approximation with a linear dependence on the dimension d [[14, 9].
Concerning the time-dependent problems the Cayley transform alows to switch from
“continuous time” to the discrete one [2] as well as to separate the time variable from the
spatial ones.

In the theory of operators in Hilbert space the Cayley transform Tz f = (al +
BA)Y(vI — 6A)~Y a, B,7,6 € C is frequently used to switch from the study of closed
but in general unbounded linear operator A with dense domain D(A)(D(A) = H) to that
of the bounded operators Tva’f (see e.g. [1] where the transform T, = (v + A)(yI —
A)~l vy = —i converts a self adjoint (symmetric, dissipative) operator A into unitary
(respectively, isometric, contractive) operator 77,).

In [2, B, 7, 8, B, 15, [16, 19, 23, [14] the Cayley transform has been used to obtain
explicit and constructive representations of the solutions of various evolution differential
equations with operator coefficients where, in fact, the solution with continuous time
parameter where represented through the ones with discrete time. In [8, 18] the Cayley
transform has been used to obtain explicite representation of some important operator
equations e.g. the Lyapunov equation, the equation defining fractional powers of an
operator etc. A furher important feature of these representation is the fact that they serve
as the basis for algorithms without accuracy saturation, i.e. their accuracy increases
automatically and unboundedly together with the smoothness of the input data. In the
case of analytical input data the convergence rate becomes exponential.

In [8, 14] the idea was applied to the Schrodinger differential equation in abstract
setting with a strongly positive “spatial” operator coefficient B in some Banach space
(the spectral set of such operator coefficient lies in some angle in the right half-plane and
the resolvent possesses a prescribed behavior at the infinity). On the basis of an exact
representation of the solution with use of the Cayley transform, an approximation was
proposed with the accuracy depending on the smoothness of this solution. It was shown
that for the analytical initial vectors this approximation possesses a super exponential
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convergence rate. These ideas together with special tensor-product representation were
developed in [[14] for multidimensional (d-dimensional) abstract differential equations
in order to obtain algorithms with linear in d complexity. In the present paper we extend
the results from [9, [14] to a rather general solution operators in Hilbert space.

In the case when A is a self-adjoint positive definite operator with the spectrum
¥ = (A) € [\, %), o > 0 in a Hilbert space H the solution operator for () can
be represented by the following Stieltjes integral

o0
S(t; A) = / e N E,, 4)
Ao

where F)y is the resolution of the identity for A. We say that the solution operator is
generated by the function F(t,\) = e~ * and by the operator A. Analogously one
can define the so called Schrédinger operator exponential S(t) = ¢'B as the solution
operator for problem (B) which can be represented by the corresponding Stieltjes integral
too.

In the case when B is a self-adjoint positive definite operator with the spectrum ¥ =
¥(B) € [Ao,9), A0 > 01in a Hilbert space H an arbitrary solution operator generated
by B and by a function F'(¢, \) can be represented by the Stieltjes integral

F(t,B) = A " P(t.))dE, )

0

where F is the resolution of the identity for B.

One can separate the variable ¢ from the operator B by the separation of the variables
t and A in the function F'(¢, \). If B is an unbounded operator then the general idea
to switch to the study of bounded operators is the following. We can use some rational
transform n = C'(w) = 242% o = AL = gjgg, aje #b/d,A=b/d,a=a/b, =
¢/d,a # (3 where the variable w can remain in some bounded domain. The function
F(t,n) = F(t,C(w)) = F(t, )‘f/\_f;”) can be represented as a power series in w or
approximated by a polynomial of w and we obtain a function of the bounded variable w.

If F(t,z) is analytical with respect to z in the unit disc |z| < 1 then the Taylor

expansion

F(t,z) = Y ealt)2", |2 < 1 (6)
n=0

separates the both variables. The Taylor coefficients are given by

n! = T

1 1 F(t,
cen(t) = —F§")(t,z)’t_0 = o /|§=p gg"a—i-f) dg. ™)

Example 1. Let F'(t,z) = F(t,z;a) = (1 — z)*afle%, where for not integer
parameter « we mean the principal value [28]. This is the generating function for the
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Laguerre polynomials L (t). For each fixed ¢ the function F(¢, z) is analytic in the

disc |z| < 1. We have for it’s Taylor coefficients
en(t) =cn(ta) = — (1-— f)f"‘*leétfglf*”*ldﬁ, 0<p<l (8)

We change the variables by
t t
u= o=l

where the linear-fractional mapping u = 1%5 translates the circle || = p < 1 into a
circle I which includes the point ¢ > 0 but does not include the point 0. Then we get

alt) =enltio) = o [ Fen ()

t

2mi Jp t u u? (10)
+ —
_ et [T et L atn gty ).
2mi Jp (u—t)ntl n!

Comparing this equality with the Rodrigue’s formula for the Laguerre polynomials we

see that ¢, (t) = c,(t; ) = ' (t), i.e. we have the expansion (see also [4, v.2, Ch.
10.12])

e0)
(1—2z) "l = N LW (¢)2" (11)
n=0

Replacing formally _*; by A we obtain the following representation for the operator
exponential e~ 4%

e M= (E—-4A) ! i L ®)[AA - E)1™ (12)

n=0
Analogously after the substitution z — iB(iB — I)~! we obtain formally

0

Pt = _(iB—1)7! 2 LO @™, (13)

n
n=0

where T = T(B) = iB(iB — I)~! is the Cayley transform of the operator B. It was
shown in [[14, 8] that truncated series with N summands converge exponentially in N
and, thus, represent exponentially convergent algorithms for the corresponding problems.

An other option is to interpolate the function F(t,z) = F(t,w) = F\(t, g:[gj) by

a polynomial INF(t, z) on the Chebyshev, Chebyshev-Radou or Chebyshev-Gauss-

Lobatto nodes (see e.g. [6]), i.e. F'(t,w) = F(t, gjrr—gj) = In(t,2z) + Rn(t,2),2z €

(—1, 1) with the reminder Ry (t, z). Then the operator F'(¢, B) can be presented by

F(t,B) =1In(t,C(B))+ Rn(t,C(B)) (14)
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where C(B) = (Aa — 3B)(—\ + B)~! is the Cayley transform of B.

Let Px(z) be the set of all polynomials of degree < N defined on the reference
interval I = [—1,1]. Define by [ZyF|(z) € Pn(z) the interpolation polynomial of F
with respect to the Chebyshev-Gauss-Lobatto (CGL) nodes

§]—cosNeB 7=0,1,..., N, withéyg =1, &y = —
where ¢; are zeroes of the polynomials (1 — w?)Tx(z), 2 € I where Tin(z) is the
Chebyshev polynomial of the first kind.

LetE, = E,(I) == {z € C: |z—1]+ |2+ 1| < p+ p '} be the Bernstein’s
analyticity ellipse with foci at z = +1 and the sum of semi-axes equal to p > 1. Let
the function F (¢, z) can be analytically extended from z € [—1,1] onto &, for all t and
be bounded by M (t). The following well known Theorem (see e.g. [25]) gives the error
bound for the interpolation with the Chebyshev-Gauss-Lobatto (CGL) nodes.

Theorem 1. Let F(t,z),~ € [—1,1] has an analytic extension to £, bounded by
M = M(t) > 0in &, (with p > 1). Then we have

- 2M
1F(t2) = In(t 2) oo < (L AN) 27077, N,

N € Ny, (15)
where Ay = O(In ) is the Lebesque constant.

The next theorem shows that the Cayley transform in combination with the
Chebyshev-Gauss-Lobatto interpolation provides an approximation for a solution
operator generated by a function F'(¢,z) and by an operator B with the exponential
accuracy.

Theorem 2. Under the assumptions of Theorem 1 the approximation (fL4) for the
solution operator F'(t, B) generated by a function F'(¢,z) and a self-adjoint positive
definite operator B possesses the exponential accuracy with the estimate

|F(t, B) - T (t,C(B))] < c(t) log Np™

Proof. We have

HF(t,B)—IN(t,C(B))H—II ( (t,A) = ZIn(t, C(N)))dEA|
< Aer[gifgo)\F(t A) = IN(t,C(A))\
:ZéFaf(l]\F(t 2) = In(t, 2)| = rFafil]|F( ZIZ)IN(t,z)|<c(t)long_N

Example 2. Let us consider the function F'(¢, z) = e~ '* which generates the solution
operator F'(t, A) = e~*4 of the heat type equation

u'(t) + Au =0, u(0) = up.
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The error abs(exp(—tA)-l,, exp(-tC(A)))

08

506

0.4

0.2

0 5 10 15 20 25 30 35 40
N

Fig. 1: Error for the exponential function for A = 10'8,¢ = 10

Fig.1 shows the behavior of the error versus number of interpolation nodes N for
the Cayley transform method using the interpolation polynomial for exp(—t‘cligi).
Since the interpolation polynomial is badly conditioned, we have used the MATLAB
procedures [kip,s,mu]=polyfit(x,y,length(x)-1) and polyval(kip,(z-mu(1))/mu(2)) in
order to compute the interpolation polynomial at z, where x contains the Chebyshev-
Gauss-Lobatto interpolation nodes, y contains the values of the function ea:p(—tgisi)
witha = 1,0 = —1,c=1,d = 1 at the interpolation nodes.

Example 3. Let us consider the function F'(¢, z) = €%** which generates the solution
operator F(t, B) = e!*P of the Schédinger type equation

u'(t) —iBu =0, u(0)=up.

It can be shown that the algorithm is stable for ¢ small enough. In order to obtain
solutions for large ¢ the so called scaling and squaring method based on the simple relation
[e*B)? = ') can be used. Starting with the approximate solution for N' = 20 of the
Schédinger type equation with B = 1.,¢ = 2~% and using the interpolation Cayley
transform method in combination with the scaling and squaring method we obtain the
solution at ¢+ = 2% with the absolute error err = 1.612595883220246¢ — 009.

=€

The Dunford-Cauchy representation and Sinc-quadratures

The second idea is the representation of the exact solution or of the solution operator
through an integral which is then discretized via an exponentially convergent quadrature
rule, e.g. the Sinc-quadrature.
As an example let us consider the solution operator of problem (£), i.e. the operator
exponential S(t) = e~“* which can be represented by the Dunford-Cauchy integral
1
S(t)=5(t;A) = — / e (2l — A) 7z, (16)
21 T
provided that the path I' envelopes the spectrum of A and the improper integral
converges. By an apropriate parametrization z = z,(1n) + izy(n) : n € (—00,00) this
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integral cen be reduced to an improper integral

S@)==S@;A)=i/ﬂjf(tnﬁhb 17)

with an integrand which can be analytically (in 7)) extended into a strip of width d > 0
and decays exponentially at infinity. The Sinc-quadrature for such integrands provides
an exponential accuracy [23, 17, 19, 10, 11, 12, 20] where the choice of the integration
path I" plays the crucial role.

As an other example we would like to mention the exponentially convergent
approximations with linear in d complexity for the solution operator S = S(A) =
A=°~1 5 > —1 with a linear operator A = A + - - - + Ay from [[11].

The homotopy method

The next rather general method to construct exponentially accurate algorithms is the so
called FD-method [26, 27] which is closely related to the homotopy idea.
Let us consider the operator equation

(A+B)u:fa (18)

where f is a given and v an unknown elements of a Banach space X, A, B- given
operators in X . We introduce the operator-valued function W (t) = B+ t(B — B), t €
[0, 1] with an operator B : X — X which approximates B in some sense and consider
the equation

(A+W(B)ult) = f (19)

We have obviously u = w(1) for the solutions of (refs31), (refs33). We look for the
vector-valued function «(¢) in the form of the power series

u(t) = thu(j). (20)
5=0

Substituting (R0) into (L9) and comparing the coefficients in the front of the powers of ¢
we obtain

(A+ BVt = —«(B-B)uY,j =0,1,...,

_ (21)
(A+B)u® = 7.

The operator B has to satisfy the following conditions: 1) the operator equations (1) are
“easier” to solve as ([L8), 2) B should approximate B good enough in order to arrive at a
rapid convergence.



189 Supercomputer technologies of mathematical modelling, Yakutsk, 2013

Supposing that the series (20) converges for ¢ = 1 and setting t = 1 we obtain the
following exact representation of the solution to ([L8):

u=u(l) = Zu(j). (22)
=0

The truncated series with m summands represents an algorithm to obtain the
approximation % to the exact solution.

The next statement shows that we can control the convergence by the value ¢ =
| B — B| provided that B — B is bounded and gives a convergence estimate which turns
to be exponential.

Theorem. Let B, B be bounded operators, A be a closed operator with a domain
D(A), D(A) = X and there exists (A + B) 1. If

¢=[(A+B)"(B-B)| <1 (23)

then the truncated series with m summands converges as a geometrical progression with
the denominator ¢ and the following error estimate holds true

qm+1

Ju— "l < . (24)

The same idea can be used for eigenvalue problems (see e.g. [[13] and other
publications of these authors).
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Abstract

Generally there is only one mother super computer in each country and there are many sub
super computers attached to the mother super computer. It helps in increasing the speed
of calculation and can quickly perform the complex tasks as given by users because of its
high processing speed and the parallel computing skills. The super computers are very
useful in terms of scientific research and industrial field. It also takes the level of national
scientific development to a certain extent of highness. In this paper the architecture and
application of the super computer has been discussed and future development of the super
computer has been proposed.

Keywords: supercomputer, parallel computing, massively parallel, Param Yuva II,
Cray-1, CDC 6600.

Introduction

As the name suggests supercomputer is a computer with high performance as compared
to personal computers. That means, it has something superior than normal computer.
A supercomputer is a system which has largest capability and capacity with highest
performance [1]. Because of this it can be used for scientific research such as NASA and
industrial fields such as in IBM. A supercomputer provides high speed calculation for
large amount of data. It becomes a strategy point for military in the developed countries
to secure their country from unexpected attack.

Supercomputers were developed in the 1960s at Control Data Corporation (CDC)
by Seymour Cray and later on known as Cray Research. At the beginning level
supercomputers used only few processors but at the end of the 20th century it started
using thousands of processors along with parallel supercomputers [2].

Each country contributes in supercomputing in different ways for its various
application. In Japan it concentrates on both development and application. The
government of Japan develops supercomputers and commercial companies develop its
application [1].
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Figure 1 shows the Blue Gene/P supercomputer that runs over 250000 processors
using normal data centre air-conditioning. It grouped in 72 racks that are connection
through high-speed network.

History of supercomputers

Seymour Cray founded a new company, Control Data Corporation (CDC). He decided
to develop a supercomputer using circuits and transistors [11]. The first supercomputer
was CDC 6600 which was developed in 1964 [3], [7] by CDC [11]. Cray founded his
own company in 1970s and started developing supercomputer with new approach. In the
beginning of 1980s, use of processor in super computer was not much, but in 1990s it
becomes thousands of processors were used in supercomputer that appeared in Japan and
United State [4].

Fig. 1: CDC 6600

The supercomputer stared using thousands of processors similar to personal computer
by the end of the 20th century. It progressed in first decade of 21st century by using 60,000
[4] processors in supercomputer that reached to petaflop performance levels.

The evolution of supercomputers includes 4 stages those are Budded stage (1960-
1975), Vector stage (1976-1989), MPP stage (1990-2000), Massive Parallel Processor
(MPP) and Cluster stage (2000-2010) [1]. Each stage has different performances that
are Mflop/s (106), Gflop/s (109), Tflop/s (1012), and Pflop/s (1015) respectively, where
flop/s means Floating Point Operations / Second.

In India, PARAM 8000 was the first supercomputer developed by “Centre for
Development of Advanced Computing” (C-DAC) at Pune at 1990s and installed in 1991
[9]. After that the improved PARAM series was developed one by one which are listed
below.

* PARAM 8600
* PARAM 9900/SS

+ PARAM 10000
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e PARAM Padma
¢ PARAM Yuva

* PARAM Yuva II

PARAM YUVA I1

PARAM Yuva II is the latest addition of PARAM series. It was developed in C-DAC in
a period of 3 months at a cost of 16 Crore. It was unveiled on 8th February 2013. The
PARAM Yuva Il released with 524 Tflop/s [22] which is 10 times faster than the PARAM
Yuva. It uses 35 percent energy less than the PARAM Yuva [22]. It ranked at 33rd in the
November 2012 list of Top Green 500 Supercomputers of the world in terms of energy
efficiency. [20]

PARAM Yuva II will be used for research in space, bioinformatics, weather
forecasting, seismic data analysis, aeronautical engineering, scientific data processing
and pharmaceutical development [21]. It will also be used in scientific community to
gain the crunch data in a faster way. [22]

This computer is a stepping stone towards building the future Pflop/s. C-DAC said
that currently meteorologist are able to access data within 6 kilometres. With the up
gradation of performance the meteorologists can access data within 10 kilometres [22].

The working of PARAM Yuva II is based on hybrid computer technology which
uses hardware coprocessors and accelerators. It uses InfiniBand network which provides
efficiency in data transfer. The storage capacity of this system is 200 tera bytes. It also
provides a tool for complex programs that can be very easily managed by it. The PARAM
Yuva II stands on 62nd position in world’s Top 500 supercomputers [22].

Requirement of supercomputer

According to users’ point of view, supercomputer requires solving high level of complex
problems and without that problem there is no need of supercomputers [2]. As well as
an organization also needs that problem gets solved very fast. So, in this way user define
supercomputer.

Supercomputers are used in various fields like weather forecasting for global climate
changes, quantum mechanics to study physical systems at atomic level. The other uses
are in military, chemical composition and polymer research [5]. Currently it is also used
in aerospace and cosmology, energy security, healthcare and medicine, manufacturing,
environment protection, etc. [1].

The supercomputers are used to predict and analyse global weather patterns by the
national weather service and also have been used to determine the impact they would
have in particular region by simulation nuclear bomb detonation. [7]
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Configuration of Cray supercomputer

The basic configurations of cray-1 supercomputer consist of CPU, one or more
minicomputer console, power and cooling equipments and mass storage disk subsystem.
The CPU holds the I/O section, computation and memory of the computer. A
minicomputer uses for either as a job entry station or maintenance control unit [16].

When the supercomputer was introduced in 1960s, it used parallel computing to
achieve superior computational peak load [8]. Later on based on increasing demand it
started using massively parallel system. In parallel supercomputing the process is divided
into similar part and then solved in parallel. While the massively parallel system uses
multiple processor or computers to perform a single task. Grid system is an example of
massively parallel system.

The Cray-1 supercomputer was developed in year 1976. It was first general purpose
supercomputer which used Vector Processor machines from Cray Research Inc [10].
Later on the addition of Cray-1 was developed that are Cray-XMP and Cray-2. They
were used to solve large scale problems in science and engineering. The Fig. 2 shows the
hardware design of Cray-1 supercomputer.

Fig. 2: CRAY-I

At that time, Cray-1 was the fastest supercomputer whose computational rate was
138 million floating-point operations per second [12].
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Architecture

Cray-1 supercomputer uses register oriented vector processor which provides a great
performance in science and engineering for certain types of calculation. The data
transmission in it is done from memory to ALU through vector registers. So, we can say
that vector registers are used as data cache between memory and functional unit (ALU).
Vector registers are prepared to hold up to 64 bit vector elements [13]. The performance
depends on how fast the data transfer occurs through registers.

* Module: The Cray-1 uses modules that were laid horizontally and stacked in tower
formation. This is shown in the fig. 2. Each module has a 5 layered circuit board
[12]. These 5 layers are divided into two parts, first part has 2 outer layers and
second part has 3 inner layers.

The cray-1 module used up to 288 IC’s. Because, the module consists number of
IC’s; it generated enormous heat [12]. There was a problem of signal transmission
with cray-1. Cray-1 passes the standing waves and that’s why, it could not reach
up to the top of the level and thus reflected with weak signals.

» Cooling: Because, the module generated more amount of heat, the new cooling
technology was developed which used available metal conductor. The vertical
aluminium/stainless steel bars lined each column wall in each chassis. This
technology was Freon based technology and it had 40 tone cooling capacity. It
is flowing from top to bottom in each of the tower and therefore taking the heat
away.

Fig. 3

* Maintenance: Initially, the cray-1 supercomputer Mean Time between Failure
(MTBF) was order of 50 hours. It requires 2 hour maintenance daily and the
additional time was devoted in the weekend. With such extensive maintenance
it also gives more results than other computers running full time.
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Input/Output

Cray-1 supercomputer has 24 channels for input and output. From that 12 are used for
input and 12 for output. At the time of input/output, any channel can be kept active. For
16-bit channel, data transfer rates of 160 million bits per second can be achieved, and
the higher rates are dependent on peripheral devices. I/O and CPU share a memory using
single port [16].

Computation Section

* Functional Unit: The cray-1 supercomputer used 12 functional units (CPU) at a
time which allowed parallel processing. It means that the CPU fetches the next
data as well as run the current task.

Because of CPU allowed parallel processing, it increased process speed and CPU
dead time was minimized [12]. These 12 functional units were divided into 4
groups those are Address unit, Scalar Unit, Vector Unit and Floating-point Unit
[16]. The first three groups are used to conjunct with one of the primary register
type to support modes of processing of address, scalar and vector unit. The fourth
group is used to support either scalar or vector operation and it will accept the
operand from it then deliver it to scalar or vector accordingly. Following is the
list of functional unit with its usage.All functional units execute its algorithm in
fix time. Once the operands have been delivered, delays are not possible. After
the completion of operand execution it sends back to the functional unit which is
known as “functional unit time” and measured in 12.5 nano seconds [16].

 Data structure: The cray-1 use ASCII character representation with 64-bit word
means 8 characters at a time. The numeric representation is either in 64-bit floating-
point form using sign bit and biased exponent or in 2’s complements form (24-bit
or 64-bit).

Memory

The cray-1 memory was organized in 16 banks; each bank had 72 modules [12]. Up
to 5, 24,288 words can be arranged in 8 banks and a word consists of 64 data bits and
check bits [16]. The bank cycle time is 50 nano second. It is the time required to remove
or insert an element of data in memory.A single-error-correction double error detection
(SECDED) feature used to make sure that the data written into memory can be return to
the computation section with consistent precision. There are 8 check bit per word [16].

Operating Register

The cray-1 has 5 registers. From that 3 are primary registers and 2 are intermediate
registers. Primary registers are used by functional unit. Intermediate registers are not



Gonsai Atul, Goswami Bhargavi, Kar NarayanUdit 198

accessible by functional unit but are used as buffer in between functional unit and
memory. In addition, there are supporting register available in CPU. For example,
channel address register and channel limit register for each I/O Channel [16].

Hardware Design

It was hand-wired and its circuits were arranged in a three-quarters circle (see Fig. 2). As
a result, it helped to increase the speed at which signals travel from one part to another
part of the computer. Hefty power supplies are located below each of the circuit bays and
padding them suggested a piece of lounge furniture.

Application of supercomputer

The supercomputers are widely used in following areas: Scientific computing,
coexistences of scientific computing and network centric. Currently supercomputer
applications are being developed in two directions: Capability Computing and Capacity
Computing [1].

Capability computing target is to focus on the critical scientific challenges to reduce
cost and time for execution [1].

Capacity computing focuses on communication intensive applications, which means
that finishing as many tasks as possible in the specified time domain [1].

The ANSYS application is an example of supercomputer application which uses Cray
cX1 supercomputer. Cray cX1 system is mainly a cluster having 8 blades and that is in
dedicated networks. Each blade has two Intel processors. That configured with either
Windows HPC Server 2008 or Linux Operating System. One blade is designed as a "head
node” or ”login node” which has different properties then remaining blades and that
remaining blades are called as ”compute nodes” [17].

1. Good

* 8 compute blades have two 2.4 GHz Intel X5640 processors
* 8 core per blade(64 cores total),

* 12 GB RAM per blade

+ InfiniBand Network 1

2. Better

* 8 compute blades have two 2.66 GHz Intel X5650 processors
* 12 core per blade(96 cores total),

* 24 GB RAM per blade

+ InfiniBand Network 1
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. Best

+ 8 compute blades have two 2.93 GHz Intel X5670 processors
* 12 core per blade(96 cores total),

* 48 GB RAM per blade

* InfiniBand Network 1

Future of supercomputer

As per the supercomputer community, an exascale (1018 FLOPs) supercomputer will be
available in 2018. Currently the research on exascale supercomputer is being carried out
across the world. The Japanese HPC community has identified the following 6 issues in
its technical roadmap to overcome the difficulties toward exascale supercomputing [18].

Improving Energy-efficiency

Using memory hierarchy to reduce the traffic of off-chip memory
Exploiting parallelism of millions of processing cores

Heterogeneous computing for accelerating the performance

Dependability of the millions of processor cores and their interconnections

Productivity for the complicated system

The general purpose supercomputing has to face key challenges that are given as
follows [19].

1.

Maintaining good vector/scalar performance balance: This balance depends on
high performance of a wide variety of applications, algorithm and programming
styles.

Supporting scalability:It is evident that future supercomputers will require
increasing number of processors. So, it must be scalable in future.

. Increasing Memory capacity and performance:It is related to scalability challenge.

It must be done while maintaining programmability and usability.

Providing high performance I/O and networking: Data transfer is always the most
difficult task for the effective use of supercomputers. So, in future it must be
measured by how fast the data can be transferred within the system and across
the network.
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But the technical report concludes that the energy-efficiency is the most difficult
challenge for future supercomputing, because the future technology will use 10 times
more power than current system. It is enough to supply power to 5000 homes. The future
supercomputer must consume less amount of energy, as well as generate less amount of
heat.

Conclusion

As per the above discussion we can say that there is only one mother supercomputer
and under that there are numbers of sub supercomputer. You can also make your
normal system into supercomputer by changing its configuration. The supercomputers
use massively parallel computation which makes its task execution faster than normal
computers. Its hardware parts are also big in size so, it requires large accommodation
area. Supercomputers use huge number of ICs so it generates more heat and it has to be
maintained by using some cooling system. Supercomputers require daily maintenance.
There are number of challenges for future supercomputers which will overcome by
supercomputer community one after the other.
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Abstract

We study competition of the Rayleigh-Taylor instability and stabilization due to a vertical
flow through the water-vapor phase transition front in a geothermal system in dependence
on the width of a low-permeability layer and permeability. This competition is indicated
by appearance of the non-uniqueness of localization of the stationary phase transition
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Introduction

In a number of geothermal systems (for example, such that Lardarello in Italy, Geisers
In California, Matsukava in Japan) the water layer overlies the vapor one [[I]]. This
means that the domain occupied by the water may stably exist over that one occupied
by the vapor. The system, therefore, is destabilized by location of the heavier fluid over
the lighter one [2], which in the case of non-mixed fluids causes the Rayleigh-Taylor
instability for all perturbations even in a porous media. Nevertheless, the phase transition
front, separating the water and the vapor, in the case in question is not a classical interface
between two fluids: it, first of all, permits the movement of both fluids across itself and
also the stabilizing thermodynamic effects take place on it (see, for example, [3]).

For the first time, the possibility of the stable water-vapor configuration was
theoretically shown in [3]. At that, the motion of phases in the base vertical flow subjected
to the stability investigation was absent due to the choice of the boundary conditions. In
[4] the motion of phases through the phase transition front in the base flow was allowed.
Such a flow arises when the water and vapor can move through the upper and lower
boundaries of geothermal reservoir.



203 Supercomputer technologies of mathematical modelling, Yakutsk, 2013

In [5] the authors considered the flows in the geothermal reservoir for absence of
gravity and constancy of the phase transition temperature for various boundary conditions
on the upper boundary of the geothermal layer. The Rayleigh-Taylor instability in this
case doesn’t take place and the location of the phase transition interface is unique for
fixed physical parameters.

In [6, 7] it is shown that for the varying physical parameters bifurcation of the phase
transition front can occur of the turning point type, when the appearance or disappearance
of the pair of fronts takes place. One of these fronts is necessarily subjected for long-
wave instability through destabilization of perturbations with the zero wave number. In
this case evolution of the narrow band of weakly nonlinear waves near the threshold of
instability is described by the KPP diffusion equation with the non-generate quadratic
nonlinearity [8].

In this paper we investigate interaction of the destabilizing and stabilizing effects
in the geothermal system with a fixed vertical drop of pressure in dependence on the
width of the low-permeability layer and its permeability. For the sake of simplicity we
assume that the advective heat transfer is small in comparison with the conductive one.
Interaction of the instability caused by the location of the heavier fluid over the lighter
one (hydrostatic instability) from one side and stabilization by the flow through the phase
transition front from the other is analyzed. In particular, the rise of the non-uniqueness of
the phase transition front is connected with development of hydrostatic instability. The
paper organized as follows. In sec. 2 formulation of the problem is given, in 3 we give
the solutions corresponding to the basic vertical flow. Sec. 4 is devoted to the method of
hydrodynamic instability we used. Sec. 4 is devoted to the stability analysis of the phase
transition front with the use of the bifurcation diagrams front location-width of the low
permeability layer/permeability. In the discussion we analyze interaction of hydrostatic
instability and the flow of fluid through the front.

Formulation of the problem

We consider flows which are realized in the high-temperature geothermal reservoirs. Let
reservoir consist of two high-permeability geothermal layers separated by the layer of a
low-permeability rock. The layer of the low-permeability rock represents the horizontal
strip of infinite extension: —o0 < z < o0, 0 < z < L, with the z-axis directed
downstairs. The upper and lower high-permeability layers are occupied by the water
and vapor, correspondingly. The phase transition front is located inside the layer of the
low-permeability rock. It separates domains occupied by the water and vapor (Fig. 1).
The processes of heat and mass transfer in geothermal systems are described in the
framework of the equilibrium thermodynamics and obey the conservation laws of mass
and energy, Darcy’s law for the water and vapor and the state equation. It is assumed that
the water and vapor are incompressible. The system of base equations in two domains of
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the low-permeability rock separated by the phase transition front has the form

diVVj =0, V= —E( grad P — pjgez),

Hj
oT )
(,00)2,15 +p;Cjv; - grad T = div (\; grad T);
)‘1,2 = m>\j + (1 - m))\s, (pc)271 = mijj + (1 — m)pSCS, j =v,w.
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Here v is a vector of filtration velocity, m is a porosity, k is a permeability, y is a viscosity,
P is a pressure, g is gravity, p is a density, C' is a specific heat, T is a temperature, A is a
thermal conductivity, e, is the basis vector of the z-axis. Subscripts w, v, s denote water,
vapor and skeleton of a porous media, correspondingly, and 1 is the water domain, 2 is
the vapor domain.

The conditions at the interface between the water and vapor domains are formulated
as the conditions at the front of the equilibrium phase transition z = h + 7 (n = n(t, z)
is a deviation of the front of phase transition) and have the form (see [4]; V is a velocity
of the phase transition front)
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Here the subscript n denotes the normal component, “+” and “-” refer to the vapor and
water domains, correspondingly, P, is the atmospheric pressure.

The boundary conditions between the high-permeability and low-permeability layers
have the form

z2=0: P=Py, T="Tp; z=L: P=P', T=1°, (3)

For sufficiently small values of the permeability we can neglect the advective transfer
of heat term in comparison with the convective one in the heat equation [4]. The equations
(fll) can be rewritten now as

T
AP =0, %t:aLgAT, O<z<huh<z<l,

A2 0? 0?
=—" A=+ . 4
a1,2 POz’ 5.2 + o2 4
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Fig. 1: Geometry of the problem; I is the high-permeability domain {z < 0, —0 < z <
o0}, 1 is the low permeability domain {0 < z < h 4+ n,—00 < x < o0} occupied by the
water, 2 is the low-permeability domain {h + 7 < z < L, —00 < < o0} occupied by
the vapor, I17 is the high-permeability domain {z > L, —o0 < x < o0}

We assume further that the effective specific heat and thermal conductivity are
determined only by the corresponding parameters of the rock, i.e. A1 2 = A, a1 2 = a.

Vertical flow

It follows from (B)-(4), that the pressure and temperature distributions in the vertical flow
have the form [4]

P.— P T, — T
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where the subscript “+” denotes the values at the front. Substituting (F) in (P) we get the
equations with the unknowns P, T, and the font location A

Hw Pov PO_P* P, — P |: /pr?;:|_

o o - MR Ky

My Pw L—h h Hv Py

T° — T, T —To  kqpw [Py — Py

A —A - =0
L—h o h Pwd

P, = f(Ty) = P, exp (A—l— f)

Eliminating the pressure and temperature from the first two equations and
substituting them into the third one we finally obtain the algebraic equation for the front
location

G(H)=0; H=h/L, (6)
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where G(y) is the transcendental function; its for are given, for example, in [4].
The equation (f) has one or three roots (considering their multiplicity) and, hence, for
given values of the physical parameters there exist one or three phase transition fronts.

Stability of the vertical flow
We present the solution of (2)-(4) in each low-permeability layer in the form

Pi(t,x,2z) = P{ 4+ Pi(t,x, 2), Ty (t,z,2) =T5 + T (t, z,2),
V =V(t,z) = {0,0,0n/dt}, (7)

where z = h + n(t,z) is the equation of the phase transition front. The solution os
(), evidently represent the perturbed solution of (5), describing the vertical flow. After
substitution of () into (P)-() we get the boundary value problem for perturbations
PL(t,x,z), T (t,x,z). The solution of this system determines the global in time
behavior of the perturbed flow, in particular, the extent of its deviation from the non-
perturbed one. In this connection one may speak about stability or instability of the
vertical flow. Due to the fact, that solving of the non-reduced equations for perturbations
is practically impossible, it is reasonable to consider linear stability of the vertical flow
with respect to infinitesimal perturbations, and also put a question how the nonlinearity
influence on dynamics of these perturbations.

Linear (or normal) stability gives a tendency of exponential growth or decrease of
infinitesimal perturbations of the form

PL(t,x,z) = 0P (z)exp(ikz + 6t), Ti(t,x,2) =0T (z)exp(ika + 6t),
n(t,x) =nexp(ikz + 6t), (8)

which obey the linearized about the vertical flow () equations and boundary values (£)-

@.

Behavior of perturbations (B) (their growth or decrease) is determined by the
dispersion relation

at real values of wave numbers ~. The expression for o(x) is given, for example, in [4].

Interaction of stabilizing and destabilizing factors

We consider the geothermal reservoir with the following physical parameters p,, =
1.478 - 107* Pa's, p, = 1.587 - 107° Pas, p,, = 888.66 kg/m?, p, = 4.83 kg/m?,
q = 2.04-10% J/kg, Ty = 450 K, TY = 538.96 K, Py = 10° Pa, P’ = 3.62 - 10°
Pa; Ay = 2 W-K/m, \,, = 0.58 W-K/m, \, = 0.033 W-K/m, g = 9.8 m/s?, m = 0.1,
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H
1
400 405 L.m

Fig. 2: Dependence of the front location H on the width of the low-permeability layer L
in the geothermal reservoir of the fixed permeability £ = 6- 1077 m?; solid line denotes
the stable front, e is the front unstable with respect to long-wave perturbations; x1 and
2x are the bifurcation points (appearance and disappearance of the pair of fronts).

ps = 2.5 -10% kg/m?, Oy = 10% J/(K-kg), C,, = 4.39 - 10® J/(Kkg), C, = 1.8 - 103
J/(K-kg) and variable permeability &£ and width of the low-permeable layer L.

We fix first the permeability and vary the width of the low-permeability layer. In
Fig. 2 we give the bifurcation curve H(L) at k = 6 - 10717 m?.

For the widths of the low-permeability layer less then Ly ~ 400 m there exists only
one stable front of phase transition. In the point . = L (corresponds to point 2x in
Fig. 2) there appears one more pair of fronts, one of which (central) is necessarily unstable
with respect to long-wave perturbations. At the threshold of instability of the central front
this pair became double front and for L < L cease to exist. For further increase of the
width of the low-permeability layer, in the point L = L, L; ~ 402 m (corresponding to
the point x 1 in Fig. 2) the pair of fronts disappear and the only one stable front remains.

In a neighborhood of bifurcation points 2x and x1 (z = H+en,e = L?/v? = n,/L,
v and 7, are characteristic values of wave length and amplitude, correspondingly) the
narrow band of weakly unstable modes are described ny the nonlinear dissipative KPP
equation [[7]:

EOéfﬂ* + Ezﬂfn*Q + 625]05)(_)(77* + E2Wf(9777* =0, 9)

where

Xza%, n* :5%, T:E%t,

and the explicit expressions of the coefficients oy, 3¢, 6 and w; are not given here for
the sake of brevity; the coefficient ay = O(e).
With the help of scaling transformations

o O O L1 I S 7

n*, €
e|By] |ovy|

lag|
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Fig. 3: Dependence of the front location H on permeability of the low-permeability layer
k in the geothermal reservoir for the fixed value of its width L = 400 m; solid line denotes
the positions of the stable front; e denotes positions of the front unstable to long-wave
perturbations; A denotes positions of the front unstable to middle-wave perturbations; ¢
denotes positions of the front unstable to short-wave perturbations; x is the bifurcation
point (appearance of the new pair of fronts)

the constant coefficients in (B) can be put to +1. In a neighborhood of the point 2x,
evidently, the transformed equation (f)) has the form
on*
ot

62*
~ S5 (10)

and in a neighborhood of the point x1 it reads

an* 5277*
=+ *
URarye

*2
Ly +*2 (11)

Sign ”-” in ([L0) correspond to the upper stable branch in the right semi-vicinity of the
point 2x, and + corresponds to the middle unstable branch. In ([L1]) sign ”-” corresponds
to the lower stable branch, and sign + corresponds to the lower unstable branch in the
left semi-vicinity of the point x1.

In Fig. 3 we give the bifurcation diagram H (k) for fixed L = 400 m. For the value
of the permeability less then k = k; ~ 6.03- 10717 m? (k; corresponds to the point x in
Fig. 3) there exists only one stable front. For £ = k; bifurcation takes place and appear
another two plane stationary fronts of phase transition. For the growing permeability k£ we
have the central front unstable to long-wave perturbations, the stable upper front, and also
the lower front of phase transition unstable to harmonic perturbations with finite wave
numbers. At the point k£ ~ 6.535 - 10717 m? the destabilization of the upper stationary
phase transition front front takes place. The mechanism of destabilization is described in
[9] and it takes place for x = co. For further increasing of the permeability the left end
of the interval of unstable « (for > 0; for k < 0 the right end) moves towards the point
x = 0 and the range of the unstable wave numbers enlarges.
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Fig. 4: Bifurcation curve in Fig. 2 in the z component of the velocity v, = (0,v,)" —
the width of the layer plane. The branches AB and C'D are stable, the branch BC' is

subjected to long-wave instability

Conclusion and Discussion

We consider the features of formation of phase transition fronts for vertical flows
in geothermal systems for fixed gradients of pressure and temperature and variable
permeability and width of the geothermal layer. These features are concerned with
interaction between destabilizing and stabilizing factors. The destabilizing factor is the
hydrostatic instability (the water overlies the vapor) or the Rayleigh-Taylor instability.
The stabilizing factor is the stream of phases across the front. The stabilizing factor
prevails when the absolute value of the water velocity at the front has sufficiently large
value. The new pair of fronts (one of them is necessarily unstable) arises or escapes
at critical (minimal for origin and maximal for disappearance) of the absolute value of
the velocity of the stream across the front. Behavior of the narrow band of modes in a
neighborhood of critical points in the bifurcation diagram is discussed.

On the example of the localization of the phase transition front in dependence on the
width of the geothermal layer at the fixed permeability pictured in Fig.2 we consider
the mechanism of formation of the fronts for the base vertical flow in dependence on
competing factors of the Rayleigh-Taylor destabilization and stabilization by the fluid
flow through the phase transition front.

On the stable branch AB of the bifurcation diagram in Fig. 4 the vertical velocity
is negative, i.e. the vapor flows into the water. This is accompanied by the further
condensation of the vapor. The values of the velocity on the branch AB are confined in
the interval (—1.03-1071%, —6.6-10~!1) m-s~!. The stream of the fluid directed upwards
and its absolute velocity are enough to compensate spreading of the water downwards,
against the stream. When deforming a little the phase transition front directed upwards
along the stream of the fluid, and the Rayleigh-Taylor instability due to the water
penetration in the vapor domain doesn’t occur.
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On the stable branch C'D of the bifurcation diagram in Fig. 4 the vertical velocity
of the water is positive, i.e. the water flows downwards in the vapor domain and
evaporates. The values of the velocity on the branch C'D are confined in the interval
(1.29-1071,1.33 - 10719) m-s~!. The stream of the fluid directed downwards and the
water coming to the surface of the phase transition front cools it and as a result front
moves upstairs to the domain of lower pressure. At that, the height of the water column
weighing upon the front decreases, hydrostatic pressure, initiating the Rayleigh-Taylor
instability, decreases, and the front remains stable. In this case the phase transition front
moves against the direction of motion of the fluids (which is impossible for the interface
in case of two non-miscible fluids).

On the unstable fragment of BC' of the bifurcation curve in Fig. 4 the condensation
of the vapor takes place, on the other part we have the water evaporation. Nevertheless,
the absolute value of the stream velocity across the front is insufficient to compensate
the hydrostatic Rayleigh-Taylor instability and the corresponding phase transition fronts
are unstable and the instability has the long-wave character.
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Abstract

In this article, we first would like to discuss advantages of discontinuous Galerkin
finite volume element methods (DGFVEMs) over the standard finite volume element
methods (FVEMs). Then, we discuss applications of DGFVEMSs in approximation of
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two coupled nonlinear partial differential equations; one is pressure-velocity equation
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Introduction

Finite volume element methods (FVEM) are numerical techniques used in the appro-
ximation of partial differential equations (PDEs) like finite element methods (FEM),
finite difference methods (FDM) etc. Since FVEM are conservative in nature, these
methods created new interest among the researchers working in the area of fluid
dynamics. In FVEM, generally two kinds of grids are used; one is primal and another
one is dual grid. The test spaces used in FVEM are mostly piecewise constants and
which make the FVEM computationally less expensive compared to finite element
method. Unfortunately, the error analysis of FVEM depends on FEM analysis. Since
piecewise constants are used, we need more regularity on the exact solution or the given
data in order to derive optimal L? estimates compared to FEM. For example, for simple
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linear non-homogeneous elliptic problems in two dimensional domain , for optimal L2
estimates either we need the exact solution in H? or the source term is globally in H!,
for more details see [6, 8].

Also, because of local mesh adaptivity and many other features, discontinuous Galerkin
(DG) methods are popular for the numerical approximation of PDEs. The best part
of DG methods is that in DG we do not impose any continuity criteria on the finite
dimensional spaces whereas we are forced to impose some inter-element continuity in
standard FEM or even non-conforming FEM. For more details regarding DG methods
we refer to [[I, 2] and references therein.

In this article, we have combined DG methods with finite volume approach and this
combination we refer as discontinuous Galerkin finite volume element methods. Like
DG methods are well developed in the literature with finite element approach but DG
methods are still not very well developed for finite volume approach. For quick survey
on DGFVEM, kindly see [3, [0, 13]. In [10], authors have discussed optimal H' and L?
with the assumption that the source term is locally in H*. We note that, as far as optimal
L? estimates are concerned, in DGFVEM we need lees regularity assumption compared
to standard FVEM. Moreover, support of the control volume used in DGFVEM is small
and lie completely inside the triangle in which they belongs which is not the case in
standard FVEM see Figure 1 and Figure 2.

The main ingredient of this article are as follows: while the Section 1 is intro-ductory
in nature, in Section 2 we discuss DGFVE approximation for the simple elliptic problem
with the regularity issues. Section 3, we discuss the application of DGFVE developed in
Section 2 for incompressible miscible displacement problem in porous media. Moreover,
some numerical experiments are also presented in Section 2 as well as in Section 3 to
support the theoretical error estimates.

FVE approximation for elliptic problem.

Preliminaries

Consider the following elliptic problem: Given f, find u such that

—V - (KVu)=f in €, (@))
u=20 on 02,

where Q) is a bounded, convex polygonal domain in R? with boundary 02 and K =
(kij(z))2x2 is a real valued, symmetric and uniformly positive definite matrix. Let
Tr be a regular, quasi-uniform triangulation of €2 into closed triangles T" with A =
maxre7;, (h7). The dual partition 7,* corresponding to the primal partition 7y, is shown
in Figure 1. The union of these sub-triangles form the dual partition 7,* of . For the
finite volume element approximation of (fll), we now define the finite dimensional trial



Kumar Sarvesh 214

1

Figure 1: Dual elements in DGFVEM Figure 2: Dual elements in standrad FVEM

and test spaces V}, and W}, on T}, and 7, respectively.
Vi = {vn € L*(Q) : wilr e P(T) VT € Tp},
Wi, = {wp, € LA(Q) : wp|px € Po(T*) VT* € T;¥},

Weak and finite volume element approximation
Let V(h) = V}, + H?(2) n H}(£2). For connecting the trial and test spaces, define the

transfer operator y : V' (h) — W}, as follows:

1
volre = - [vlreds, T7E T @
e Je

he is the length of the edge e.
Multiplying (fl}) by w;, € W), integrating over the control volumes T* € 7,*, applying
Gauss’s divergence theorem and summing up over all the control volumes, we obtain

— Z - KVu-nwy ds = (f,wp) Ywy, € W, (3)
T*eT,*

where n denotes the outward unit normal vector to the boundary 07 of T*. Let T]* €
T (j = 1,2,3) be the three triangles in 7" € T}, (see Figure 3). Then, for wy, € W},

3
KVu-nwypds = Z Z KVu - nwpds

Tre T 7€, j=1 7075
3
= Z Z/ KVu - nwpds + Z / KVu -nwpds, 4)
TeT;, j=17 Aj+1BA; TeT;, /0T

where, Ay = A;. Now using the fact that [ Vu] = 0, the weak formulation for ({l) read
as follows: Find u € H? such that

Ap(u,vp) = (f,yvn) Yoy, € V. ®)
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Now, the discontinuous Galerkin finite volume element schemes corresponding to () are
defined as: Find u, € V}, such that

Ap(un,v) = (f,yon) Yoy, € V, (6)
where
An(dnin) = Ar(onin)+0Y / Yn] - (KT
eel”
DY [CORCAZATEDY / (6] [Unlds Yon, ¥ € Vi,
ecl’ ecl’

where 6 € [—1, 1], {-) and -] denote usual average and jump and

Ao —— 3 Y [ (Ko s @)

TeT;, j=1" Ai+1BA;

Here « and (5 are penalty parameters that will be determined later.
Note the the DGFVE formulation (f) is consistent with the weak formulation (F).

€1

Figure 3: Dual elements in triangle Figure 4: Dual elements in mixed FVEM

Error estimates

Define a norm ||| - ||| on V'(h) by
bl = 3 (9ol + 3, [ s ®
TeTy, eeF

The bilinear form A+, -) is coercive and bounded in the following sense, see [10].
Coercivity of A, (-, -): There exists a positive constant C' independent of 4 such that for
« large enough and h small enough

Ap(dn, dn) = Clllénl|? Yoy, € V. 9)
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Boundedness of Ay, (-, -): There exists a constant C' independent of 4 such that

| An(@n, n)l < Cllgnll [lnll - Yon, Yn € V. (10)

Let u; € V}, be an interpolant of «, which has the following approximation properties:
lu—urlsr < Cha %|ulor VT €Ty s=0,1. (11)

Using boundedness, coercivity and properties of above interpolant, we have the following
error estimates in H' norm, for a proof we refer to [13].

Theorem 2.1: Let u € H?(Q) n H}(Q) and uy, € V}, be the solutions of ({Il) and (B),
respectively. Then there exists a positive constant C' independent of 4 such that

llw = unl| < Chluls. (12)

Before proving the optimal L? estimates, we state the following lemma which plays a
key role in deriving the L? estimates. The proof of this lemma is simple and based on the
properties of transfer operator v Green’s Theorem. for the proof, see [[10]

Lemma 2.1: Let u € H%(Q) n H}(Q) and uy, € V}, be the solutions of ({l) and (8),
respectively. Then there exists a positive constant C' independent of A such that for ¢, €
Vi

1/2
|A(w = un, ¢n) — An(u — up, dp)| < Ch? | [ula + ( 2 lf |%,T> lonlr. (13)

TeTh

Now, using duality arguments and the above Lemma we have the following optimal L?
estimates.

Theorem 2.2: Let u € H2(Q) n H(Q) and uy, € V}, be the solutions of () and (H),
respectively. There exists a positive constant C' independent of h such that

1/2
lu = un| < CR? | |ul2 + ( > |f%,T> : (14)
TeT,
Numerical experiments
For our numerical experiments, we have considered the following problem:
-V - (KVu)=f in €, (15)
u=20 on 0,

1+ 22 0
0 1+q?
exact solution is u = xy(x — 1)(y — 1). The domain €2 is divided into regular uniform

where Q = (0,1) x (0,1), K = < ) and f chosen in such a way that the
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closed triangles. We will investigate the order of convergence for § = —1, § = 0 and
6 = 0 in the broken norm || - || and L?-norm.

Convergence in the broken '-norm : We take 3 = 1 and o = 10 for all values
of @ € [—1,1]. The order of convergence approximately is 1 for & = —1,0, 1, which
confirms the theoretical order of convergence derived in Theorem 2.1.

Convergence in the L?-norm : The computed order of convergence for § = —1 is

approximately 2 which matches with the theoretical estimates. As per our analysis, in
order to obtain optimal order of convergence for 6 = 0,1, we need 3 = 3. But our
computation shows that even with 5 = 1 for § = 0, 1, we are able to obtain optimal
convergence in L? norm.

Application to miscible displacement problems

Model problem

A mathematical model describing miscible displacement of one incompressible fluid by
another in a horizontal porous medium reservoir Q — R? with boundary o) of unit
thickness over a time period of J = (0, T is given by

u= —H(:B)Vp V(x,t) e Q x J, (16)
u(c)

V-u=gq V(x,t) e Q x J, 17)
qb(:v)% — V- (Du)Ve—uc) =g(z,t,c) =(¢—c)g V(x,t) e Q x J, (18)

with boundary conditions
u-n=0 V(zt)edxJ, (19)
(D(u)Ve—uc) - n=0  VY(z,t) e dQ x J, (20)

and initial condition

c(z,0) = co(z) Vreq, (21)

where u(z, t) and p(z, t) are, respectively, the velocity and pressure of the fluid mixture,
c is the concentration of the fluid,¢ is the concentration of the injected fluid, p(c) is
the concentration dependent viscosity of the mixture, x(x) is the 2 x 2 permeability
tensor of the medium, ¢(z, t) is the external source/sink term that accounts for the effect
of injection and production wells and ¢(x) is the porosity of the medium. Further,
D(u) is the diffusion-dispersion tensor, see [[7]. Numerical approximation of miscible
displacement problems have been discussed in [5, [7, 8].
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Finite volume element formulation

We approximate concentration by DGFVEM and concentration depends on the velocity
not on pressure and hence in order to obtain better approximation for the concentration,
we need a better approximation of the velocity compared to the pressure. As it is well
known that mixed methods are more suitable for direct computation of the velocity.
Therefore, for the good approximation for pressure equation we employed mixed finite
volume element methods. Since the construction of the control volume in mixed FVEM
is similar to DGFVEM see Figures 1 and 4, we believe that the combination of DGFVEM
with mixed FVEM would be better choice as far as miscible displacement problems are
concerned.

The trial function spaces Uj, and W), associated with the approximation of velocity and
pressure respectively be the lowest order Raviart-Thomas space for triangles defined by

Up={vneU :wy|r = (a+bx,c+by) YT € Ty},

Wi, = {wp, € W : wy|r is a constant VT' € Ty},

where W = L?(Q)/Rand U = {ve H(div;Q) : v-n = 0 on dQ}. Let 7,* denote the
dual partition of the primal grid which consists of interior quadrilaterals and boundary
triangles. For the construction of the dual grid 72* we refer to [4]. In general, let T}, (see
Figure 4) denote the dual element corresponding to the mid-side node M.

Vi, = {Vh e (L*(Q)?: Vh|7 is a constant vector VT3 € T and v, -m=0on 89} ,
where 7'y, denote the dual element corresponding to the mid-side node M.

the mixed FVE approximation corresponding to ({ll)-(B) can be written as: find (uy, py,) :
J — Uy, x Wy, such that for t € (0,7

(li ;L(Ch Uy, ’)/th Z Vh / Wp, N ds =0 Vvye Uy, (22)
oT, M;
(V-up,wp) = (q,wp)  Vwy € Wy, (23)

where ¢;, is an DGFVE approximation to c.
Find ¢y (t) € My, such that

hovan) + An(uplicn zn) = (g(cn), vzn) Vzp € My,  (24)

cn(0) = cop.

och,
rn ot’

Here, uﬂ4 is the “cut-off” function of uy, see [[11] and ¢y 4, is Ritz projection of ¢y and

Ap(v;-, ) M(h) x M(h) — R is similar to the one defined in Section 2.
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Error estimates

In [8], author has discussed the semi-discrete scheme and derived the estimates for
velocity and pressure. By following the analysis of [8] and replace time derivative by
Euler backward scheme, the following theorem can be derived easily.
Theorem 3.1: Let ¢ and ¢;, be the solutions of ([L8) and (R4), respectively, and let
cn(0) = co,p, = Rpc(0). Then, for sufficiently small %, there exists a positive constant
C(T) independent of h but dependent on the bounds of x~! and y such that
tn) — | < Clh+ At

omax e(tn) — il < Clh + Af]
Theorem 3.2: Assume that the triangulation 7y, is quasi-uniform. Let (u, p) and (up, p),
respectively, be the solutions of ([)-() and (22)-(23) and let c,(0) = cp s = Rpc(0).
Then, for sufficiently small h, there exists a positive constant C'(7") independent of 4 but
dependent on the bounds of x~! and p such that

max_u(ty) — w220 + [p(ta) — pi1* < Clh + At

0<n<N

Numerical Experiments

For our numerical experiments, we consider ([l)-(21), with ¢ = ¢* — ¢~ and g(z,t,¢) =
¢q™ — cq~, where ¢ is the injection concentration and ¢* and ¢~ are the production and
injection rates, respectively.
For the test problems, we have taken the data from [12]. Q = (0,1000) x (0, 1000) ft*
and J = [0, 3600] days, viscosity of oil is 1(0) = 1.0 cp. The injection well is located at
the upper right corner (1000, 1000) with the injection rate ¢* = 30ft? /day and injection
concentration ¢ = 1.0. The production well is located at the lower left corner with the
production rate ¢~ = 30ft? /day and ¢(z,0) = 0. In the numerical simulation for spatial
discretization we choose in 20 divisions on both z and y axes. For time discretization,
we take At,, = 360 days and At. = 120 days.
Test 1: The permeability  is 80 and ¢ = .1 and the mobility ratio between the resident
and injected fluid is M = 1. Further, we assume that the molecular diffusion is d,,, = 1
and dispersion coefficients are zero.
The surface and contour plots for the concentration at ¢ = 3 and ¢ = 10 years are
presented in Figure 5 and Figure 6, respectively. Since only molecular diffusion is present
and viscosity is also independent of the velocity, Figure 6, shows that the velocity is
radial and the contour plots for the concentration is almost circular until the invading
fluid reaches the production well. Figure 6 shows that when these plots are reached at
production well, the invading fluid continues to fill the whole domain until ¢ = 1.
Order of Convergence: In order to verify our theoretical results we also compute the
order of convergence for the concentration. We compute the order of convergence in L?
norm. To discretize the time interval [0, 7], we take uniform time step At = 360 days for
pressure and concentration equation. The computed order of convergence with respect to
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Figure 5: At t=3 years
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Figure 6: At t=10 years

the spatial domain is 2 for Test 1. Note that the computed order of convergence matches
with the theoretical order of convergence.
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Abstract

High performance computing plays a great role in solving various computational
fluid dynamics problem encountered in aerospace applications. It helps in reducing
computation time for solving compressible flow problems encountered in stator and
rotor of an axial flow compressor. The correct prediction of stall and surge helps an
engineer to achieve better efficiency of an axial flow compressor, which is used in a
gas turbine engine. CFD simulation studies have been conducted using a density based
compressible flow solver to analyze the flow behavior of NASA rotor 37. A scale up study
was conducted and the use of High Performance Computing (HPC) reduced computation
time of CFD simulation studies.
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Introduction

Most of the aeronautic configurations involve modeling of fine geometry aspects,
resulting in large problem sizes. Although the type of physical modeling still remains
mostly Reynolds Averaged Navier Stokes (RANS), the major trend is to move towards
Unsteady RANS and even Detached Eddy Simulations (DES) or Large Eddy Simulations
(LES) in order to get more accurate results, leading to a requirement of unprecedented
amounts of computational resources. High Performance Computing helps to tackle
simulations with very large number of mesh points (requiring a large amount of
computing power and memory). This paper describes CFD validation studies carried out
for solving internal flow problems such as those encountered in turbomachinery flows.
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Governing Equations

In the turbomachinery flows, the fluid motion is internal to the domain and compressible
in nature. Compressible flow is generally defined as a flow where density varies with
respect to change in pressure. This is in contrast to the incompressible flow where
the density is constant throughout the domain. Obviously, in real life every fluid is
compressible to an extent. A flow with Mach number (M) greater than 0.3 (M > 0.3) is
generally considered as compressible.

There are three types of flow [1]

+ Subsonic Flow (M < 1)

* Transonic Flow (M ~ 1)

+ Supersonic Flow (M > 1)

The transonic flow occurs due to mixing of subsonic and locally supersonic flow in

the domain of interest. The governing equations [1,2] for the compressible flow in an
inertial frame of reference are given by,

;/ﬁw+¢mdszo (1)
1% s
0 -
at/pvdV+yg(,ov(@v—mol)-dS =0 (@)
1% s
0
z / pEdV+y§(va)-dS — 0 @)
1% 5

where, the total energy per unit volume is,

2

v
E= —. 4
e+ 2 4)
And the enthalpy is given by,
2
H:h+%. (5)

Equations 1-3 are for conservation of mass, momentum and energy respectively.

When the flow domain is a rotating one, it is often more convenient to consider the
system from a rotating frame of reference. The above equations in a rotating frame of
reference take the form [2]:
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where, r and w are radial distance and angular velocity respectively. In equation 7, the
terms 2w x w and w X (w X r) represent the coriolis force and the centrifugal force
respectively. The total energy F is given by,

2 2

E*:e+%—%:E—u-v. (11)
The rothalpy is defined as,

Tmnt™ Y B oy (12)

B 2 2 ’

where, h is the enthaply of the system withu = w X randv=u+w.

Simulation Methodology

Turbulence Modelling

Most turbomachinery flows are turbulent in nature. To capture the turbulent effects
directly from the Navier-Stokes equations, the grid resolution would need to be extremely
high thus increasing the computational cost. To reduce the computation, the Reynolds
Averaged Navier-Stokes (RANS) equations [1] are used to model the turbulent flow. In
RANS scheme one needs to further model the Reynolds stress,

)
R”—vivj

2
= — [21/1532-]- - 3K6U:| s (13)
where, v’ is the fluctuating part of the velocity, S;; is the mean rate of strain tensor,
v; is the turbulent eddy viscosity, K is the turbulent kinetic energy, and J;; is the
Kronecker delta. In this work, the Spalart-Allmaras [1, 3] model was used in the
numerical simulation.
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Numerical Scheme

The system of equations is solved using the Advection Upstream Splitting Method
(AUSM). In this scheme inviscid convective and pressure flux terms are treated
separately. This scheme is suitable for very low subsonic to high supersonic flows.
AUSM scheme also has excellent shock-capturing properties and give very accurate
results for a wide variety of problems.

Validation Case Studies

The CFD simulation studies have been conducted using a finite volume structured CFD
solver (CFDExpert™). It is necessary for any CFD solver to conform to accepted level
of accuracy for known results. Below three validation cases using CFDExpert™ are
reported:

1. Converging-Diverging (C-D) nozzle
2. Sajben Duct

3. NASA Rotor-37

Converging-Diverging (C-D) nozzle

The Converging-Diverging (C-D) nozzle [4] case is a validation case involving the
flow of inviscid, isothermal air through the nozzle. This is a widely used classic one-
dimensional, steady, compressible internal flow problem.

The nature of the flow is determined by the exit static pressure (pci:). Three values
of pes;+ have been examined which result in three types of flows:

1. subsonic, isentropic flow (pegit/p: = 0.89)
2. supersonic flow with a normal shock in the diffusing section (pesit/p: = 0.75)
3. supersonic, isentropic flow (pesit/pr = 0.16)

where, p; is the total pressure in the nozzle. The flow conditions used are described in
Table I. The plenum total pressure and temperature are assumed to be constant.

Plenum total pressure 1 psi 6894.757 Pa
Plenum Total Temperature | 100 R 55.5556 K
0.89 psi | 6136.33373 Pa
EXxit Static Pressure 0.75 psi | 5171.06775 Pa
0.16 psi | 1103.16112 Pa

Table 1: Flow conditions for C-D nozzle validation
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Geometry and Grid

Fig. 1: Geometry of C-D nozzle

The geometry is an axi-symmetric converging-diverging duct. Figure [l| shows a solid
model of the nozzle. It has an area of 2.5 in? at the inflow (z = 0 in), an area of 1 in® at
the throat (z = 5 in), and an area of 1.5 in? at the exit (z = 10 in). The nozzle area (in
in?) varies according to the relationll given below:

Areq — 1.75 - 0.75cos ([0.2z — 1] 7), forx < 5.0
| 1.25-10.25co0s ([0.2z — 1)), forz > 5.0

Using the above function a 2-D structured mesh is generated, consisting of 25272
cells. The mesh is shown in Fig. P.

(14)

Fig. 2: Mesh of C-D nozzle

Boundary Conditions and Numerical Details

The inflow boundary (on the left side in Fig. P) is subsonic with constant total pressure,
total temperature, and flow angles. The outflow boundary (on the right side in Fig. f)
imposes the static pressure for a subsonic outflow.

The initial conditions for the CFD simulations are obtained from the total pressure
(6894.757 Pa) and total temperature (55.5556 K) of the plenum with the assumption of
an inflow at Mach number of 0.2.

Convergence was determined by monitoring the decline of the L2 norm of the
residual. A levelling-out of the logarithmic value of the L2 norm suggested iterative
convergence. Convergence was also determined by monitoring the throat Mach number
and recovery and the exit Mach number and recovery until those values no longer
significantly changed.

!The literature for C-D nozzle provides all the data in FPS units. Therefore this relationship is provided as
such.
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Results and Discussions

For the three conditions, as mentioned above, covering the subsonic, transonic and
supersonic flow regimes, the converged results of pressure and Mach number distribution
were compared with literature data and these results are presented below in Fig. . As
observed from the above figures, the data obtained in the current study agreed well with
the data reported in literature.

Mach Number over Nozzle Length at Pressure

Pressure Distribution over Nozzle Length at
Pressure Ratio 0.16
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Fig. 3: The pressure and Mach number distribution over the nozzle length at various

pressure ratios.
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Sajben Duct

This validation study examines the use of CFDExpert’s RANS solver for simulating
viscous transonic flow through a converging-diverging diffuser [5,6] with adverse
pressure gradients and shock-induced separation. The simulation results have been
compared with experimental data obtained by Sajben et al [6].

Geometry and Grid

Fig. 4: Mesh of Sajben duct

The geometry and grid of the diffuser is shown in Fig. H. The structured grids (80 x 50 x
4 = 16000 cells) have been used.

Boundary Conditions and Numerical Details

At the inlet (on the left in Fig. ), a total pressure based inflow boundary condition was
imposed based on total pressure of 19.5 psi (134447.76 Pa) and total temperature of
500 R (277.78 K). The static pressure outflow boundary condition at the outlet (on the
right in Fig. #) was imposed 14.1 psi (97216.08 Pa) as the static pressure. The upper and
lower boundaries were given as no-slip wall boundary condition and the side walls were
modeled as axi-symmetric boundaries.

A steady simulation, with a 2"% order AUSM numerical scheme and Least Squares
gradient calculation formulation is used. Menter-SST is used as the turbulence model.

The simulation has been run till the L2 norm values of the mass residue shows a
convergent trend. The plot is shown in Fig. .

Results and Discussions

The CFD simulation results obtained from the present investigations are compared
against the experimental results reported in literature. These results are shown in the Fig.
B and Fig. []. In Fig. B, the X-axis of the plot is X distance from the origin, normalized
against the height at the throat of the diffuser (Hy,-) and on the Y axis is the distribution
of static pressures on the top and bottom walls, respectively.
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Fig. 5: L2 norm of the mass residue plot obtained from CFDExpert
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Fig. 6: Comparison of Pressure data obtained from CFD-Expert with the Experimental
Data on the (a) top and (b) bottom wall of Sajben Duct

In Fig. , the velocity profiles at various X-locations (called stations) along the length
of the diffuser are plotted as a function of the normalized distance from the bottom to the
top wall (y). The four stations are located at z = 0.127m, 0.2032m, 0.2794, and 0.3302m.
The y distance is normalized against the local height of the diffuser (H;ocq1).

The Mach number distributions in the domain as obtained by Mohler and from the
current investigations are presented in Fig. §. From these plots, it can be seen that the
results from current investigations matched well with the experimental data as presented
in literature.
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Fig. 8: Mach number distributions in the domain as obtained by Mohler (a) and with
CFDExpert (b).
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NASA Rotor 37

The complexity of running a CFD simulation over a stage of an axial compressor is
mainly because, work is being done on the fluid by the compressor. This effect is
hard to simulate and capture accurately using normal practices in CFD. Steady-state,
compressible flow simulations have been carried out on a single passage of NASA
Rotor 37 [8, 9, 10], as a first step towards establishing the simulation methodology and
validating the CFD model for turbo-machinery simulations. The CFD model has been
validated for a few design points against experimental data. A brief description of the
methodology adopted and analysis of results obtained are presented in the following
sections.

Geometry and grid details

The geometry for the Rotor 37 grid has been obtained from literature. This provides us
with a set of coordinates for various sections of the blade. These can be put together
to obtain the entire blade surface and thus the entire rotor surface. Rotor 37 consists of
36 blades arranged over the hub. By the usage of periodic boundary condition, a single
passage between two blade surfaces is considered sufficient to obtain the results for the
entire rotor. The periodic boundary takes advantage of the periodicity in the flow field that
exists in the rotor. Thus the domain consists of a single passage with the blade surfaces
on either side and the corresponding downstream and upstream passages.

Shroud

Inflow Outflow

Hub
Pressure side of blade Suction side of blade

Fig. 9: Geometry and grid of Rotor 37

A multi-block structured grid was generated for the above mentioned domain. A
blade tip- clearance of 0.358 mm was incorporated between the blade tip and the shroud
surface. The inflow and the outflow boundaries were taken at about one chord distance
from the leading edge and trailing edge respectively. The boundary conditions are shown
in Fig. @. The blade surfaces have a rotational velocity and the zone between the blades
is modeled as a rotating zone, with a velocity corresponding to the design rpm.
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Boundary Conditions and Numerical Details

The design conditions, the numerical details of the simulations, the total pressure based
inflow boundary conditions and the initial conditions are given in Tables P, B, i, B.

Design Rotational Speed 17188 rpm

Number of blades 36
Reference temperature 288.15 K
Reference pressure 101325 Pa

Mass Flow Rate (Choking) | 20.93 kg/s

Table 2: NASA Rotor 37 design condition specifications

Solver scheme AUSM

Scheme order 2nd Order MUSCL-MINMOD
Gradient calculation | Least Squares

Time marching Local

Formulation Explicit

Residue monitoring | L2 norm

CFL 0.2

Table 3: Numerical scheme details

Inflow total pressure 101325 Pa
Inflow total temperature | 288.15 K
Inflow Mach number 0.484

Table 4: Total pressure based inflow boundary condition

In the current simulation study, a rotationally periodic boundary is used, as they are
boundaries that form an included angle about the centerline of a rotationally symmetric
geometry. Periodic boundaries extend from the inlet plane to the leading edge of the blade
and from trailing edge of the blade to the exit plane.

A radial equilibrium type boundary condition has been used to model the outflow
boundary. Applying the radial equilibrium outflow causes the lowest pressure at the
outflow to be at the hub and increasing towards the shroud.

In the present case, the blade surfaces have a rotational velocity and the zone between
the blades is modeled as a rotating zone, with a velocity corresponding to the design rpm.
This is called the frozen rotor method and in this method, a frame transformation is done
in the passage between the blades to include the rotating effect. This will give result in
a steady flow simulation with no moving meshes. But with the frozen rotor method, it is
still possible to accurately obtain the rotating wakes, secondary flows, pressure increase
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Initial static pressure 70000 Pa
Initial velocity X 150 m/s
Initial velocity Y 0 m/s
Initial velocity Z 0 m/s
Initial static temperature | 274.95 K

Table 5: Initial conditions in the domain

and other tip related effects. This model can be extended to a rotor-stator simulation as
well. Spalart-Allmaras (S-A) turbulence model has been used to model turbulent flow.

Residue Plot
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Fig. 10: Mass residue plot for Rotor 37 simulation
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Fig. 11: Inflow and outflow mass flow rates through a Rotor 37 single passage

The mass residue plot is shown in Fig. [L(, where we can observe a 2.5 order
decrement of mass residue, as per L2 norm. The stability of inlet and outlet mass flow
rates through the single passage grid is also considered as a convergence criterion and
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it is as shown in Fig. @ The mass balance, i.e., the sum of inlet mass flow rate and
the outlet mass flow rate should approach to zero as the simulation gets converged. As
observed in Fig. [L1], the mass balance error is quite small.

Results and Discussions
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Fig. 12: Radial distribution of total pressure ratio.
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Fig. 13: Radial distribution of total temperature ratio.

The CFD simulation studies have been conducted for three different grid sizes viz coarse
(118 x 57 x 41; total no cells = 203360), medium (128 x 61 x 49; total no cells = 318432)
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and fine (137 x 64 x 61; total no cells = 453120). The results of CFD simulation have been
compared with experimental results. The comparison of the same for radial distribution
of total pressure ratio and total temperature ratio have been plotted in Figures 12 -fl3. The
simulated results obtained by fine grid show a good match with the experimental results.

- —
173e+00 226005
\ -
Mach. No. Pressure
CFDExpert-ViewZ CFDExpert-ViewZ
(@ ®)

Fig. 14: (a) Mach number contour at 50% span of rotor-37 and (b) pressure contour at
50% span of rotor-37

Figure 14 show the mach number and pressure contours at 50% span of the rotor 37.
The plot shows generation of shock near the trailing edge. At the outlet region pressure
increases due to the conversion of kinetic energy of the rotor.

HPC Simulation

With the help of high performance computing (HPC) large CFD problem can be solved.
In the current study, a large mesh comprising of many stator blades arranged in a circular
row is considered. There are 120 blades in the stator row with each blade spanning a
3° arc. Using this geometry a structured mesh comprising of 11642880 cells is created.
There are 1440 blocks in the mesh. This huge mesh can not be solved in a single computer
owing to its large computational requirement.

No of processor vs Time

,,,,,,,,,,,

Fig. 15: Scale-up study for stator blade row
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Using MPI this kind of large mesh can easily be solved in a HPC system. In
this current study, the stator blade row geometry is solved using parallel version of
CFDExpert™on Param YUVA-II at C-DAC. Param YUVA-II is a HPC system with
3584 Sandy-Bridge CPUs (HOST) and 26880 Xeon-Phi co-processor cores (MIC). For
the current study only the HOST cpus had been used. A scale-up study was performed for
this large grid. Figure [L5 shows the time taken to complete 1000 iteration of the solver
with the number of cores used. As expected, with more number of computing cores,
time required to solve the problem was reduced. In this study, the best performance was
observed for 160 cores. However the performance saturates quickly beyond that point as
the figure suggests. There may not be any significant gain in performance if the number
of cores were increased beyond 160.

Conclusions

CFD simulations studies have been conducted to capture the complex physics of
compressible flows. Several validations studies have been conducted, e.g., i) CD Nozzle,
ii) Sajben Duct, and iii) NASA Rotor-37. The CFD simulation results were compared
against the available literature data. The study covered transonic and supersonic
flows in the domain and capturing of shocks, which affect the flows considerably in
turbomachinery. In most of the cases, the results obtained by CFD simulations matched
closely with published literature data Further, as the CFD computation size increases
HPC can be used to reduce computation time.
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Abstract

The Triangle of Knowledge signifies Education, Research and Innovation working
together for economic advancement. The best known example is the Region of Silicon
Valley where this synergy produced phenomenal results. In this paper we analyze all the
difficulties for implementing such an environment, especially in a remote region. We
claim that it is impossible to duplicate the model of Silicon Valley and it is important to
seek a model adapted to the Region, with all its strengths and weaknesses. Finally, we
give an example of Technology which can be exported and exploited directly from one
remote Region to another.

Keywords: education, research, innovation, economic development, investment,
science, new trends, regional needs, excellence, regional economy, expertise, mineral
resources, spatial data, random fields, geosciences, geostatistics.

Why is Silicon Valley is hard to imitate?

There is no question that Silicon Valley is the best example where the Triangle of
Knowledge worked wonders. By The Triangle of Knowledge it is meant the connection
between Education, Research and Innovation. In Silicon Valley you find Stanford, one
of the best Research Universities in the world. You find several company Research
Centers with the best known example being Xerox PARC. Finally, it was in Silicon
Valley that many great companies had started, from HP all the way to the recent examples
of Google and Facebook. For decades in every corner of the world there was political
will plus many initiatives to imitate Silicon Valley. In most cases the results were not
encouraging. Surely, top level education was achieved and great Scientific Research was
performed. What failed was the connection to economic development. We should add that
the difficulties were known from the beginning. However, the problems arose gradually,
and in the end there was no return on investment.

The notion of return on investment should be the primary motive. The knowledge
triangle is supposed to generate wealth, not to destroy it. Wealth is only created when the
economic activity and attracted investments far exceed the cost of running the educational
and research effort part of the knowledge triangle. This is the major test where most
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imitations of Silicon Valley fail. In addition, the failure is visible only after many years
of effort and considerable costs.

The first steps

The knowledge triangle has three parts: Education, Research and Innovation. We will
deal with each part separately.

The first step is to create a Research oriented University. This can be achieved by
turning an existing University to a major Research oriented University. Universities
have an education mandate. They can, however, provide a good education without major
resources. The availability of top level lectures and e-learning packages on internet helps
Universities to dispense a solid education without top internationally known faculty or
advanced labs and expensive campus facilities. Top level Research Universities have a
completely different set of requirements. Namely they need:

+ Internationally acclaimed scientists as faculty. That means active recruiting over
many years.

* An advanced program of studies continuously adapted to new trends and
developments.

* A long effort of public relations to achieve brand name
+ An attractive environment for students
* An impressive campus including labs and other facilities

To turn an existing University into a Research University you need five to ten years of
continuous effort at considerable cost. The restructuring is almost as costly as building a
University from scratch. As a matter of fact it is harder than starting something new,
because you need to deal with legacy problems, existing personnel and old unsuited
facilities.

An alternative is to build a Research Center alongside the University. The Research
Center can focus on the scientific domains that the University has strengths and develop
closer to new trends and regional needs. In addition, the Research Center can operate
with completely different rules regarding promotion, tenure and salary structures. The
most important issue in building a Research Center is to keep it young. The average age
of personnel should be kept constant. That means that there should be an exit strategy for
personnel right from the beginning.; if not, the Research Center will age gratefully and
eventually will have no growth potential and no significant impact.

Let’s assume that we have the two necessary but not sufficient parts of the Knowledge
Triangle, Education and Research. How do we achieve Innovation? In most cases this is
achieved by building a Technopark. The idea is that results of the Research effort can be
transferred to small companies in the Technopark. The researchers themselves, faculty,
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or staff from the University engage and create spin off companies in the Technopark. The
Technopark provides space, facilities and a supportive environment for the creation of
companies. The transfer from Research to products or services is effective, at least up to
the prototype phase. For further development the companies need markets and financing,
without it they are destined to die. Some seed capital may be organized at the beginning,
but any fund for seed financing is rapidly depleted. There is a need for attraction of
venture capital. Venture capital can only come if there is an exit strategy. That’s where the
problems arise. No government can organize exit strategy. You need large technological
companies for trade sales. The alternative as a specialized Innovation stock market is
extremely difficult to set up.
In short, in many regions they follow the steps

* University

* Research Center

+ Technopark as incubator

* Fund for seed capital of small companies

Finally, if they cannot organize venture capital and offer exit strategies, the effort
eventually stalls. That is why it is hard to imitate Silicon Valley.

SWOT: Strengths Weaknesses Opportunities Threats

Right from the beginning we should acknowledge that the exact model of Silicon Valley
is impossible. It is rare to have a University with the brand name and Research quality
of Stanford and it is very difficult to build it in a remote region. Even if it is achieved,
at great expense, it is rare to find the right combination of scientists and entrepreneurs to
staff it. One of the reasons is that such talent concentrates exactly in places like Silicon
Valley. Even if we attract such people, the effort is far away from the developed markets,
so it is hard to place products and services. Finally, venture capitalists place bets only
after they already have made money on other bets, so it is problematic to start the effort.
The situation is not hopeless but we need another model.

To arrive to the right model we need to start with an analysis of Strengths,
Weaknesses, Opportunities and Threats.

All Universities have pockets of excellence. We need to identify them and focus on
them. This is contrary to the very model of a University. That is supposed to cover evenly
all areas and all professors have similar salaries and working conditions. To create a two
speed University is unacceptable, so we have to create a parallel structure of Research
Institutes, only on specific areas. The focus areas have to be chosen carefully, either
based on the directions of research of the star researchers or on niches where the regional
economy and geography offer special advantages. The right combination of research
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directions may differ significantly from region to region based on the local conditions.
For instance, natural resources and cold climate are the local conditions in Yakutia,
whereas sun and tourism are the local conditions in Crete. In addition, the Research
Institutes should be organized around problems and not around scientific areas. This
choice makes it easier to support economic activity. At the same time, it is contrary to
the researcher’s preference to be around other scientists who focus in the same or similar
research areas.

In order to be rational, we also need to identify the weaknesses. Again, they may
be completely different from region to region. For instance, to set up any manufacturing
facilities you need excellent transport and logistics. This seems impossible in Yakutia.
On the other hand, anything requiring major capital investment is out of the question in
Crete. The banking system is weak and the interest rates high. While everybody can place
products and services in on the Internet (it is a flat world), it is not true that everybody
has the same chances of success. To begin with, it is hard to understand the prevailing
world culture of internet users from a remote area.

From the analysis of strengths and weaknesses a series of opportunities become
evident. For instance, cold is the main feature of Yakutia. There are Kryogenic data bases
where tissue is preserved for further study. Such a world tissue data base can best be
organized in a very cold climate. On the other hand, Crete is full of archeological finds.
Attraction parks and historical tourism can be developed. It is up to the researchers and
the young entrepreneurs to figure out what combination of technology and scientific area
can best support such economic activities.

Finally, we need to proceed to an identification of threats. There are earthquakes in
Crete, whereas there is the threat of climate change in Yakutia. There is a possibility of
isolation in Yakutia due to extreme weather, whereas there is instability in the region
and local strikes in Crete. Any political or economic instability greatly affects business
strategy and inflow of investment. In addition, there are products that cannot be stored
and services that cannot recuperate after a disruption.

Remote to Remote Transfer

Even if we come up with a careful plan for economic development based on Innovation,
there are still many holes. On one hand there are scientific strengths and Research results
that are not locally needed, plus the market is too narrow to warrant the creation of a
company. On the other hand there are needs that cannot be covered by locally available
expertise. For such cases we need to match problems with solutions on a global scale.

We will call such effort remote to remote transfer, without going through a company
or any organized economic activity. The scientists themselves, they have to go global and
seek markets for their ideas. In the past they congregated in conferences where they met
with other similarly minded scientists. Now they will have to expand their horizons to
visit regions that may have problems matching the expertise that they are offering.
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In the sequel we present such an attempt. Crete and Greece is are too small for Geo
spatial analysis. Yakutia is large and needs such tools.

A case study: Spatial Data in the Geosciences

To illustrate our case we chose a scientific field where a group in the Technical University
of Crete has considerable expertise. On the other hand such expertise can best be applied
in vast geographic areas, with considerable mineral resources like Yakutia.

The analysis of spatial and spatiotemporal data is becoming a field of significant
research interest due to the increasing availability of spatially distributed data collected
at one or several time instants. The information that such data contain regarding spatial
trends, spatial variability, and temporal evolution are significant for estimating the impact
of climate change, the management of groundwater resources, the exploitation of oil and
mineral reserves, and for environmental monitoring. The expected socioeconomic impact
from the analysis of large spatiotemporal geo scientific data is highlighted by projects
such as the European The EarthServer Initiative and the North American Earth Cube.

Ground measurements are typically distributed on irregular (inhomogeneous) grids in
contrast with the uniform step sampling familiar from the analysis of time series. Hence,
there is a need for accurate and flexible models of spatial and spatiotemporal dependence,
which allow deriving predictive maps with associated uncertainty estimates in the space-
time continuum. Examples include the generation of maps of groundwater level over an
entire basin from pumping well data (Varouchakis & Hristopulos, 2013), monitoring of
radioactivity levels over large geographical areas (Pebesma et al., 2011), and estimation
of drought indices based on precipitation data from meteorological stations and possibly
from climate change scenarios (Vrochidou et al.,, 2013). Methodological problems
of continuing research interest include the mathematical properties and the statistical
inference of the spatial model parameters, efficient methods for the interpolation and
simulation of spatial data, as well as approaches for bridging different spatial and
temporal scales.

The Mathematical Framework: Random Fields and Geostatistics

During the last twenty years there is an increased interest in spatial random field models
and their applications in various scientific disciplines, which is in part motivated by
the need for better statistical models for the analysis of spatiotemporal data. Spatial
random fields (SRF’s) find applications in subsurface hydrology, petroleum engineering,
environmental monitoring, mining exploration and reserves estimation, in the estimation
of energy potential for renewable energy resources, as well as in epidemiological studies
about the spread of disease.

Geo statistics is a branch of spatial statistics that provides methods for modeling the
correlations in spatiotemporal data and for extracting useful information —by means of
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interpolation, simulation, and uncertainty estimation— from the data. The development
of geo statistics was founded on the seminal distributions of Kolmogorov (1941) and
Gandin (1963). Krige (1951) and Matheron (1963) laid the basis for the geo statistical
approach and its application to mining data. In the following decades, geo statistical
methods were applied to many problems in the earth sciences (Christakos, 1991; Cressie,
1993). From the methodological viewpoint, the main goals of the geo statistical approach
involve determining a suitable model of spatial or spatiotemporal dependence and
exploiting it for the spatial estimation (prediction) or simulation of the processes of
interest.

Geo statistical analysis views spatiotemporal processes as consisting of two
components: a deterministic trend function that encompasses large-scale features of
the process, and a stochastic component that involves both correlated fluctuations and
uncorrelated noise. The semivariogram function (also known as structure function)

10 () = 3 E[{X (s 1) = X (5))° M
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In the above, X (s) is the spatial random field, s is the spatial location vector, r
is the spatial lag, and E is the expectation operator, plays a central in the analysis of
the fluctuations. Semivariogram inference is typically performed using the methods of
moments and various generalizations (e.g., the robust estimator of Cressie and Hawkins)
or maximum likelihood. In the method of moments, the estimation of the empirical
semivariogram from scattered data involves several heuristic assumptions that lead to
considerable uncertainty. The empirical function is fitted to a theoretical model which
is used in the interpolation and simulation procedures. The fitting can be performed
by various methods potentially leading to different results depending on the approach
used (e.g., least squares versus weighted least squares).. On the other hand, maximum
likelihood estimation is computationally inefficient for large data sets since its numerical
complexity is O (N?), where N is the number of measurements.

Spartan Spatial Random Fields (SSRFs)

A different approach for modeling spatial dependence is being developed at the Technical
University Crete (Hristopulos, 2003; Hristopulos and Elonge, 2007, 2009; Varouchakis
and Hristopulos, 2013). This approach is based on the so-called Spartan Spatial Random
Fields (SSRFs), and it combines elements from statistical field theory, spatial statistics,
and machine learning. The term “Spartan” emphasizes that the correlation properties
are determined from a small set of parameters that need to be inferred from the data.
In contrast, the classical approach requires the estimation and fitting of the empirical
semivariogram at several lags. The SSRFs belong in the family of Gibbs random fields.
In general, a Gibbs random field X(s) has a joint probability density function (pdf) of the
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form

o HIX(5)]

FIX(s)] = S @

In equation (fll) the constant Z is a normalization factor obtained by performing the
functional integral of exp[—H {X (s)}] over all the states of the random field, and
HI[X(s)] represents the energy cost or configuration cost of the state X(s). According to
equation (fll), “high-energy” states are less likely than “low-energy” states. The functional
H[X(s)] imposes spatial correlations in the state X(s). For geostatistical problems, H[X(s)]
does not represent an actual energy; instead, it reflects the likelihood of occurrence of
field configurations based on general, intuitively motivated constraints. For example,
one possible choice is the following

_ 1
2n0&d

In the above, 7y represents an overall scale factor, 7; is the rigidity coefficient, and
¢ is the characteristic length. Equation (J) represents the energy cost of the fluctuation-
gradient-curvature SSRF and involves only local interactions that couple neighboring
field values in terms of derivative terms. The classical SRFs can be expressed in the form
of equation (B}), by means of H [X (s)] = 1 Zfil Xi C{;lj}Xj, where C{*Z.lj} is the inverse
of the spatial covariance matrix between locations s; and s;. However, the coupling now
involves over all pairs of sample points through the inverse covariance matrix which is

in general delocalized.

Hige X (5)] | as{X@P +ng DX+ [vXO]} . @

Advantages of SSRFs for Spatiotemporal Data Analysis

SSRFs with energy cost determined by (B) provide a flexible parametric family
that encompasses various types of spatial behavior (Hristopulos, 2003; Hristopulos
and Elogne, 2007). These covariance functions can be easily extended to include
anisotropic correlations through simple transformations (e.g., Chorti and Hristopulos,
2008). In addition, the dependence of the correlation structure on three parameters
instead of two implies that length scales of the random field have richer dependence
than mere proportionality with ¢ (Hristopulos and Zukovic, 2011). The above imply
richer covariance structures that those realized by the classical covariance models.
Such functions would also be useful as positive-definite kernel functions for machine
learning applications. Other advantages of SSRFs stem from the local properties of the
interactions which couple only neighboring values through the derivative operators. The
practical implications are that procedures such as parameter inference, spatiotemporal
interpolation, and conditional simulation can be performed by means of methods that
scale in the worst case as O (N 2) and in the best case as O (N) with respect to the size
of the dataset. This makes SSRFs ideal for the processing of large spatiotemporal data
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sets, especially with Bayesian methods that require repetitive estimation of the model
parameters and simulation of the field at the data locations.

There are several research questions that remain open and are worth pursuing in
the SSRF framework. One of these directions involves the connection between the
continuum formalism and the case of scattered data. Another one is the derivation of
additional explicit forms for spatiotemporal covariance functions. Finally, the regime of
validity of the asymptotic conditions that lead to interpolation and simulation procedures
which scale as O (V) deserves further investigation.
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Abstract

In this paper, we review and compare three segmentation methods for segmentation
of target organs in medical images, each of which are based on the optimization of
Markov random fields (MRF) and utilize a database of similar images and their ground
truth segmentations to train relevant information. All three methods follow conventional
MREF definitions with unary pixel(voxel)-wise potentials established from statistical prior
knowledge of the trining set and binary pixel(voxel)-pairwise potentials which reward
smooth boundaries and high image gradients. The main difference between the three
methods is the unary potential term defined from the training data which, specifically,
are defined by 1) construction of a probabilistic shape model from aggregation of aligned
manual labels, 2) per-patch label fusion by local weighted averaging of manual labels
with weights proportionate to patch appearance similarity, and 3) a structured patch
model which adaptively integrates local shape and appearance priors and global structure.
Experimental evaluation for each method is performed on the SKI knee MR dataset where
performance is measured by segmentation accuracy and computational time.

Keywords: medical image segmentation, Markov random field, Probabilistic model,
Label fusion, Structured patch model.
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Introduction

Segmentation of the target organ is a major issue in medical imaging. To obtain this
segmentation, prior knowledge such as intensity or shape of the target object is invariantly
required. The interactive framework is a practical and common framework to obtain this
prior information directly from the user. Here, the user draws scribbles on foreground
and background regions or rough contours near an object boundary and segmentation is
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subsequently conducted by using the intensity or contour models constructed from the
user input. Since this interactive framework requires the time and effort of the user, recent
works incorporate high-level prior knowledge learned from training data such as shape
and structure into the framework to avoid the necessity of user input and construct a fully
automatic method.

Over the years, many different methodologies to determine segmentation labels have
been developed, including level set, active shape model, and Markov random field (MRF)
optimization. Among these methods, MRF optimization methods are especially well
suited to integrate high-level priors with low level statistics since they provide a unified
framework that can be easily extended by adding additional terms.

Due to this nature, many specific methods have been proposed. Lijn et al. [[l] and
Lotjonen et al. [2] have proposed methods incorporating a global shape prior into the
unary potential term of the MRF. In both methods, manual labels of the training data are
aligned to the target volume and aggregated to construct a probabilistic shape model. The
shape prior acts to constrain segmentation so that unlikely object boundaries do not occur.
Both these methods require non-rigid registration for alignment resulting in relatively
high complexity. To reduce the relative importance of registration, Coupe et al. [3]
proposed the patch-based label fusion method. Here, the manual labels of training data are
roughly aligned to the target volume and aggregated by weighted averaging. The weights
are determined by the appearance similarity between local regions on every voxel. This
method performs better than the global label fusion method for many applications.
However, variations of highly deformable objects may not be detected by the locally
fused labels and the voxel-level processing requires heavy computation. Recently, Park
et al. proposed a structured patch model [6] which contains sets of corresponding voxel
patches representing the same local regions across specific instances in the training set.
Properties of the corresponding local patches and spatial relationships between sets of
local patches are learned in the model. In the test step, the learned structured patches are
localized in the test volume and the voxel potentials are adaptively determined based on
local image properties.

In the remainder of this paper, we describe the aforementioned three representative
MRF-based segmentation methods in further detail and provide the comparison of their
performances for bone and cartilage segmentation in knee MR images. Specifically, a
review of the basic formulation of the MRF, along with the details of each method are
given in Sec. . Experiment evaluation is described in Sec. .

Segmentation on Markov Random Field

The basic MRF framework for multi-labeling problem is formulated as:

|1 (vi) = I(ve)]
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where [(v;) is a random variable representing the label of voxel v; in voxel set V and L is
the label variable set of V. ¢(I(v;)) represents the likelihood term which is defined as the
negative log of P(I(v;)), while the exponential function represents the smoothness term
between neighboring nodes (v;, v;/) in neighbor set I';. If {(v;) = l(vyr), (I (v;), [(vyr)) is
set as 0, otherwise, set as 1. I(v;) is the intensity of voxel v; and /3 is the average square-
distance of intensities between adjacent voxels in V. (fll) is optimized by the c-expansion
method [4] and L is obtained.

Segmentation with global shape priors

Deform fields between two volumes can be obtained by image-based non-rigid
registration method. All manual labels in training set are aligned to a target volume V' by
using the deform fields. Then, probability maps regarding each label are constructed by
averaging the aligned labels with the same weight. The likelihood term of (fll) is defined
as the probability maps in this method. For experiments in this paper, we used the Drop
registration [5], one of the MRF based registration methods, to obtain the deform fields.

Segmentation with patch-based Label fusion likelihood

In this method, a probability of each label for each voxel is computed by using the patch-
based label fusion method [3]. Similar to the global label fusion method in Sec. , the
aligned manual labels are obtained in the initial step by using the Drop registration.
Details of next steps are listed in following subsections.

Region of interest (ROI) region. ROI region is defined around a target subject to
reduce needless computations in the following steps. To ensure that the target subject
is completely included in the ROI, we enlarge the union of all aligned manual labels of
training data and set this as the ROI.

Subjects and patch selection. First, M closest subjects with the target subject are
chosen from the training data. Similarities between the target subject and the training
subjects are measured as sum of the squared difference in the ROI. Then, similar patches
are searched in a limited search volume .S; for each voxel v; from the M closest subjects.
The similarity between patches is computed as sum of squared difference. Based on the
patch similarity, weighted voting is conducted on the positions where structural similarity
measure [3] is higher than 0.95.

Weighted Voting. The probability of a voxel v; having a label k is computed as:

_ Sy Sies, w(vi,ve )6 (L (vgg) = k)
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where §(I(v ;) = k) = 1if I(vy;) is k, otherwise, 0. v ; is the 4" voxel of a subject
t and w(v;, vy j) is the weight determined by comparing the patch appearance [3]. That
is, P(I(v;) = k) is computed as the weighted sum of £ labels in .S; for the M selected
subjects.

Parameter setting. In the training step, the experiments with various parameter sets
were conducted to some of training data to find the optimal parameter set. Finally, we
chose the parameter set (), size of search volume, size of patch) as (10, 7, 9) for the SKI
knee MR data set.

Segmentation with structured patch model

The structured patch model include corresponding patch sets representing the same local
regions across the training sets and spatial relationships between adjacent patch sets. In
the training step, shape and appearance cues of the corresponding patches and distances
and angles between adjacent patch sets are learned. In the test step, the training patches
of the model are transferred to appropriate positions in a target volume 1V by comparing
the appearances and the spatial relationships. Finally, the segmentation is conducted by
using the shape and appearance cues of the localized patches.

Patch localization After obtaining the deform field between V' and a reference volume
and normalizing the intensity distribution of V, the structured patches are localized to V.
The patch localization problem is formulated as an energy equation on Markov random
field (MRF) framework as:

E(V,P) = ) é(vj|V,By) + Y (v, vy [P, Bj), ©)
J 33

where v is a set of center voxels of localized patches and P is a set of localized
patches. Since the inference of (§) respect to v and P requires too many labels (the
number of position candidates x the number of patches for each node), the problem
is approximated to find only v by enforcing the costs regarding P into the position
candidates. Therefore, only the positions inside a search space near the aligned position
are set as the possible labels. The search space is determined by the position variations
of patch correspondences of training sets.

The unary potential ¢(v;|V,P;) represents how similar the appearance of the patch
centered at v; in V' is to the training patches P;. For each position candidate inside
the search space, we compute the normalized cross correlation (NCC) values between
the patch and P;. The training patch with the highest NCC is set as P(v;) among P;
and the highest NCC value is set as the cost of the position candidate. If the cost is
larger than 0, the unary potential is set as the negative log of the cost, otherwise, set as
large value. The pairwise potential 1)(v;, v;|P;,P;) enforces the spatial relationships
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between center positions v; and v of the neighboring patches. The distance and angles
of the two positions in three dimensional space are computed and their values regarding
the distance and the angles are acquired from the histograms of distance and angles
differences between the patch sets P; and P;/. The values from the different histograms
are summated to the cost of pair j and ;" with the same weights. 1) (v;,v;|P;,P;) is set
as the negative log of the cost. The a-expansion method [4] is used to optimize (B) and
v and P! are obtained.

Probabilistic model based on localized classifier The voxel-wise probabilistic model
is constructed by using the localized classifier. Shape and appearance models are
adaptively combined according to the learned model of localized patch on each local
region. Then, the probability maps of local regions are aggregated to a global probability
map. Each voxel can be included in multiple patches on the overlapping regions between
adjacent patches. In this case, probabilities regarding the multiple patches are averaged
to obtain the global probability.

Experimental Results

SKI data set [[/] was released for the bone and cartilage segmentation challenge in
MICCALI 2010 (http://www.skil0.org). MR images were acquired in the sagittal plane
with a pixel spacing of 0.4 x 0.4 mm? and a slice distance of 1 mm with varying image
sizes. Since ground truth labels of the test set were not opened, we selected sub samples,
ten subjects for training and eight subjects for testing, from the training set for in this
experiments. All experiments was done by C++ on a PC with 2.93 GHz Intel Core i7
CPU, NVIDIA Geforce GTX 480, and 16GB of RAM.

We measured the segmentation accuracy as the Dice Similarity Coefficient (DSC).
DSC represents the ratio of overlapping volume to the average of the two volumes as
DSC(S,R) = \QS‘ISJCIllill , where S represents the voxels of the segmentation result and R
represents that of the reference segmentation.

Table fll presents the DSC performances of three methods for segmentation of bones
(femur and tibia) and cartilages (femoral cartilage and tibial cartilage). For most cases,
the label fusion based method (LF) and the structure patch model based method (SPM)
outperformed the method based on global shape prior (GP). Especially, the cartilages
were not detected well because the registration performance was limited to align the thin
and deformable cartilage shapes. DSC of LF method is slightly better than that of SPM
method for femur and tibial cartilage cases, while worse for tibia and femoral cartilage
cases.

We also compared computational times of the three methods. GP method and SPM
method took around 3 minutes and 2 minutes, respectively, while LP method took over
5 hours for the segmenting four parts in a subject. We noted that the computational time
of SPM method was much more efficient compared to that of LF method even though
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the accuracies of two methods were similar to each other.

Table 1: Segmentation performances of three MRF-based segmentation methods for SKI
knee MR data set [[7]. GP denotes the method based on global shape prior, LP denotes the
method based on label fusion, and SPM denotes the method based on structured patch
model.

Femur Tibia Carti(F) Carti(T)

Idx GP LF SPM GP LF SPM GP LF SPM GP LF SPM
1 0.923 | 0.960 | 0.952 | 0.923 | 0.968 | 0.969 | 0.381 | 0.722 | 0.665 | 0.170 | 0.598 | 0.528
2 0.917 | 0.929 | 0.956 | 0.896 | 0.936 | 0.975 | 0.453 | 0.300 | 0.692 | 0.153 | 0.202 | 0.480
3 0.871 | 0.942 | 0.942 | 0.922 | 0.951 | 0.981 | 0.483 | 0.693 | 0.744 | 0.414 | 0.600 | 0.589
4 0.947 | 0.962 | 0.925 | 0.930 | 0.973 | 0.972 | 0.404 | 0.600 | 0.524 | 0.133 | 0.403 | 0.343
5 0.946 | 0.976 | 0.970 | 0.964 | 0.983 | 0.982 | 0.654 | 0.741 | 0.698 | 0.558 | 0.710 | 0.529
6 0.937 | 0.964 | 0.974 | 0911 | 0.970 | 0.976 | 0.523 | 0.696 | 0.621 | 0.180 | 0.583 | 0.515
7 0.926 | 0.956 | 0.966 | 0.927 | 0.961 | 0.955 | 0.412 | 0.651 | 0.654 | 0.199 | 0.621 | 0.445
8 0.945 | 0.967 | 0.951 | 0.917 | 0.972 | 0.973 | 0.500 | 0.692 | 0.618 | 0.157 | 0.570 | 0.462

avg | 0.927 | 0.957 | 0.954 | 0.924 | 0.964 | 0.973 | 0.476 | 0.637 | 0.652 | 0.245 | 0.536 | 0.486

Conclusion

We came up with the performances of bone and cartilage segmentation for three MRF-
based segmentation methods based on the global shape prior, the label fusion, and the
structured patch model. LF and SPM methods outperformed GP method in terms of the
segmentation accuracy, while GP and SPM methods outperformed LF method in terms
of the computational time.
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Abstract

The evolution and shapes of water evaporation fronts caused by long-wave instability
of vertical flows with a phase transition in extended two-dimensional horizontal porous
domains are analyzed numerically. A low-permeability layer is assumed to lie between
a high-permeability layer and the space of an underground structure. The stability of
flows with respect to localized finite amplitude perturbations is analyzed. The stability
of low interface position in the case of localized finite amplitude perturbations of
boundary between porous medium and the space of an underground structure is studied
numerically. A certain threshold amplitude value exists at which perturbations with larger
amplitudes lead to vanishing of stable stationary solution.

Keywords: porous medium, diffusion, humidity, water evaporation front, phase
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Introduction

Instability of vertical flows with a phase transition interface in a horizontally infinite
two dimensional domains of a porous medium is studied numerically. We consider
isothermal flows with a phase transition in unbounded horizontal porous regions. A low-
permeability layer is assumed to lie between a high-permeability layer and the space of
an underground structure. The water layer is located over an air-vapor layer in a porous
medium fig. fIl. We will assume there is no zone occupied by a water-steam mixture but
there is a clear phase transition boundary which separates a water layer without steam
admixture from air-vapor. Evaporation takes place on this interface. The forming vapor
diffuses through the air-vapor domain 29 to the free surface z = L(x), which is blown
by air. Diffusion of vapor occurs when the partial pressure of water vapor near the
evaporation surface is higher than that at contact with the free surface. On the phase
interface the pressure has a jump equal to the capillary pressure. We will consider the
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case in which the temperature is independent neither of space coordinates nor time and
equal to 7Tp.

T,
: " /-::L(x)

Fig. 1: The problem geometry. I - highly permeable region {z < 0, —o0 < x < o0}, II -
region of the underground structure with boundary perturbation { z > L(z), —00 < x <
o0}, 21 - zone of the low-permeability stratum of a porous medium occupied by water
{Lo(z) < z < s(z,t),—00 < & < 0}, Q9 - zone of the low-permeability stratum of a
porous medium occupied by vapor-air mixture {s(x,t) < z < L(z), —00 < x < 0}.

Governing equations and boundary conditions

We use the system of governing equations and boundary conditions from [[]:
0<z<s(z,t):AP=0; 2=0: P = Py; z=s(x,t): P=Ps= P, + F,,

_ov

s(z,t) < z < L(x) : pn

=DAv; z=L(x) :v=1us z=s(z,t): v =ur,

[grad(P — pwgz)n1 + D&(grad V)n2-
m Ly Pw

Here, z and 2 are the horizontal and vertical space coordinates (fig. fl}), p is the density,
P is pressure, P, is the capillary pressure, g is the acceleration of free fall, % is the rock
permeability in zones 2y and €2, p is the viscosity, m is the porosity, v is humidity, v
is the saturation humidity, v, is the humidity of air in the underground construction, V,,
is the velocity of the phase transition interface, the subscript n denotes the normal to the
phase interface, and the n; and ny correspond to quantities in the liquid and vapor-air
zones, respectively. The subscripts denote: w water, v vapor, a air.

Vo= —
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Basic flow

In [] it was shown that the plane phase transition interface is in some equilibrium
position z = H - L; if the boundary between porous medium and the space of an
underground structure is plane, (L(z) = L)

i (e v (o)

1
5 > €Y)
gofetlazlo 5 Dpy mpw

p,9L1 " kp,p,9l T

It is easy to see that, for a neutral (P, = 0) or wettable (P. < 0) porous medium, when
o < 0, one root in (fl]) is positive and the other is negative. Only the positive root, which
corresponds to a plus sign preceding the radical in (fll), has a physical interpretation. The
linear stability of these horizontally homogeneous steady-state flows was investigated in
[[]. It was shown that if both roots are positive then two stationary solutions can exist for
plane surface of evaporation. One of them is unstable and other may be stable or unstable.
It depends on two key parameters « and [3.Three bifurcation diagrams corresponding
different cases of instability is given in fig. Bl. The lower front position can be stable (see
line 3 and 4 in fig. ) or can be unstable for short waves (see line 5 from point D to the
turning point). The upper front position can be unstable for long waves (line 3 and line 4
from point B to the turning point) or can be unstable for all perturbations (line 5).

Fig. 2: Bifurcation diagrams H versus = «/ at a fixed 5: 3- = 0.6,4 -5 = 0.3, 5
- 8 =0.1. Curves 1 and 2 correspond to the boundaries of domains of existence of four
possible types of instability. 1 - Z=r/(1+1); 2 - Z = /7 /(1 + /7). St - stable flow, U -
unstable flow, S - short-wave instability, L. - long-wave instability

The stability of flows with respect to localized finite-amplitude perturbations is
analyzed. We limit our study to the situation, when the lower interface position is linearly
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stable and the upper interface position is linearly stable for only short wave perturbations
(the most unstable normal mode has the zero wave number).

Numerical method

In the problem under study, we need to solve an elliptic equation with a moving boundary,
a parabolic equation with a moving boundary, and the equation of motion of the moving
boundary, i.e. the phase transition interface. When the parabolic and elliptic equations
are solved, a key role is played by the accuracy of the computed pressure and humidity
gradients on the moving boundary, since these quantities determine the normal velocity
of the phase transition interface. The presence of a moving boundary complicates the
computational algorithm, since the computational domain for both equations varies with
time. Moreover, even if the normal velocity is given, the computation of the position of
a phase transition interface is an algorithmically time-consuming problem, especially in
the case of fast growing short-wave perturbations, which can change the connectivity of
the computational domain. In the numerical computation, the phase transition interface
is represented as a polygonal line consisting of segments (panels). Full description of
numerical method is presented in [2], [B].

Stability of stationary phase transition fronts with respect to localized
perturbations

Consider the case where the basic flow corresponds to an unstable upper equilibrium
(as on upper branch of line 3 in fig. ). For example, if « = 0.02 and 8 = 0.57, the
equilibrium positions of the phase transition interface have the coordinates Hy; = 0.05
and H; = 0.4. Then the initial perturbation s(x,0) = L1 (Hs+ Acexp(—(2x/A¢)?)) has
the amplitude A, = 0.005 and a wavelength A = 0.075871. This perturbation is directed
downward and is between the lower stable and upper unstable equilibrium positions.
The chosen basic flow is unstable with respect to infinitesimal harmonic perturbations
whose wavelength exceeds A\, = 0.39. Since \. < A, the amplitude of an infinitesimal
harmonic perturbation with such a wavelength decreases monotonically with time.

We now consider how a localized perturbation with the same effective wavelength
will evolve. The amplitude varies nonmonotonically in contrast to a harmonic
perturbation. The position of the phase transition surface at different instants is shown
in fig. . Fig. B indicates that the initial perturbation decreases in amplitude (lines 1—4).
In this case the perturbation effective length increases. Then, the perturbation amplitude
reaches its minimum and subsequently varies insignificantly during some period (line
5 in fig.[); at the same time, the perturbation continues expanding. During the next
periods, the perturbation amplitude increases, which is accompanied by a perturbation
expansion (lines 6, 7 in fig. B). Thus, a localized perturbation with an effective dimension
corresponding to the wavelength of a damping harmonic perturbation increases.
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In spite of an apparent contradiction, such a perturbation evolution character
qualitatively completely corresponds to the results presented in [[l]]. The considered
case corresponds to the long-wavelength flow instability. The initial perturbation has
the characteristic dimension smaller than A,, (Ae < A;;;). A harmonic perturbation
with such a wavelength tends to the position of equilibrium in the course of time,
which corresponds to an unstable vertical flow. In this case the harmonic perturbation
wavelength remains constant. A single perturbation behaves differently. The perturbation
amplitude decreases, but its wavelength increases. Beginning from a certain instant, the
wavelength becomes larger than )\, the flow becomes unstable, and the perturbation
amplitude starts increasing. The amplitude stops increasing at the position corresponding
to a stable vertical flow. We note that an analysis of the flow stability with respect to
infinitely small perturbations (see [[]]) is in not only qualitative but also quantitative
agreement with the presented calculation results, namely: a decrease in the perturbation
amplitude is replaced by an amplitude growth when the perturbation effective width is
close to \,, = 0.39 (line 4 in fig.[3).

-0,002

0

0,002

0,004

0,006

0,008

0,012

-0,4 -0,3 -0,2 -0,1 0 0,1 0,2 0,3 0,4
Fig. 3: Position of the disturbed phase transition upper surface at different instants (a
perturbation is directed toward the stable phase transition surface). Lines 1, 2, 3, and 4
correspond to a decrease in the initial perturbation; lines 6 and 7, to the perturbation with
increasing amplitude and width.

To study the possible nonlinear effects related to the fact that the perturbation
amplitude becomes comparable with the distance between the stable and unstable basic
flow positions but remains much smaller than 1 (the dimensionless thickness of the
considered layer), we select « = 0.1 and 8 = 0.467. For these « and 3 values, the
positions of equilibrium are at H; = 0.3 and H; = 0.3333, and H; — H;, « 1.
The amplitude of an any infinitesimal harmonic perturbation of the stable position
H; = 0.3333 decreases monotonically with time.

We determine the perturbation parameters at which its ”finiteness” qualitatively
changes the evolution scenario of the phase transition stable front. For this purpose, we
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performed the series of calculations at constant wave length A, = 5.05.The boundary
conditions and the perturbation dimension remained unchanged, and the perturbation
initial amplitude varied. Fig.d show the time variations in the perturbation amplitude
of the stable basic flow (H; = 0.3333) for different initial amplitude values. Fig. 4
indicates that a certain threshold amplitude value exists at which perturbations with larger
amplitudes increase up to the upper boundary, and smaller amplitude perturbations damp.
For example, the perturbation increases at A, = 0.055 (line 3) and damps at A, = 0.0525
(line 4). In this case the threshold perturbation amplitude (0.05375) is substantially larger
than the distance between the equilibrium levels (H; — Hs; = 0.0333). Thus, the finite
perturbation can cause destabilization of the basic flow, which is stable with respect
to any infinitely small harmonic perturbation. This can occur when the perturbation
amplitude is substantially larger than the distance between the equilibrium levels and
the perturbation is largely above the unstable equilibrium level.

0,3

025 4
02
A

0,15 1

0.1 A

0,05

0

0 500‘00 100‘000 ]50‘000 200‘000 250‘000 300‘00() 350‘000 400000

t
Fig. 4: Time variations in the perturbation amplitude when the perturbation length is
Ae = 5.05: (1) Ac = 0.08, (2) Ac = 0.06, (3) Ac = 0.055, (4) A. = 0.0525, (5)
A, = 0.05, (6) A, = 0.04, and (7) A, = 0.02.

If the initial amplitude is near the threshold value, the perturbation amplitude can
first decrease and then starts increasing. During the first evolution stage, the perturbation
amplitude of the phase transition lower stable surface decreases simultaneously with
increasing width (fig.F, line 2). The perturbation threshold amplitude increases with
decreasing horizontal perturbation dimension. At some instant, this threshold value can
become smaller than the decreasing amplitude current value. In this case the amplitude
will stop decreasing and start increasing, as a result of which the basic flow finally
destabilizes (fig. § lines 3, 4).
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Fig. 5: Evolution of the phase transition surface when the lower stable position of
equilibrium is disturbed (the levels are close to each other): (1) t = 0, (2) t = 79775,
(3) t=68200, (4) t = 255544. )\, = 1.01.

Destabilization of evaporation front by localized finite amplitude perturbation of
boundary between the porous media and a space of underground construction

The stability of low interface position in the case of localized finite amplitude
perturbations of boundary between porous medium and the space of an underground
structure is studied numerically. The perturbation of boundary L(x) = L; +
Apexp(—(22/Np)?) is directed upward as in (figfl) if A, < 0. The phase transition
interface has stable and stationary (but not plane) position if the localized finite amplitude
perturbations of the plane boundary between of the low-permeability layer and free-
space region is directed downwards. If the localized finite amplitude perturbations of
this boundary is directed upwards and the amplitude of these perturbations is greater
than some critical value depending on the horizontal size of the perturbation they grow
with time as shown on fig. . For A;, = —0.1 fig. [j shows the evolution of plane transition
surface to new position of equilibrium corresponding perturbated low boundary of porous
medium. For A, = —0.12 and the same wavelength the phase transition interface reaches
the upper boundary (fig. B).

Fig. § indicates that a certain threshold amplitude value exists at which perturbations
with larger amplitudes lead to vanishing of stable stationary solution. The minimal value
of threshold amplitude corresponds the zero wave number and are expressed by formula

A—<—1+ (V (@) +/(8))?

Ly
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Fig. 6: Evolution of low stable level. A, = —0.12, \;, = 3,1-t = 135.2,2 -t = 38453.5,
3-t=110258,4 -t = 529309, t = 571248

0.18

Hy

0.23

0.28

0.33

~N U

0.38 H,

-10 -5 0 5 10
X

Fig. 7: Evolution of low stable level. A, = —0.1, \, = 3,1-t = 138.33,2-t = 20077 .4,
3-t=20077.4, 4 - stationary solution.
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Fig. 8: Ciritical value of amplitude A versus wave “length” of finite disturbance of low
boundary of high permeability layer: A - stationary solution exists, () - no stationary
solution; (o = 0.09, 8 = 0.0467)
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Abstract

The research results of transition of boundary-layer flow from the laminar to turbulent
form in on a streamlined body with fractures forming are presented. The examples of
the analytical and numerical solution are presented within the framework of a boundary
layer theory.
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Introduction

For definition of the external factors effect on the characteristics of a boundary layer
and accuracy of definition of parameters the special calculation of a flow of the pattern
of cylindric-conical body were conducted which represented the blunt semi-angle of
disclosure of a lateral area 10°, with a central cylindrical part with 0° and conical
stabilizer 14°, relative bluntness of a nose 0.2, in radius of a midship » =0.035 m and
length £=0.227 m [11].

The contour of the pattern had points of a fracture, that resulted in appearance of
characteristic zones, which into account parameters of were to be taken a boundary layer
for the calculation. At a flow by a supersonic flow the field of current about a body was
divided into 2 areas: in the first the viscous forces are negligibly small and the second,
near border area, in which the viscous forces play an essential role. The flow in the first
area is described by equations of ideal gas, and in the second -by equations of a boundary
layer. In this connection the basic contribution in gaz-dynamics of the characteristic of
such class of bodies can be defined from the solution of ideal gas, and then to find the
corrections to them at the expense of effects of viscosity. It is to remark, that for the
blunt bodies of such class, these corrections can constitute a significant share part of the
resistance [2]. The function fields in a shock layer about bluntness, which are basic data
for account of supersonic current along a lateral area of a body, settle up beforehand with
the help of numerical account by a method of establishment.
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Results of theoretical researches

After a solving the external flow the storage of the arrays is made which include pressure
profiles and enthalpies along forming an initial body, and also enthalpy along coordinate
lines inside a shock layer. The new variables £, 7 connected with a body were entered:

x )
9 Pelel P
= dr; n=""= [ —d
¢ O/wawuer X n % J e Yy

Here u, - speed on an outer boundary of a boundary layer; p, p, pe - density accordingly
current, on a wall and on an outer boundary of a boundary layer; y,, - dynamic viscosity
on an outer boundary of a boundary layer; r - cylindrical coordinate. The account of
a turbulent boundary layer is based on usage of an integrated ratio of momentums
and integrated characteristics of the four-parametric set of locally - similar structures
of speed and enthalpy [B]. For receiving the indicated structures the framework of
the semiempirical theory of turbulence was used. The two-layer pattern of a boundary
layer was accepted. In internal area including a laminar sublayer and transitory area
(buffer layer), the turbulent viscosity is calculated on the basis of the Prandle theory
€ =12 (%) intermixing [2, 3], and in external area of a boundary layer (in the turbulent
environment) the expression for constant across a layer of turbulent viscosity ¢q in the
Klauzer-Klebanov form is used [B, 4]. According to this pattern the turbulent kinematics
viscosity is the constant, and proportional characteristic size of a boundary layer, i.e.
displacement thickness d*. Applying to equations of a boundary layer [4], generalized
Levi-Liz transformation

a _ (1)” an_ 1 (1)]
dl; - pe e/’LCSO L I dy - p me L I
and considering the solution, in which flow function j and dimensionless enthalpy J

depend only on cross-sectional coordinate, the following transformations of an equation
of momentums and energy were received:

INS'Y 4 17+ B (8 = %) =0, (PgY + fo' +(@QF ") =0,

2
N =+t = No+uNr, P=3k+npk, (M

t

) S
Y =1—exp [—3 (60 +4, 86Mel’92) Re) " 2tus [ 42|
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n
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If v — oo the solution of equations (1) allows to receive the required four-parametric
set of locally - similar structures of speed and enthalpy. Here p - density, u - speed
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in coordinates (§,v), u- dynamic viscosity, 7 = 0 flat section(cross-section), j = 1
axisymmetrical current, Pr, Pr; - molecular and turbulent Prandle numbers, «. - Krokko
number, where parameter v; = 2 (laminar-flow layers), v; = 1.25 (turbulent layer), €
- factor of turbulent viscosity, v - kinematics viscosity, the strokes mean derivation on
coordinates 7. On a surface of a body 1 = 0 at transition to new by a variable the attitude
of full enthalpies in a boundary layer and external flow g (£,7) = J—JP The indexes ”0”,
”e”, ”w” correspond to initial significances, outer boundary of a boundary layer and on a
surface of a body, st and Ret coordinate of a point and Reynold’s number of a beginning
of transition. The changes, received in a broad band, of defining parameters (fig. 1) The
structures of speed allow to calculate the required characteristics of a boundary layer:

Cf =f (MeaﬁaRe&Tw) , St=f (M€7ﬁ7 R€§,Tw) , A¥ = f (Me767R6§7Tw) )
A**:f(MewBaRefaTw)a H:%: AA***

Here 5‘1—** and AA—; - displacement thickness and losses of a momentum in planes X, Y
and £, n accordingly. Integration of an equation of momentums together with the received
additional ratio allow to receive distribution of all necessary parameters of a boundary
layer along a lateral area of the body (fig. 1). For account of currents at M,, = 6 and
if there is an injection locally - similar structures of speed and the enthalpies are by the
solution of a set of equations (1) at terminal conditions:

3 .
1 L\’ puwvw - = _
= — — dg, "'=0,J=Jy,atn=0 f —1,J—>1atn— .
f x/%0/<> Ll ¢ v atn =0 f )
With the help of accepted flow function transformation on a wall in this case were

written as follows:
_ Puwlw  Reg

Pelle A/ 2R€§ .

Conducted in a broad band of parameters the accounts allowed receiving followind
dependences:

Jw =

Cy St 0¥ o**
—4 =1-0.253B, ——=1-0.253B;, —=1+0.38B, — =1+ 0.36B
Cr " Sty b T EEDESE e =
B— Puwlw Reg L= pwywi
Pelle Reg’ Pelle St

Here index ”0” corresponds with parameters on a permeable wall. From results of
researches of a flow of permeable rough surfaces [[l, 4] it is known, that up to values

kT = 10/, (kﬁr = ”Viwh), where v, - dynamic speed, equal , /7. Here h-height of a

roughness permeable surface. For definition of a local friction coefficient in case of sand
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roughness k£ > 10 the ratio g—ff =1+0,9(gk™ — 1). Here is the C/y, appropriate
0
significance C'y on a smooth wall:

PwVw z

Ce =
fo Pelle B

It is necessary to under line, that the dependence of a wavelength of a disturbance
of a boundary layer on number Re is defined by Blazius structure [2]. The least number
Re, defined by a neutral curve, represents a theoretical critical number Re., mi, - limit of
stability of a laminar boundary layer ad-hoc flows. So, for example, for an incompressible
liquid a critical number Re, appropriate to an instability point, “”j = Recr.min = 420

. The researches display, that the limit of stability of a boundary-layer profile essentially
depends on the form of a contour of a surface (fig. 1, 2). As the curvature of speed
structure is connected to a pressure gradient

5, &

5710 /
Ve

1
30

025

)

] 5 10 15 z0 x103m

@ (b)

Fig. 1: Distribution of a boundary layer thickness § -1, displacement thickness §* -2
momentum thickness §**10? -3 (a) and settlement relative velocity 1, = u% on an outer
boundary of a boundary layer (b) on length cylinder-conic body [1]

< 0%uy > dpP
1% = 5
oy ),—0 dm

that the large dependence of a limit of stability on the form of a structure of speed
equivalent to large effect of a pressure gradient on stability. Thus, the speed in the field
of a central cylindrical part increases (see fig. 1b), therefore, pressure and derivative ‘éP
decrease, i.e. the boundary-layer flow tests for a surface effect of a negative gradient
of pressure. The effect of a pressure gradient can be described by some dependence

of a critical number Re (limit of stability) from dimensionless the formparameter

_ 62\ due
®=(7) a7

dependence Re}, .. = f (®), itis possible to find the provision of an instability point
on a streamlined body. For this purpose it is necessary to define parameters of an in
viscid flow and to find distribution of speeds u. () = & (fig. 1b), then to calculate

, which defines a structure of speed in a boundary layer. Knowing the
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parameters of a laminar boundary layer - width 4§, conditional displacement thickness
0*, the formparameter ¢, number Re* = @ depending on coordinate(co-ordinates)
2. On the received significances it is possible to construct analytical dependence & =
® (Re*) , which cross point with theoretical dependence ® = ® (Re¥, .. ) will define

cr. min
an appropriate critical number Re},. .. . Between the formparameter ® and f there is
fdlawiny dependence

0.1093 — ® o2
f= - @
18018 6435

In an instability point z;, the local number Re** (z) = @ , retrieved during

account of a laminar boundary layer, becomes equal to value Re}* . . At increase by
degree of an isotropy [2] € the transition point x4, comes nearer to an instability point,
and only at a large degree €100 = 2 div 3% flow turbulences the transition point almost
coincide an instability point. The average pressure gradient on a surface is defined by

dependence:

Ttr
_ 1
b [ ] e
Ttr — Lip
Li.p

. . *k2
where a local pressure gradient is K (z) = (‘5—) due
v dz
Re, 10’
ME
Fe "/ /3

= =

| ] | —

Fig. 2: Distribution of parameters of a boundary layer on length cylinder-conic body: 1 -
Me; 2 - jie; 3 - Re. - 10° 1/m

In the field of pressure drop on a cylindrical part (K > 0) the difference between
numbers Re in a transition point and in an instability point is much more, than in the
field of ascending pressure K < 0. The transition point is defined by a way presence of
an instability point, account of a potential flow of a contour and laminar boundary layer. It
is in addition necessary to calculate conditional momentum thicknesses of number Re**
and local pressure gradients K. After presence of an instability point x; ;, the dependence
K = K (z) on a reputed plot x;, — x;, is defined, for which calculate some average
values K . As a measure of distance between a transition point and instability point
the appropriate differences Re** — Re** . are calculated. Using dependence K =

cr. min
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K (Re}* — Re** ) and the difference of Reynold’s numbers Re** — Re** . is the
provision of a transition point x,,. Besides for account of the provision of a transition
point on a contour with fractures forming depending on an initial turbulence level of a

flow it is possible to use a ratio:

Ref = Ref i+ C (1ol + £)2 Jed @

where fs = (%) ? = —0.089 significance the formparameter of a boundary

layer in a point of the avulsion; C' = 1.88 - constant. The provision of a transition point
from (3) is defined on retrieved as a result of the numerical solution of equations of a
boundary layer to significances Re** (), and also the formparameter f (x) for a laminar-
flow layer. For the calculated parameters on (2) the significance of a critical number Re;*
is defined and the equation of a kind Re}’ (r) = Re}* is decided, the significance of
which radical is coordinate of a transition point. The extent of a area from an instability
point prior to the beginning transition is defined by intensity of increase in amplitudes
of velocity pulsatlons downstream, which pursuant to a technique [2] depends on local
numbers Re* = . The dependence of the attitude of amplitudes of fluctuations
A from number Re (where Ap- amplitude of fluctuations in an instability point is
approxunated by functions:
A/Ay = exp(a+ bRe* + cRe*?;) Re’ . < Re* < Rel;

cr.min
AJAy =exp (a + bRef + e(Re* — Rel)); Re* > Ref; (3)
Re?

* *
cr.min < Re1 < Recr

Here number Re}. corresponds with the beginning of a transition zone [5]. Conditions
of equality of arnphtude to its reference value at Re* = Re* . and coordination of
dependences (3) on significances In(A/Ay) and first derivative J[In(A/Ap)]/0Re* at
Re* =Re], A= Apy;

A/Ap)1 = exp(a + bRe* + cRe¥?): b+ 2cRe¥ = ¢
(A/ p 1 1) 1
serve initial for definition of factors

— *2 — *
- _bRecr min CRecr.rnin? b=e— 26R€1

oo e ) ()| (i)

The values e, Re}, In(A/Ap)- are functions &:

e = 0.00664 + 0.00424th[0.41(—1.5 — ®)];

Re} = 5000 + 3287arctg(® — 2.6); & > 0;

Re} = 5000 + 4580th[—0.506(® — 2.6)], @ > 0;
(A/Ag)1 = exp(3.56 + 2.36th[0.458(® — 2.6)])
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The provision of a beginning of a transition zone corresponds to that point on a
surface of a body, in which the significance of amplitude of fluctuations calculated on
parities (3), will reach critical significance. At a known roughness for a body of the preset
form [[1]] account of the provision of transition of laminar flow in turbulent consist in
calculation of local numbers Re** and also parameters f and 6*% for a laminar boundary
layer depending on coordinate x, read out from a forward stagnation point of a body.
Is noted, that the effect of surface roughness on transition of a laminar boundary layer
in turbulent at hypervelocity’s of a flow is much weaker, and at high Mach numbers
the laminar-flow layer is saved at the much greater roughness, than in incompressible
currents (critical height of a roughness in 3-7 times is higher). The boundary layer in the
compressed environment is less sensitive to a roughness, than in an incompressible flow.
The turbulent layer is tolerant to a roughness, if height of an element of a roughness is
less than a laminar sub layer thickness.
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